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The dynamics of an ultracold dilute gas of bosonic atoms in an optical lattice can be described

by a Bose-Hubbard model where the system parameters are controlled by laser light. We study the
continuous (zero temperature) quantum phase transition from the superfluid to the Mott insulator phase
induced by varying the depth of the optical potential, where the Mott insulator phase corresponds to
a commensurate filling of the lattice (“optical crystal”). Examples for formation of Mott structures
in optical lattices with a superimposed harmonic trap and in optical superlattices are presented.
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Optical lattices—arrays of microscopic potentials in-
duced by the ac Stark effect of interfering laser beams—
can be used to confine cold atoms [1–7]. The quantized
motion of such atoms is described by the vibrational mo-
tion within an individual well and the tunneling between
neighboring wells, leading to a spectrum describable as a
band structure [3]. Near-resonant optical lattices, where
dissipation associated with optical pumping produces
cooling, have given filling factors of about one atom per
ten lattice sites [1,6]. Higher filling factors will require
lower temperatures, and hence will also require mini-
mization of the optical dissipation. This can be achieved
in a far-detuned optical lattice (especially with blue detun-
ing), where photon scattering times of many minutes have
been demonstrated [2]. Thus the lattice then behaves as a
conservative potential, which could be loaded with a Bose
condensed atomic vapor [8,9], for which present densities
would correspond to tens of atoms per lattice site.

In this Letter we will study the dynamics of ultracold
bosonic atoms loaded in an optical lattice. We will show
that the dynamics of the bosonic atoms on the optical
lattices realizes a Bose-Hubbard model (BHM) [10–16],
describing the hopping of bosonic atoms between the
lowest vibrational states of the optical lattice sites, the
unique feature being the full control of the system’s
parameters by the laser parameters and configurations.

The BHM predicts phase transition from a superfluid
(SF) phase to a Mott insulator (MI) at low temperatures
and with increasing ratio of the on site interaction U
(due to repulsion of atoms) to the tunneling matrix
element J [10]. In the case of optical lattices this
ratio can be varied by changing the laser intensity: with
increasing depth of the optical potential the atomic wave
function becomes more and more localized and the on
site interaction increases, while at the same time the
tunneling matrix element is reduced. In the MI phase the
density (occupation number per site) is pinned at integer
n ≠ 1, 2, . . . , corresponding to a commensurate filling of

the lattice, and thus represents an optical crystal with
diagonal long range order with the period imposed by the
laser light. The nature of the MI phase is reflected in the
existence of a finite gap U in the excitation spectrum.

Our starting point is the Hamilton operator for bosonic
atoms in an external trapping potential
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with csxd a boson field operator for atoms in a given
internal atomic state, V0sxd is the optical lattice poten-
tial, and VT sxd describes an additional (slowly varying)
external trapping potential, e.g., a magnetic trap (see
Fig. 1a). In the simplest case, the optical lattice poten-
tial has the form V0sxd ≠

P3
j≠1 Vj0 sin2skxjd with wave

vectors k ≠ 2pyl and l the wavelength of the laser
light, corresponding to a lattice period a ≠ ly2. V0 is
proportional to the dynamic atomic polarizability times
the laser intensity. The interaction potential between the

FIG. 1. (a) Realization of the BHM in an optical lattice (see
text). The offset of the bottoms of the wells indicates a trapping
potential VT . (b) Plot of the scaled on site interaction UyER
multiplied by ayas s¿1d (solid line; axis on left-hand side of
graph) and JyER (dashed line; axis on right-hand side of graph)
as a function of V0yER ; Vx,y,z0yER (3D lattice).
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Abstract

We review recent theoretical advances in cold atom physics concentrating on strongly cor-
related cold atoms in optical lattices. We discuss recently developed quantum optical tools for
manipulating atoms and show how they can be used to realize a wide range of many body
Hamiltonians. Then, we describe connections and differences to condensed matter physics
and present applications in the fields of quantum computing and quantum simulations. Final-
ly, we explain how defects and atomic quantum dots can be introduced in a controlled way in
optical lattice systems.
! 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Atomic physics experiments with quantum degenerate Bose and Fermi gases are
characterized by the distinguishing features that we have: (i) a detailed microscopic
understanding of the Hamiltonian of the systems realized in the laboratory, and (ii)
complete control of the system parameters via external fields. In particular, atoms
can be trapped and their motion controlled in magnetic and optical traps, allowing,
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High-Temperature Superfluidity of Fermionic Atoms in Optical Lattices
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Fermionic atoms confined in a potential created by standing wave light can undergo a phase
transition to a superfluid state at a dramatically increased transition temperature. Depending upon
carefully controlled parameters, a transition to a superfluid state of Cooper pairs, antiferromagnetic
states or d-wave pairing states can be induced and probed under realistic experimental conditions. We
describe an atomic physics experiment that can provide critical insight into the origin of high-
temperature superconductivity in cuprates.

DOI: 10.1103/PhysRevLett.89.220407 PACS numbers: 03.75.Fi, 32.80.Pj, 71.35.Lk

The experimental realizations of degenerate Bose [1]
and Fermi [2–5] atomic samples have stimulated a new
wave of studies of quantum many-body systems in the
dilute and weakly interacting regime. The intriguing
prospective of extending these studies into the domain
of strongly correlated phenomena is hindered by the
apparent relative weakness of atomic interactions. For
example, an active search is now under way to implement
a BCS transition of degenerate fermionic gases to a super-
fluid (SF) state analogous to superconductivity [6,7].
However, in free-space or weakly confining atom traps
the transition temperature to the SF state scales exponen-
tially with interaction strength, kBTfree

c ! 0:3Efree
F "

exp#$!=%2kFjasj&', with Efree
F the Fermi energy. For a

dilute atomic gas the product of Fermi momentum and
scattering length kFjasj ( 1, which makes the transition
temperature exceedingly low. Efforts are presently being
directed toward increasing the atomic interaction
strength by means of Feshbach resonances [8–11].
However, departure from the dilute regime often comes
at the price of enhanced losses [12] and/or instabilities
which may have particularly severe consequences for
fermionic systems [13].

The effects due to interactions can, however, be en-
hanced if the atoms are confined in optical potentials
created by standing light waves [14–16]. Very recently,
fascinating experiments involving bosonic atoms in opti-
cal lattices [15] revealed a quantum phase transition from
a SF to Mott insulating state [14,17]. Fermionic atoms
confined in an optical lattice can undergo a phase tran-
sition to a SF state at a temperature that exceeds that of
weakly confined atoms by several orders of magnitude.
Attractive atomic interactions result in s-wave pairing in
which case fermionic atoms can undergo a BCS-type
transition [18]. In what perhaps is the even more intrigu-
ing prospective, fermionic atoms with repulsive interac-
tions correspond to an experimental realization of a
Hubbard model that is widely discussed for strongly
correlated electron systems such as high-Tc cuprates
[19,20]. In particular, d-wave superconducting states

[21] have been conjectured to exist in such systems, but
so far this conjecture eluded rigorous confirmation. We
show that atomic systems with carefully controllable
parameters and a variety of precise tools to detect the
resulting phases can be used to provide a critical insight
into this outstanding problem. In essence, this approach
can be viewed as an implementation of the pioneering
ideas due to Feynman [22] for simulations of one quan-
tum system by another.

Consider an ensemble of fermionic atoms illuminated
by several orthogonal, standing wave laser fields tuned
far from atomic resonance. These fields produce a peri-
odic potential for atomic motion in two (or three) dimen-
sions of the form V%x& ) V0

P2%3&
i)1 cos

2%kxi& with k the
wave vector of the light. The potential depth V0 is typi-
cally expressed in the units of the atomic recoil energy
ER ) !h2k2=2m. We will be interested in the situation in
which there is roughly one atom per lattice site. Such
atomic densities correspond to free-space Fermi energies
on the order of Efree

F ) %3=!&2=3ER. We assume that two
kinds of atoms are present, differing by angular momen-
tum or generalized spin (" ) f"; #g). For sufficiently low
temperatures the atoms will be confined to the lowest
Bloch band, and the system can be described by a
Hubbard Hamiltonian [14,20]

H ) $t
X

fi;jg;"
%c*i;"cj;" * c*j;"ci;"& *U

X

i

ni;"ni;#; (1)

where ci;" are fermionic annihilation operators for local-
ized atom states of spin " onsite i, ni;" ) c*i;"ci;". The
parameter t corresponds to the tunneling matrix element
between adjacent sites, t ) ER%2=

!!!!

!
p &#3 exp%$2#2&, and

the parameter U ) ERask
!!!!!!!!!

8=!
p

#3 characterizes the
strength of the onsite interaction with # ) %V0=ER&1=4.

Consider first the attractive case (U < 0). The effect of
the lattice on the superfluid transition can be best under-
stood starting from the limit of large tunneling t + jUj.
Here, similar to the free-space transition, the interaction
strength is much weaker than the kinetic energy and the
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we find spin correlations across the entire disk that alternate in sign 
even up to the largest distance of d =  | d|  =  10, as expected for a state 
with antiferromagnetic long-range order. We determine the tempera-
ture of each sample by comparing the measured nearest-neighbour 
correlator C1 to quantum Monte Carlo predictions at half-filling, which 
gives T/t =  0.25(2) for the lowest temperature (Methods).

As temperature increases, the strength of antiferromagnetic order 
decreases rapidly, until for T/t =  0.64(6) only nearest-neighbour spin 
correlations remain. To quantitatively analyse the spin correlations, we 
plot in Fig. 2b a binned azimuthal average of the sign-corrected spin 
correlator (− 1)iCd as a function of distance d (Methods). For large  
distances (d >  2 sites), the measured correlation functions exhibit an 
exponential scaling with distance, verified by fitting N0exp(− d/ξ) to 
each dataset, with the correlation length ξ and N0 as free parameters (but 
keeping N0 the same across all fits). For our two-dimensional system,  
quantum fluctuations lead to an increase in spin correlations at short 
distances (d ≤  2) above the exponential dependence, most prominently 
visible in the nearest-neighbour correlator26. In Fig. 2d we show the 
experimentally determined correlation length as a function of temper-
ature, which increases markedly at temperatures around T/t =  0.4. For 
the lowest temperature, we find a correlation length of ξ =  8.3(9) sites, 
which is approximately equal to the system size of 10 sites, as expected 
for long-range order.

The long-wavelength and low-temperature behaviour of our system 
is expected to be well described by the quantum nonlinear σ model27, 
which contains three fundamental ground-state parameters: the sub-
lattice magnetization M, the spin stiffness constant ρs and the spin-
wave velocity c. The spin stiffness quantifies the rigidity of an ordered 
spin system upon twisting, and has been calculated to be ρs/t ≈  0.13 for 

U/t =  7, slightly below the Heisenberg model value28. Because the tem-
peratures and correlation lengths are independently determined in our 
experiment, we can obtain an experimental value of ρs directly by fitting 
the dependence in equation (2) to the data. The data show excellent 
agreement with the predicted exponential scaling of ξ with T−1 from 
equation (2). From the fit we determine ρs/t =  0.16(1), which is larger 
than the calculated value, possibly owing to finite-size effects (Methods).

Antiferromagnetic long-range order in solid-state systems is typi-
cally detected by neutron scattering or magnetic X-ray scattering. These 
methods measure the spin structure factor at wavevector q =  (qx, qy) 
and along the z direction, given by

∑= 〈 〉 ⎡
⎣
⎢⎢
⋅ − ⎤

⎦
⎥⎥Ω∈

q q r sS
N S

S S i( ) 1 1 ˆ ˆ exp ( )
r s

r s
z

N z z

,
2

In a square lattice, antiferromagnetic long-range order manifests as a 
peak in the structure factor at qAFM =  (π /a, π /a), the amplitude of which 
is directly related to the staggered magnetization: = /qm S N( )z z

AFM . 
For cold atom systems, the spin structure factor can be measured from 
noise correlations or Bragg scattering of light14. The site-resolved detection  
in our experiment enables a direct measurement of the spin structure 
factor, which is obtained from averaging the squared Fourier transfor-
mation of individual single-spin images (Methods). The same result is 
obtained when summing over all contributions of the spin correlation 
function (Extended Data Fig. 3).

For the lowest temperature, we observe a sharp peak in the structure 
factor at q =  qAFM, which confirms the presence of antiferromagnetic 
long-range order (Fig. 2c). For increasing temperatures, the amplitude 
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Figure 1 | Probing antiferromagnetism in the Hubbard model with a 
quantum gas microscope. a, Schematic of the two-dimensional Hubbard 
phase diagram, including predicted phases. We explore the trajectories 
traced by the red arrows for a Hubbard model with U/t =  7.2(2). The 
strongest antiferromagnetic order is observed at the starred point.  
b, Experimental set-up. We trap 6Li atoms in a two-dimensional square 
optical lattice. We use the combined potential of the optical lattice and 
the anticonfinement that is generated by the digital micromirror device 
(DMD) to trap the atoms in a central sample Ω of homogeneous density, 

surrounded by a dilute reservoir, as shown in the plot. The system is 
imaged with 671-nm light along the same beam path as the projected  
650-nm potential, and separated from it by a dichroic mirror. c, Exemplary 
raw (left) and processed (right) images of the atomic distribution of single 
experimental realizations, with both spin components present (upper; 
corresponding to the starred point in a) and with one spin component 
removed (lower). The observed chequerboard pattern in the spin-removed 
images indicates the presence of an antiferromagnet.
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we find spin correlations across the entire disk that alternate in sign 
even up to the largest distance of d =  | d|  =  10, as expected for a state 
with antiferromagnetic long-range order. We determine the tempera-
ture of each sample by comparing the measured nearest-neighbour 
correlator C1 to quantum Monte Carlo predictions at half-filling, which 
gives T/t =  0.25(2) for the lowest temperature (Methods).

As temperature increases, the strength of antiferromagnetic order 
decreases rapidly, until for T/t =  0.64(6) only nearest-neighbour spin 
correlations remain. To quantitatively analyse the spin correlations, we 
plot in Fig. 2b a binned azimuthal average of the sign-corrected spin 
correlator (− 1)iCd as a function of distance d (Methods). For large  
distances (d >  2 sites), the measured correlation functions exhibit an 
exponential scaling with distance, verified by fitting N0exp(− d/ξ) to 
each dataset, with the correlation length ξ and N0 as free parameters (but 
keeping N0 the same across all fits). For our two-dimensional system,  
quantum fluctuations lead to an increase in spin correlations at short 
distances (d ≤  2) above the exponential dependence, most prominently 
visible in the nearest-neighbour correlator26. In Fig. 2d we show the 
experimentally determined correlation length as a function of temper-
ature, which increases markedly at temperatures around T/t =  0.4. For 
the lowest temperature, we find a correlation length of ξ =  8.3(9) sites, 
which is approximately equal to the system size of 10 sites, as expected 
for long-range order.

The long-wavelength and low-temperature behaviour of our system 
is expected to be well described by the quantum nonlinear σ model27, 
which contains three fundamental ground-state parameters: the sub-
lattice magnetization M, the spin stiffness constant ρs and the spin-
wave velocity c. The spin stiffness quantifies the rigidity of an ordered 
spin system upon twisting, and has been calculated to be ρs/t ≈  0.13 for 

U/t =  7, slightly below the Heisenberg model value28. Because the tem-
peratures and correlation lengths are independently determined in our 
experiment, we can obtain an experimental value of ρs directly by fitting 
the dependence in equation (2) to the data. The data show excellent 
agreement with the predicted exponential scaling of ξ with T−1 from 
equation (2). From the fit we determine ρs/t =  0.16(1), which is larger 
than the calculated value, possibly owing to finite-size effects (Methods).

Antiferromagnetic long-range order in solid-state systems is typi-
cally detected by neutron scattering or magnetic X-ray scattering. These 
methods measure the spin structure factor at wavevector q =  (qx, qy) 
and along the z direction, given by
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In a square lattice, antiferromagnetic long-range order manifests as a 
peak in the structure factor at qAFM =  (π /a, π /a), the amplitude of which 
is directly related to the staggered magnetization: = /qm S N( )z z

AFM . 
For cold atom systems, the spin structure factor can be measured from 
noise correlations or Bragg scattering of light14. The site-resolved detection  
in our experiment enables a direct measurement of the spin structure 
factor, which is obtained from averaging the squared Fourier transfor-
mation of individual single-spin images (Methods). The same result is 
obtained when summing over all contributions of the spin correlation 
function (Extended Data Fig. 3).

For the lowest temperature, we observe a sharp peak in the structure 
factor at q =  qAFM, which confirms the presence of antiferromagnetic 
long-range order (Fig. 2c). For increasing temperatures, the amplitude 
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Figure 1 | Probing antiferromagnetism in the Hubbard model with a 
quantum gas microscope. a, Schematic of the two-dimensional Hubbard 
phase diagram, including predicted phases. We explore the trajectories 
traced by the red arrows for a Hubbard model with U/t =  7.2(2). The 
strongest antiferromagnetic order is observed at the starred point.  
b, Experimental set-up. We trap 6Li atoms in a two-dimensional square 
optical lattice. We use the combined potential of the optical lattice and 
the anticonfinement that is generated by the digital micromirror device 
(DMD) to trap the atoms in a central sample Ω of homogeneous density, 

surrounded by a dilute reservoir, as shown in the plot. The system is 
imaged with 671-nm light along the same beam path as the projected  
650-nm potential, and separated from it by a dichroic mirror. c, Exemplary 
raw (left) and processed (right) images of the atomic distribution of single 
experimental realizations, with both spin components present (upper; 
corresponding to the starred point in a) and with one spin component 
removed (lower). The observed chequerboard pattern in the spin-removed 
images indicates the presence of an antiferromagnet.
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thousands of atoms, with local addressing and atom
storage and reloading [Fig. 1(d)]. The increasingly higher
fidelity and programmability for one- and two-qubit gates,
along with effective midcircuit readout, and flexibility in
spatial reconfiguration and entanglement distribution in a
network of qubits, are leading to the production of
encoded and error-corrected logical qubits, permitting
the systems to make fault-tolerant production of logical
GHZ states that can be used to measure certain parameters
at an enhanced rate [10].

Indeed, quantum simulation and quantum sensing are
inextricably linked [29]. Simulating many-body quantum
systems provides fundamental insights into dynamical
phases of matter, and this knowledge can be leveraged
to design a new generation of quantum sensors with
engineered many-body states and collective quantum mea-
surements [30–32]. The goal is to develop sensors that
supersede the current state of the art for targeted applica-
tions that are specifically motivated by the need to probe
fundamental physics [33]. It is through such applications
that current intermediate-scale quantum technologies can
have a great impact on both fundamental science and
disruptive technology.
To realize a meaningful quantum advantage [34], quan-

tum technologies must demonstrate scalability and superior

performance in regimes where classical approaches reach
their limit, and it is necessary to characterize and verify
quantum devices in the classically inaccessible regime [35].
Demonstrations of quantum advantage on problems
that have practical applications, such as entanglement-
enhanced quantum sensors, will help expand the deploy-
ment of quantum devices in the field, which will in turn
open new scientific opportunities. Achieving that requires
demonstrations of robustness and compactness for field
applications including the distribution of entanglement in
a network [22,36,37]. It is further important to improve
our ability to perform and characterize measurements
in multiple-parameter quantum devices, such as sensor
networks [38,39]. The close coordination of quantum
hardware with quantum algorithms and measurement
protocols to optimally extract relevant physical informa-
tion [40], together with the identification of impactful
applications that are best suited for these quantum
devices, will be critical for demonstrating a quantum
advantage for meaningful applications.
Emerging quantum technologies based on AMO

platforms.—Deploying entanglement will significantly
increase the measurement sensitivity at a given bandwidth,
or equivalently, the sensing bandwidth for a given preci-
sion. One can weigh the desired properties of a quantum

FIG. 1. Quantum system design and engineering to open new frontiers for quantum sensing. (a) A quantum network that links
individual clocks in space with enhanced performance and security based on their entangled quantum states. The optimal use of global
resources and quantum-enabled precision and accuracy also represent a unique long-baseline observatory for fundamental physics [6].
(b) A Wannier-Stark optical lattice where clock (spin) and atom interferometer (motion) are integrated into a single quantum plat-
form [7]. Cavity-QED-based entanglement generation will further enhance the probing of clock frequency, coherence, and gravity [8].
(c) A new monolithic ion trap configuration allows a two-dimensional arrangement of laser-cooled ions for quantum simulations of spin
models and increased sensing capabilities [9]. (d) A tweezer array of neutral atoms that enable any-to-any connectivity among hundreds
of atomic qubits with universal local single-qubit rotations and high-fidelity two-qubit Rydberg gates. Fast midcircuit readout and
feedforward can be implemented together with parallel transport in reconfigurable array architecture [10,11]. (e) The generation of GHZ
entangled states for enhanced interferometric sensitivity in clock operation, reaching the Heisenberg limit where the phase sensitivity
scales with the inverse of particle number N. This is the best possible outcome defined by quantum physics [11,12].
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we find spin correlations across the entire disk that alternate in sign 
even up to the largest distance of d =  | d|  =  10, as expected for a state 
with antiferromagnetic long-range order. We determine the tempera-
ture of each sample by comparing the measured nearest-neighbour 
correlator C1 to quantum Monte Carlo predictions at half-filling, which 
gives T/t =  0.25(2) for the lowest temperature (Methods).

As temperature increases, the strength of antiferromagnetic order 
decreases rapidly, until for T/t =  0.64(6) only nearest-neighbour spin 
correlations remain. To quantitatively analyse the spin correlations, we 
plot in Fig. 2b a binned azimuthal average of the sign-corrected spin 
correlator (− 1)iCd as a function of distance d (Methods). For large  
distances (d >  2 sites), the measured correlation functions exhibit an 
exponential scaling with distance, verified by fitting N0exp(− d/ξ) to 
each dataset, with the correlation length ξ and N0 as free parameters (but 
keeping N0 the same across all fits). For our two-dimensional system,  
quantum fluctuations lead to an increase in spin correlations at short 
distances (d ≤  2) above the exponential dependence, most prominently 
visible in the nearest-neighbour correlator26. In Fig. 2d we show the 
experimentally determined correlation length as a function of temper-
ature, which increases markedly at temperatures around T/t =  0.4. For 
the lowest temperature, we find a correlation length of ξ =  8.3(9) sites, 
which is approximately equal to the system size of 10 sites, as expected 
for long-range order.

The long-wavelength and low-temperature behaviour of our system 
is expected to be well described by the quantum nonlinear σ model27, 
which contains three fundamental ground-state parameters: the sub-
lattice magnetization M, the spin stiffness constant ρs and the spin-
wave velocity c. The spin stiffness quantifies the rigidity of an ordered 
spin system upon twisting, and has been calculated to be ρs/t ≈  0.13 for 

U/t =  7, slightly below the Heisenberg model value28. Because the tem-
peratures and correlation lengths are independently determined in our 
experiment, we can obtain an experimental value of ρs directly by fitting 
the dependence in equation (2) to the data. The data show excellent 
agreement with the predicted exponential scaling of ξ with T−1 from 
equation (2). From the fit we determine ρs/t =  0.16(1), which is larger 
than the calculated value, possibly owing to finite-size effects (Methods).

Antiferromagnetic long-range order in solid-state systems is typi-
cally detected by neutron scattering or magnetic X-ray scattering. These 
methods measure the spin structure factor at wavevector q =  (qx, qy) 
and along the z direction, given by

∑= 〈 〉 ⎡
⎣
⎢⎢
⋅ − ⎤

⎦
⎥⎥Ω∈

q q r sS
N S

S S i( ) 1 1 ˆ ˆ exp ( )
r s

r s
z

N z z

,
2

In a square lattice, antiferromagnetic long-range order manifests as a 
peak in the structure factor at qAFM =  (π /a, π /a), the amplitude of which 
is directly related to the staggered magnetization: = /qm S N( )z z

AFM . 
For cold atom systems, the spin structure factor can be measured from 
noise correlations or Bragg scattering of light14. The site-resolved detection  
in our experiment enables a direct measurement of the spin structure 
factor, which is obtained from averaging the squared Fourier transfor-
mation of individual single-spin images (Methods). The same result is 
obtained when summing over all contributions of the spin correlation 
function (Extended Data Fig. 3).

For the lowest temperature, we observe a sharp peak in the structure 
factor at q =  qAFM, which confirms the presence of antiferromagnetic 
long-range order (Fig. 2c). For increasing temperatures, the amplitude 
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Figure 1 | Probing antiferromagnetism in the Hubbard model with a 
quantum gas microscope. a, Schematic of the two-dimensional Hubbard 
phase diagram, including predicted phases. We explore the trajectories 
traced by the red arrows for a Hubbard model with U/t =  7.2(2). The 
strongest antiferromagnetic order is observed at the starred point.  
b, Experimental set-up. We trap 6Li atoms in a two-dimensional square 
optical lattice. We use the combined potential of the optical lattice and 
the anticonfinement that is generated by the digital micromirror device 
(DMD) to trap the atoms in a central sample Ω of homogeneous density, 

surrounded by a dilute reservoir, as shown in the plot. The system is 
imaged with 671-nm light along the same beam path as the projected  
650-nm potential, and separated from it by a dichroic mirror. c, Exemplary 
raw (left) and processed (right) images of the atomic distribution of single 
experimental realizations, with both spin components present (upper; 
corresponding to the starred point in a) and with one spin component 
removed (lower). The observed chequerboard pattern in the spin-removed 
images indicates the presence of an antiferromagnet.
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we find spin correlations across the entire disk that alternate in sign 
even up to the largest distance of d =  | d|  =  10, as expected for a state 
with antiferromagnetic long-range order. We determine the tempera-
ture of each sample by comparing the measured nearest-neighbour 
correlator C1 to quantum Monte Carlo predictions at half-filling, which 
gives T/t =  0.25(2) for the lowest temperature (Methods).

As temperature increases, the strength of antiferromagnetic order 
decreases rapidly, until for T/t =  0.64(6) only nearest-neighbour spin 
correlations remain. To quantitatively analyse the spin correlations, we 
plot in Fig. 2b a binned azimuthal average of the sign-corrected spin 
correlator (− 1)iCd as a function of distance d (Methods). For large  
distances (d >  2 sites), the measured correlation functions exhibit an 
exponential scaling with distance, verified by fitting N0exp(− d/ξ) to 
each dataset, with the correlation length ξ and N0 as free parameters (but 
keeping N0 the same across all fits). For our two-dimensional system,  
quantum fluctuations lead to an increase in spin correlations at short 
distances (d ≤  2) above the exponential dependence, most prominently 
visible in the nearest-neighbour correlator26. In Fig. 2d we show the 
experimentally determined correlation length as a function of temper-
ature, which increases markedly at temperatures around T/t =  0.4. For 
the lowest temperature, we find a correlation length of ξ =  8.3(9) sites, 
which is approximately equal to the system size of 10 sites, as expected 
for long-range order.

The long-wavelength and low-temperature behaviour of our system 
is expected to be well described by the quantum nonlinear σ model27, 
which contains three fundamental ground-state parameters: the sub-
lattice magnetization M, the spin stiffness constant ρs and the spin-
wave velocity c. The spin stiffness quantifies the rigidity of an ordered 
spin system upon twisting, and has been calculated to be ρs/t ≈  0.13 for 

U/t =  7, slightly below the Heisenberg model value28. Because the tem-
peratures and correlation lengths are independently determined in our 
experiment, we can obtain an experimental value of ρs directly by fitting 
the dependence in equation (2) to the data. The data show excellent 
agreement with the predicted exponential scaling of ξ with T−1 from 
equation (2). From the fit we determine ρs/t =  0.16(1), which is larger 
than the calculated value, possibly owing to finite-size effects (Methods).

Antiferromagnetic long-range order in solid-state systems is typi-
cally detected by neutron scattering or magnetic X-ray scattering. These 
methods measure the spin structure factor at wavevector q =  (qx, qy) 
and along the z direction, given by
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In a square lattice, antiferromagnetic long-range order manifests as a 
peak in the structure factor at qAFM =  (π /a, π /a), the amplitude of which 
is directly related to the staggered magnetization: = /qm S N( )z z

AFM . 
For cold atom systems, the spin structure factor can be measured from 
noise correlations or Bragg scattering of light14. The site-resolved detection  
in our experiment enables a direct measurement of the spin structure 
factor, which is obtained from averaging the squared Fourier transfor-
mation of individual single-spin images (Methods). The same result is 
obtained when summing over all contributions of the spin correlation 
function (Extended Data Fig. 3).

For the lowest temperature, we observe a sharp peak in the structure 
factor at q =  qAFM, which confirms the presence of antiferromagnetic 
long-range order (Fig. 2c). For increasing temperatures, the amplitude 

↑+↓

↑

c

Spin removal

Pseudogap phase

Fe
rm

i li
qu

id

d-wave
superconductor

M
ot

t
A

nt
ife

rr
om

ag
ne

tic
ph

as
e

Doping

Te
m

pe
ra

tu
re

a b

U

t

ReservoirSample,

Anticonfining
potential
(650-nm
light)

Imaging
(671-nm
light)

DMD

Dichroic
mirror

P
ot

en
tia

l

Position

Reservoir Reservoir

:

:

Strange metal

Reservoir Reservoir

Figure 1 | Probing antiferromagnetism in the Hubbard model with a 
quantum gas microscope. a, Schematic of the two-dimensional Hubbard 
phase diagram, including predicted phases. We explore the trajectories 
traced by the red arrows for a Hubbard model with U/t =  7.2(2). The 
strongest antiferromagnetic order is observed at the starred point.  
b, Experimental set-up. We trap 6Li atoms in a two-dimensional square 
optical lattice. We use the combined potential of the optical lattice and 
the anticonfinement that is generated by the digital micromirror device 
(DMD) to trap the atoms in a central sample Ω of homogeneous density, 

surrounded by a dilute reservoir, as shown in the plot. The system is 
imaged with 671-nm light along the same beam path as the projected  
650-nm potential, and separated from it by a dichroic mirror. c, Exemplary 
raw (left) and processed (right) images of the atomic distribution of single 
experimental realizations, with both spin components present (upper; 
corresponding to the starred point in a) and with one spin component 
removed (lower). The observed chequerboard pattern in the spin-removed 
images indicates the presence of an antiferromagnet.
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Fermionic quantum processing with programmable neutral
atom arrays
D. González-Cuadraa,b ID , D. Bluvsteinc, M. Kalinowskic, R. Kaubrueggera,b, N. Maskarac, P. Naldesia,b, T. V. Zachea,b ID , A. M. Kaufmand,e, M. D. Lukinc,
H. Pichlera,b, B. Vermerscha,b,f , Jun Yed,e ID , and P. Zollera,b,1

Edited by Jean Dalibard, College de France, Paris, France; received March 15, 2023; accepted July 26, 2023

Simulating the properties of many-body fermionic systems is an outstanding com-
putational challenge relevant to material science, quantum chemistry, and particle
physics. Although qubit-based quantum computers can potentially tackle this problem
more efficiently than classical devices, encoding nonlocal fermionic statistics introduces
an overhead in the required resources, limiting their applicability on near-term
architectures. In this work, we present a fermionic quantum processor, where fermionic
models are locally encoded in a fermionic register and simulated in a hardware-
efficient manner using fermionic gates. We consider in particular fermionic atoms in
programmable tweezer arrays and develop different protocols to implement nonlocal
gates, guaranteeing Fermi statistics at the hardware level. We use this gate set, together
with Rydberg-mediated interaction gates, to find efficient circuit decompositions for
digital and variational quantum simulation algorithms, illustrated here for molecular
energy estimation. Finally, we consider a combined fermion-qubit architecture, where
both the motional and internal degrees of freedom of the atoms are harnessed to
efficiently implement quantum phase estimation as well as to simulate lattice gauge
theory dynamics.

fermionic quantum processor | digital quantum simulation | tweezer arrays | quantum chemistry |

lattice gauge theories

The study of strongly correlated fermionic systems lies at the core of some of the most
interesting problems in modern physics. These include profound questions regarding
the inner workings of the universe, such as the physics of quark–gluon plasmas (1), as
well as technologically pressing challenges in material science and quantum chemistry,
from high-temperature superconductivity (2) to nitrogen fixation (3). The defining
feature of fermionic many-body systems is the fundamental indistinguishability of their
constituents, which dictates the antisymmetry of the wavefunction and the corresponding
quantum statistics. Importantly, this indistinguishability gives rise to the so-called sign
problem, which severely limits the applicability of many numerical approaches, such as
Monte Carlo methods, highlighting the innate difficulty of solving fermionic many-body
problems on classical computers (4).
One of the most promising alternatives to address these problems is provided by

quantum computers (5). Traditionally, quantum computing involves distinguishable
spin-1/2 particles, where quantum information is stored in superposition states of qubit
registers and processed by the action of quantum gates. The quantum statistics of fermions
needs to be encoded in such qubit-based devices on a software level, which incurs overhead
in circuit depths (6–9) or qubit numbers (10–12). This presents a substantial challenge
for current experiments where noise limits gate and readout fidelities. Although this
approach has been applied to simple fermionic models from quantum chemistry (13–
18), condensed-matter (19–28), and particle physics (29–31), using quantum processors
based on superconducting circuits or trapped ions, experimental studies have so far been
restricted to small system sizes.
Neutral atom systems provide a route to bypass this issue and construct quantum

devices where fermionic statistics are built-in on a hardware level. The natural
indistinguishability of atoms, which come as bosons or fermions, is for instance leveraged
in celebrated analog quantum simulations of Hubbard models in optical lattices (32–34).
Recently, optical tweezers have emerged as powerful tools to trap and manipulate neutral
atoms with an unprecedented level of programmability and scalability (35–43). So far,
these systems have, however, mainly been used to realize spin models with distinguishable
constituents (44–51), where each atomic position is pinned to a specific tweezer, internal
electronic or nuclear spin states are used to represent qubit states, and interactions
between these qubits are implemented using highly excited Rydberg states.

Significance

Neutral atoms trapped in tweezer
arrays have recently emerged as
powerful quantum simulation
platforms, with recent
experiments targeting quantum
spin models. In this work, we
envision the next generation of
programmable atomic quantum
simulators, where not only the
atom’s internal but also motional
degrees of freedom are
controlled to process quantum
information. In the case of
fermionic atoms, this allows to
encode and simulate fermionic
models locally, where Fermi
statistics are guaranteed at the
hardware level. We develop a set
of fermionic quantum gates
acting on this fermionic register,
including digital tunneling gates,
and use it to construct fermionic
circuits. This approach reduces
circuit depths for quantum
simulation significantly compared
to qubit encodings, which always
incur resource overheads.

Author contributions: A.M.K., M.D.L., H.P., B.V., J.Y., and
P.Z. designed research; D.G.-C., D.B.,M.K., R.K., N.M., P.N.,
and T.V.Z. performed research; and D.G.-C., R.K., P.N.,
T.V.Z., H.P., and P.Z. wrote the paper.

The authors declare no competing interest.

This article is a PNAS Direct Submission.

Copyright © 2023 the Author(s). Published by PNAS.
This open access article is distributed under Creative
Commons Attribution License 4.0 (CC BY).
1To whom correspondence may be addressed. Email:
peter.zoller@uibk.ac.at.

Published August 22, 2023.

PNAS 2023 Vol. 120 No. 35 e2304294120 https://doi.org/10.1073/pnas.2304294120 1 of 10

D
ow

nl
oa

de
d 

fro
m

 h
ttp

s:/
/w

w
w

.p
na

s.o
rg

 b
y 

"F
A

CH
BI

BL
IO

TH
EK

 U
N

IV
ER

SI
TA

ET
 IN

N
SB

RU
CK

, M
ED

IZ
IN

IS
CH

-B
IO

LO
G

IS
CH

E"
 o

n 
Ju

ne
 1

0,
 2

02
4 

fro
m

 IP
 a

dd
re

ss
 1

38
.2

32
.5

5.
3.

control of internal 

and motional 

degrees of freedom

Applications


✓chemistry


✓lattice gauge theory



Fermionic Gates

9

Tunneling:  Interaction:

Daley et al, Phys. Rev. Lett. 	
101, 170504 (2008)

Kaufman et al, Science 345,	
306–309 (2014)

Spar et al, Phys. Rev. Lett. 	
128, 223202 (2022)

Young et al, Science 377, 	
885–889 (2022)

Spar et al, Phys. Rev. Lett. 	
129, 123201 (2022)

` Fermion-qubit register	

` Alkaline	

` Alkaline-earth	



10

Machine Learning `Quantum Advantage’

 Utility 

Active Design of Many-Body Hamiltonians

goal: design quantum many-body systems with desired 
properties; synthetic quantum matter → real(?) materials

Pavel Dolgirev Christian Kokail
Lukin-group @ Harvard

Quantum Simulation → Inverse Quantum Simulation

C Kokail, PE Dolgirev, R van Bijnen, D Gonzalez-Cuadra, MD Lukin, PZ, arXiv:2601.12239

quantum materials
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2

long-spacing lattice dimerized lattice short-spacing lattice

0 lattice depth ratio 1 VS/VL∞

c

parity-projected parity-projecteddoublon-resolved

band insulator dimer singlets Hubbard systems

reservoirsystem

repulsive DMD potential

d

hole singlon doublon

Singlon defect density

center (dashed): 0.7(2)%
system (solid):    3.5(5)%

a

Doping

Te
m

pe
ra

tu
re

0

state of the art Ref. [6, 11-13]

AF
M

Pseudogap

Strange metal
0.25

0.10

Fe
rm

i L
iqu

id

Stripe/d-wave?

current work

0.05

Isolation
Low entropy BI High entropy

band gap

Compression Expansion
b

heat

Reservoir

en
er

gy

en
er

gy

Reservoir adiabatic 
cooling

Hubbard system

FIG. 1. Cooling ultracold atoms by transforming a low entropy product state to strongly-correlated states. (a),
Schematic of the 2D Hubbard phase diagram. The lowest temperatures reported in [6, 11–13] (gray dashed) and the estimated
temperatures in the current work (red band) are marked. (b), To reach lower entropy, we prepare a gapped band insulator
(BI) in contact with a gapless metallic reservoir. Entropy flows from the BI to the reservoir [29]. After isolating the two
parts, the BI is transformed into a strongly-correlated state-of-interest by dynamically changing the lattice geometry, Hubbard
parameters and density, while preserving the very low entropy of the original BI. (c), The BI has a filling of two atoms per site,
which appear as empty sites in a parity-projected fluorescence image (left), in contrast to the dilute reservoir. We then halve
the lattice filling by doubling the number of lattice sites, thereby making the BI visible (center). The strongly-correlated state
at the end of the preparation spans about 340 sites, where empty sites correspond to coherent doublon-hole pairs indicating
low entropy (right). The central state-of-interest and reservoir are shaped by optical potentials programmed with Digital
Micromirror Devices (DMDs, not shown). (d), To double the number of sites, we continuously decrease the long-spacing lattice
depth VL and increasing the short-spacing lattice depth VS . This effectively splits doubly-occupied sites into dimers, which are
then connected to form a square lattice.

low temperatures with finite values of doping � between
2% and 21%. Detailed comparisons with state-of-the-
art approximate numerical computations [16–18] indicate
that our temperatures are T . 0.1 t, comparable to those
achieved at half-filling. These temperatures correspond
to a reduction to significantly below room temperature
in cuprates.

Our scheme hinges on the efficient preparation of prod-
uct states with extremely low entropies [29]. Seminal
proposals suggested that these states can be adiabati-
cally connected to strongly-correlated states of interest
to reach low temperatures [14, 15, 30–32]. Despite exper-
imental progress with bosonic systems [33–35], practical
implementations of these schemes for fermions have been
challenging beyond proof-of-principle realizations at half-
filling [29, 36–38]. This holds especially true in large Hub-
bard systems, where finite-time, out-of-equilibrium dy-
namics are out of reach of numerical simulations [39, 40].
Our work therefore showcases how quantum simulators
can experimentally address such optimization problems.

Experimental scheme

The spirit of our protocol is similar to most cooling
cycles. In a first generalized compression step, entropy
is extracted from the system of interest to a reservoir in
thermal contact by reducing the density of states of the
system [14, 29, 41]. After the system is isolated from
the reservoir, increasing the density of states by gener-
alized expansion decreases the temperature. In practice,
our scheme involves initializing cold atoms in a low en-
tropy band insulator (BI), and transforming the BI into
a strongly-correlated state of interest (Fig. 1b) [29, 37].

The BI can be prepared with extremely high fidelity
because the chemical potential lies within the band gap
featuring low density of states, which allows for efficient
entropy redistribution to a metallic reservoir [11, 14, 29,
34, 41]. We load a spin-balanced mixture of fermionic
6Li atoms in the lowest two hyperfine states into an op-
tical lattice (long-spacing lattice). We set the magnetic
bias field at 550G close to a broad Feshbach resonance to
minimize interaction strengths for BI formation. Pro-
grammable optical potentials created by two separate
Digital Micromirror Devices (DMDs) first confine about
340 atoms into a BI covering 170 sites, then isolate the
BI from the reservoir. We estimate a low initial entropy
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parameters and density, while preserving the very low entropy of the original BI. (c), The BI has a filling of two atoms per site,
which appear as empty sites in a parity-projected fluorescence image (left), in contrast to the dilute reservoir. We then halve
the lattice filling by doubling the number of lattice sites, thereby making the BI visible (center). The strongly-correlated state
at the end of the preparation spans about 340 sites, where empty sites correspond to coherent doublon-hole pairs indicating
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low temperatures with finite values of doping � between
2% and 21%. Detailed comparisons with state-of-the-
art approximate numerical computations [16–18] indicate
that our temperatures are T . 0.1 t, comparable to those
achieved at half-filling. These temperatures correspond
to a reduction to significantly below room temperature
in cuprates.

Our scheme hinges on the efficient preparation of prod-
uct states with extremely low entropies [29]. Seminal
proposals suggested that these states can be adiabati-
cally connected to strongly-correlated states of interest
to reach low temperatures [14, 15, 30–32]. Despite exper-
imental progress with bosonic systems [33–35], practical
implementations of these schemes for fermions have been
challenging beyond proof-of-principle realizations at half-
filling [29, 36–38]. This holds especially true in large Hub-
bard systems, where finite-time, out-of-equilibrium dy-
namics are out of reach of numerical simulations [39, 40].
Our work therefore showcases how quantum simulators
can experimentally address such optimization problems.

Experimental scheme

The spirit of our protocol is similar to most cooling
cycles. In a first generalized compression step, entropy
is extracted from the system of interest to a reservoir in
thermal contact by reducing the density of states of the
system [14, 29, 41]. After the system is isolated from
the reservoir, increasing the density of states by gener-
alized expansion decreases the temperature. In practice,
our scheme involves initializing cold atoms in a low en-
tropy band insulator (BI), and transforming the BI into
a strongly-correlated state of interest (Fig. 1b) [29, 37].

The BI can be prepared with extremely high fidelity
because the chemical potential lies within the band gap
featuring low density of states, which allows for efficient
entropy redistribution to a metallic reservoir [11, 14, 29,
34, 41]. We load a spin-balanced mixture of fermionic
6Li atoms in the lowest two hyperfine states into an op-
tical lattice (long-spacing lattice). We set the magnetic
bias field at 550G close to a broad Feshbach resonance to
minimize interaction strengths for BI formation. Pro-
grammable optical potentials created by two separate
Digital Micromirror Devices (DMDs) first confine about
340 atoms into a BI covering 170 sites, then isolate the
BI from the reservoir. We estimate a low initial entropy
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<latexit sha1_base64="uuJfQ2ZT799Um+jhOmfTi5LUAr4=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgxpIUfO0KblxWsA9oQplMJu3QySTM3IglFPwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee4JUcA2O820tLa+srq2XNsqbW9s7u/befksnmaKsSRORqE5ANBNcsiZwEKyTKkbiQLB2MLyZ+O0HpjRP5D2MUubHpC95xCkBI/XsQ09HEYm5GGEP2CPkZ+Pri/OeXXGqzhR4kbgFqaACjZ795YUJzWImgQqiddd1UvBzooBTwcZlL9MsJXRI+qxrqCQx034+PX+MT4wS4ihRpiTgqfp7Iiex1qM4MJ0xgYGe9ybif143g+jKz7lMM2CSzhZFmcCQ4EkWOOSKUTCvh5xQxc2tmA6IIhRMYmUTgjv/8iJp1aquU3XvapU6LuIooSN0jE6Riy5RHd2iBmoiinL0jF7Rm/VkvVjv1sesdckqZg7QH1ifP5URlRo=</latexit><latexit sha1_base64="uuJfQ2ZT799Um+jhOmfTi5LUAr4=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgxpIUfO0KblxWsA9oQplMJu3QySTM3IglFPwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee4JUcA2O820tLa+srq2XNsqbW9s7u/befksnmaKsSRORqE5ANBNcsiZwEKyTKkbiQLB2MLyZ+O0HpjRP5D2MUubHpC95xCkBI/XsQ09HEYm5GGEP2CPkZ+Pri/OeXXGqzhR4kbgFqaACjZ795YUJzWImgQqiddd1UvBzooBTwcZlL9MsJXRI+qxrqCQx034+PX+MT4wS4ihRpiTgqfp7Iiex1qM4MJ0xgYGe9ybif143g+jKz7lMM2CSzhZFmcCQ4EkWOOSKUTCvh5xQxc2tmA6IIhRMYmUTgjv/8iJp1aquU3XvapU6LuIooSN0jE6Riy5RHd2iBmoiinL0jF7Rm/VkvVjv1sesdckqZg7QH1ifP5URlRo=</latexit><latexit sha1_base64="uuJfQ2ZT799Um+jhOmfTi5LUAr4=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgxpIUfO0KblxWsA9oQplMJu3QySTM3IglFPwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee4JUcA2O820tLa+srq2XNsqbW9s7u/befksnmaKsSRORqE5ANBNcsiZwEKyTKkbiQLB2MLyZ+O0HpjRP5D2MUubHpC95xCkBI/XsQ09HEYm5GGEP2CPkZ+Pri/OeXXGqzhR4kbgFqaACjZ795YUJzWImgQqiddd1UvBzooBTwcZlL9MsJXRI+qxrqCQx034+PX+MT4wS4ihRpiTgqfp7Iiex1qM4MJ0xgYGe9ybif143g+jKz7lMM2CSzhZFmcCQ4EkWOOSKUTCvh5xQxc2tmA6IIhRMYmUTgjv/8iJp1aquU3XvapU6LuIooSN0jE6Riy5RHd2iBmoiinL0jF7Rm/VkvVjv1sesdckqZg7QH1ifP5URlRo=</latexit><latexit sha1_base64="uuJfQ2ZT799Um+jhOmfTi5LUAr4=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgxpIUfO0KblxWsA9oQplMJu3QySTM3IglFPwVNy4Ucet3uPNvnLZZaOuBC4dz7uXee4JUcA2O820tLa+srq2XNsqbW9s7u/befksnmaKsSRORqE5ANBNcsiZwEKyTKkbiQLB2MLyZ+O0HpjRP5D2MUubHpC95xCkBI/XsQ09HEYm5GGEP2CPkZ+Pri/OeXXGqzhR4kbgFqaACjZ795YUJzWImgQqiddd1UvBzooBTwcZlL9MsJXRI+qxrqCQx034+PX+MT4wS4ihRpiTgqfp7Iiex1qM4MJ0xgYGe9ybif143g+jKz7lMM2CSzhZFmcCQ4EkWOOSKUTCvh5xQxc2tmA6IIhRMYmUTgjv/8iJp1aquU3XvapU6LuIooSN0jE6Riy5RHd2iBmoiinL0jF7Rm/VkvVjv1sesdckqZg7QH1ifP5URlRo=</latexit>

(a)
<latexit sha1_base64="Rnn2Eco9byZCwjLDV3NOg9JbAZY=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhRiE+7SaBmwsYxgPiA5wtzeXrJk9+7c3QuEkN9hY6GIrT/Gzn/jJrlCEx8MPN6bYWZekAqujet+OxubW9s7u4W94v7B4dFx6eS0pZNMUdakiUhUJ0DNBI9Z03AjWCdVDGUgWDsY3c399pgpzZP40UxS5kscxDziFI2V/J6OIpRcTEgFr/ulslt1FyDrxMtJGXI0+qWvXpjQTLLYUIFadz03Nf4UleFUsFmxl2mWIh3hgHUtjVEy7U8XR8/IlVVCEiXKVmzIQv09MUWp9UQGtlOiGepVby7+53UzE936Ux6nmWExXS6KMkFMQuYJkJArRo19OeRIFbe3EjpEhdTYnIo2BG/15XXSqlU9yx9q5fplHkcBzuECKuDBDdThHhrQBApP8Ayv8OaMnRfn3flYtm44+cwZ/IHz+QPgYpFl</latexit><latexit sha1_base64="Rnn2Eco9byZCwjLDV3NOg9JbAZY=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhRiE+7SaBmwsYxgPiA5wtzeXrJk9+7c3QuEkN9hY6GIrT/Gzn/jJrlCEx8MPN6bYWZekAqujet+OxubW9s7u4W94v7B4dFx6eS0pZNMUdakiUhUJ0DNBI9Z03AjWCdVDGUgWDsY3c399pgpzZP40UxS5kscxDziFI2V/J6OIpRcTEgFr/ulslt1FyDrxMtJGXI0+qWvXpjQTLLYUIFadz03Nf4UleFUsFmxl2mWIh3hgHUtjVEy7U8XR8/IlVVCEiXKVmzIQv09MUWp9UQGtlOiGepVby7+53UzE936Ux6nmWExXS6KMkFMQuYJkJArRo19OeRIFbe3EjpEhdTYnIo2BG/15XXSqlU9yx9q5fplHkcBzuECKuDBDdThHhrQBApP8Ayv8OaMnRfn3flYtm44+cwZ/IHz+QPgYpFl</latexit><latexit sha1_base64="Rnn2Eco9byZCwjLDV3NOg9JbAZY=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhRiE+7SaBmwsYxgPiA5wtzeXrJk9+7c3QuEkN9hY6GIrT/Gzn/jJrlCEx8MPN6bYWZekAqujet+OxubW9s7u4W94v7B4dFx6eS0pZNMUdakiUhUJ0DNBI9Z03AjWCdVDGUgWDsY3c399pgpzZP40UxS5kscxDziFI2V/J6OIpRcTEgFr/ulslt1FyDrxMtJGXI0+qWvXpjQTLLYUIFadz03Nf4UleFUsFmxl2mWIh3hgHUtjVEy7U8XR8/IlVVCEiXKVmzIQv09MUWp9UQGtlOiGepVby7+53UzE936Ux6nmWExXS6KMkFMQuYJkJArRo19OeRIFbe3EjpEhdTYnIo2BG/15XXSqlU9yx9q5fplHkcBzuECKuDBDdThHhrQBApP8Ayv8OaMnRfn3flYtm44+cwZ/IHz+QPgYpFl</latexit><latexit sha1_base64="Rnn2Eco9byZCwjLDV3NOg9JbAZY=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhRiE+7SaBmwsYxgPiA5wtzeXrJk9+7c3QuEkN9hY6GIrT/Gzn/jJrlCEx8MPN6bYWZekAqujet+OxubW9s7u4W94v7B4dFx6eS0pZNMUdakiUhUJ0DNBI9Z03AjWCdVDGUgWDsY3c399pgpzZP40UxS5kscxDziFI2V/J6OIpRcTEgFr/ulslt1FyDrxMtJGXI0+qWvXpjQTLLYUIFadz03Nf4UleFUsFmxl2mWIh3hgHUtjVEy7U8XR8/IlVVCEiXKVmzIQv09MUWp9UQGtlOiGepVby7+53UzE936Ux6nmWExXS6KMkFMQuYJkJArRo19OeRIFbe3EjpEhdTYnIo2BG/15XXSqlU9yx9q5fplHkcBzuECKuDBDdThHhrQBApP8Ayv8OaMnRfn3flYtm44+cwZ/IHz+QPgYpFl</latexit>

(b)
<latexit sha1_base64="om1zqM/90MTLRdqFZgCvivBHzU4=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqBjeDcsWtuUugTeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum81E81TTAZ4yHtWSqxoNrPlkfP0bVVQhTFypY0aKn+nsiw0HomAtspsBnpdW8h/uf1UhPd+RmTSWqoJKtFUcqRidEiARQyRYmxL4cME8XsrYiMsMLE2JxKNgRv/eVN0q7XPMsf65XGVR5HES7gEqrgwS004AGa0AICE3iGV3hzps6L8+58rFoLTj5zDn/gfP4A4eeRZg==</latexit><latexit sha1_base64="om1zqM/90MTLRdqFZgCvivBHzU4=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqBjeDcsWtuUugTeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum81E81TTAZ4yHtWSqxoNrPlkfP0bVVQhTFypY0aKn+nsiw0HomAtspsBnpdW8h/uf1UhPd+RmTSWqoJKtFUcqRidEiARQyRYmxL4cME8XsrYiMsMLE2JxKNgRv/eVN0q7XPMsf65XGVR5HES7gEqrgwS004AGa0AICE3iGV3hzps6L8+58rFoLTj5zDn/gfP4A4eeRZg==</latexit><latexit sha1_base64="om1zqM/90MTLRdqFZgCvivBHzU4=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqBjeDcsWtuUugTeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum81E81TTAZ4yHtWSqxoNrPlkfP0bVVQhTFypY0aKn+nsiw0HomAtspsBnpdW8h/uf1UhPd+RmTSWqoJKtFUcqRidEiARQyRYmxL4cME8XsrYiMsMLE2JxKNgRv/eVN0q7XPMsf65XGVR5HES7gEqrgwS004AGa0AICE3iGV3hzps6L8+58rFoLTj5zDn/gfP4A4eeRZg==</latexit><latexit sha1_base64="om1zqM/90MTLRdqFZgCvivBHzU4=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqBjeDcsWtuUugTeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum81E81TTAZ4yHtWSqxoNrPlkfP0bVVQhTFypY0aKn+nsiw0HomAtspsBnpdW8h/uf1UhPd+RmTSWqoJKtFUcqRidEiARQyRYmxL4cME8XsrYiMsMLE2JxKNgRv/eVN0q7XPMsf65XGVR5HES7gEqrgwS004AGa0AICE3iGV3hzps6L8+58rFoLTj5zDn/gfP4A4eeRZg==</latexit>

(c)
<latexit sha1_base64="ReZS/iyJtkYgAXwrhCtyzQtceXg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqkptBueLW3CXQJvFyUoEczUH5qx/GJBVUGsKx1j3PTYyfYWUY4XRe6qeaJpiM8ZD2LJVYUO1ny6Pn6NoqIYpiZUsatFR/T2RYaD0Tge0U2Iz0urcQ//N6qYnu/IzJJDVUktWiKOXIxGiRAAqZosTYl0OGiWL2VkRGWGFibE4lG4K3/vImaddrnuWP9UrjKo+jCBdwCVXw4BYa8ABNaAGBCTzDK7w5U+fFeXc+Vq0FJ585hz9wPn8A42yRZw==</latexit><latexit sha1_base64="ReZS/iyJtkYgAXwrhCtyzQtceXg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqkptBueLW3CXQJvFyUoEczUH5qx/GJBVUGsKx1j3PTYyfYWUY4XRe6qeaJpiM8ZD2LJVYUO1ny6Pn6NoqIYpiZUsatFR/T2RYaD0Tge0U2Iz0urcQ//N6qYnu/IzJJDVUktWiKOXIxGiRAAqZosTYl0OGiWL2VkRGWGFibE4lG4K3/vImaddrnuWP9UrjKo+jCBdwCVXw4BYa8ABNaAGBCTzDK7w5U+fFeXc+Vq0FJ585hz9wPn8A42yRZw==</latexit><latexit sha1_base64="ReZS/iyJtkYgAXwrhCtyzQtceXg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqkptBueLW3CXQJvFyUoEczUH5qx/GJBVUGsKx1j3PTYyfYWUY4XRe6qeaJpiM8ZD2LJVYUO1ny6Pn6NoqIYpiZUsatFR/T2RYaD0Tge0U2Iz0urcQ//N6qYnu/IzJJDVUktWiKOXIxGiRAAqZosTYl0OGiWL2VkRGWGFibE4lG4K3/vImaddrnuWP9UrjKo+jCBdwCVXw4BYa8ABNaAGBCTzDK7w5U+fFeXc+Vq0FJ585hz9wPn8A42yRZw==</latexit><latexit sha1_base64="ReZS/iyJtkYgAXwrhCtyzQtceXg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqkptBueLW3CXQJvFyUoEczUH5qx/GJBVUGsKx1j3PTYyfYWUY4XRe6qeaJpiM8ZD2LJVYUO1ny6Pn6NoqIYpiZUsatFR/T2RYaD0Tge0U2Iz0urcQ//N6qYnu/IzJJDVUktWiKOXIxGiRAAqZosTYl0OGiWL2VkRGWGFibE4lG4K3/vImaddrnuWP9UrjKo+jCBdwCVXw4BYa8ABNaAGBCTzDK7w5U+fFeXc+Vq0FJ585hz9wPn8A42yRZw==</latexit>

|�✓|
<latexit sha1_base64="ucKovd91F8aGbKV3uviVMbjox04=">AAACEnicbVC7SgNBFJ31bXxFLW0Go6BN2E2jZUALywgmEbIh3J29a4bMPpi5K4Q132Djr9hYKGJrZeffOHkUvg4MczjnXu69J8iUNOS6n87c/MLi0vLKamltfWNzq7y90zJprgU2RapSfR2AQSUTbJIkhdeZRogDhe1gcDb227eojUyTKxpm2I3hJpGRFEBW6pWPfRNFEEs15Ad3/jkqAu4HqQrNMLZfUfKpjwSju4NeueJW3Qn4X+LNSIXN0OiVP/wwFXmMCQkFxnQ8N6NuAZqkUDgq+bnBDMQAbrBjaQIxmm4xOWnED60S8ijV9iXEJ+r3jgJiM17RVsZAffPbG4v/eZ2cotNuIZMsJ0zEdFCUK04pH+fDQ6lRkI0jlCC0tLty0QcNgmyKJRuC9/vkv6RVq3qWX9Yq9f1ZHCtsj+2zI+axE1ZnF6zBmkywe/bIntmL8+A8Oa/O27R0zpn17LIfcN6/ACUmnac=</latexit><latexit sha1_base64="ucKovd91F8aGbKV3uviVMbjox04=">AAACEnicbVC7SgNBFJ31bXxFLW0Go6BN2E2jZUALywgmEbIh3J29a4bMPpi5K4Q132Djr9hYKGJrZeffOHkUvg4MczjnXu69J8iUNOS6n87c/MLi0vLKamltfWNzq7y90zJprgU2RapSfR2AQSUTbJIkhdeZRogDhe1gcDb227eojUyTKxpm2I3hJpGRFEBW6pWPfRNFEEs15Ad3/jkqAu4HqQrNMLZfUfKpjwSju4NeueJW3Qn4X+LNSIXN0OiVP/wwFXmMCQkFxnQ8N6NuAZqkUDgq+bnBDMQAbrBjaQIxmm4xOWnED60S8ijV9iXEJ+r3jgJiM17RVsZAffPbG4v/eZ2cotNuIZMsJ0zEdFCUK04pH+fDQ6lRkI0jlCC0tLty0QcNgmyKJRuC9/vkv6RVq3qWX9Yq9f1ZHCtsj+2zI+axE1ZnF6zBmkywe/bIntmL8+A8Oa/O27R0zpn17LIfcN6/ACUmnac=</latexit><latexit sha1_base64="ucKovd91F8aGbKV3uviVMbjox04=">AAACEnicbVC7SgNBFJ31bXxFLW0Go6BN2E2jZUALywgmEbIh3J29a4bMPpi5K4Q132Djr9hYKGJrZeffOHkUvg4MczjnXu69J8iUNOS6n87c/MLi0vLKamltfWNzq7y90zJprgU2RapSfR2AQSUTbJIkhdeZRogDhe1gcDb227eojUyTKxpm2I3hJpGRFEBW6pWPfRNFEEs15Ad3/jkqAu4HqQrNMLZfUfKpjwSju4NeueJW3Qn4X+LNSIXN0OiVP/wwFXmMCQkFxnQ8N6NuAZqkUDgq+bnBDMQAbrBjaQIxmm4xOWnED60S8ijV9iXEJ+r3jgJiM17RVsZAffPbG4v/eZ2cotNuIZMsJ0zEdFCUK04pH+fDQ6lRkI0jlCC0tLty0QcNgmyKJRuC9/vkv6RVq3qWX9Yq9f1ZHCtsj+2zI+axE1ZnF6zBmkywe/bIntmL8+A8Oa/O27R0zpn17LIfcN6/ACUmnac=</latexit><latexit sha1_base64="ucKovd91F8aGbKV3uviVMbjox04=">AAACEnicbVC7SgNBFJ31bXxFLW0Go6BN2E2jZUALywgmEbIh3J29a4bMPpi5K4Q132Djr9hYKGJrZeffOHkUvg4MczjnXu69J8iUNOS6n87c/MLi0vLKamltfWNzq7y90zJprgU2RapSfR2AQSUTbJIkhdeZRogDhe1gcDb227eojUyTKxpm2I3hJpGRFEBW6pWPfRNFEEs15Ad3/jkqAu4HqQrNMLZfUfKpjwSju4NeueJW3Qn4X+LNSIXN0OiVP/wwFXmMCQkFxnQ8N6NuAZqkUDgq+bnBDMQAbrBjaQIxmm4xOWnED60S8ijV9iXEJ+r3jgJiM17RVsZAffPbG4v/eZ2cotNuIZMsJ0zEdFCUK04pH+fDQ6lRkI0jlCC0tLty0QcNgmyKJRuC9/vkv6RVq3qWX9Yq9f1ZHCtsj+2zI+axE1ZnF6zBmkywe/bIntmL8+A8Oa/O27R0zpn17LIfcN6/ACUmnac=</latexit>

-960
<latexit sha1_base64="1sCE1YaE1ptSva4x0liqHK0JpHM=">AAACCXicbVBLSgNBEO2Jvxh/UZduGoPgxjCThZ9dwI3LCOYDyRh6enqSJt09Q3eNEIacwAu41Ru4E7eewgt4DjvJLEzig4LHe1VU1QsSwQ247rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDsBMUxwxZrAQbBOohmRgWDtYHQ79dtPTBseqwcYJ8yXZKB4xCkBKz32TBQRycUYX9xcuv1yxa26M+BV4uWkgnI0+uWfXhjTVDIFVBBjup6bgJ8RDZwKNin1UsMSQkdkwLqWKiKZ8bPZ1RN8ZpUQR7G2pQDP1L8TGZHGjGVgOyWBoVn2puJ/XjeF6NrPuEpSYIrOF0WpwBDjaQQ45JpRsD+HnFDN7a2YDokmFGxQC1sCTUYMJiUbjLccwypp1aqe5fe1Sh3nERXRCTpF58hDV6iO7lADNRFFGr2gV/TmPDvvzofzOW8tOPnMMVqA8/ULmyOZ7Q==</latexit><latexit sha1_base64="1sCE1YaE1ptSva4x0liqHK0JpHM=">AAACCXicbVBLSgNBEO2Jvxh/UZduGoPgxjCThZ9dwI3LCOYDyRh6enqSJt09Q3eNEIacwAu41Ru4E7eewgt4DjvJLEzig4LHe1VU1QsSwQ247rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDsBMUxwxZrAQbBOohmRgWDtYHQ79dtPTBseqwcYJ8yXZKB4xCkBKz32TBQRycUYX9xcuv1yxa26M+BV4uWkgnI0+uWfXhjTVDIFVBBjup6bgJ8RDZwKNin1UsMSQkdkwLqWKiKZ8bPZ1RN8ZpUQR7G2pQDP1L8TGZHGjGVgOyWBoVn2puJ/XjeF6NrPuEpSYIrOF0WpwBDjaQQ45JpRsD+HnFDN7a2YDokmFGxQC1sCTUYMJiUbjLccwypp1aqe5fe1Sh3nERXRCTpF58hDV6iO7lADNRFFGr2gV/TmPDvvzofzOW8tOPnMMVqA8/ULmyOZ7Q==</latexit><latexit sha1_base64="1sCE1YaE1ptSva4x0liqHK0JpHM=">AAACCXicbVBLSgNBEO2Jvxh/UZduGoPgxjCThZ9dwI3LCOYDyRh6enqSJt09Q3eNEIacwAu41Ru4E7eewgt4DjvJLEzig4LHe1VU1QsSwQ247rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDsBMUxwxZrAQbBOohmRgWDtYHQ79dtPTBseqwcYJ8yXZKB4xCkBKz32TBQRycUYX9xcuv1yxa26M+BV4uWkgnI0+uWfXhjTVDIFVBBjup6bgJ8RDZwKNin1UsMSQkdkwLqWKiKZ8bPZ1RN8ZpUQR7G2pQDP1L8TGZHGjGVgOyWBoVn2puJ/XjeF6NrPuEpSYIrOF0WpwBDjaQQ45JpRsD+HnFDN7a2YDokmFGxQC1sCTUYMJiUbjLccwypp1aqe5fe1Sh3nERXRCTpF58hDV6iO7lADNRFFGr2gV/TmPDvvzofzOW8tOPnMMVqA8/ULmyOZ7Q==</latexit><latexit sha1_base64="1sCE1YaE1ptSva4x0liqHK0JpHM=">AAACCXicbVBLSgNBEO2Jvxh/UZduGoPgxjCThZ9dwI3LCOYDyRh6enqSJt09Q3eNEIacwAu41Ru4E7eewgt4DjvJLEzig4LHe1VU1QsSwQ247rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDsBMUxwxZrAQbBOohmRgWDtYHQ79dtPTBseqwcYJ8yXZKB4xCkBKz32TBQRycUYX9xcuv1yxa26M+BV4uWkgnI0+uWfXhjTVDIFVBBjup6bgJ8RDZwKNin1UsMSQkdkwLqWKiKZ8bPZ1RN8ZpUQR7G2pQDP1L8TGZHGjGVgOyWBoVn2puJ/XjeF6NrPuEpSYIrOF0WpwBDjaQQ45JpRsD+HnFDN7a2YDokmFGxQC1sCTUYMJiUbjLccwypp1aqe5fe1Sh3nERXRCTpF58hDV6iO7lADNRFFGr2gV/TmPDvvzofzOW8tOPnMMVqA8/ULmyOZ7Q==</latexit>

-14
<latexit sha1_base64="e+W8hpBBEF2MmK0eRxupCYgCHkY=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGaCoMuAG5cRzAeSIfT09CRNumfG7hohDLmAF3CrN3Anbr2FF/Acdj4Lk/ig4PFeFVX1glQKg6777aytb2xubRd2irt7+weHpaPjpkkyzXiDJTLR7YAaLkXMGyhQ8naqOVWB5K1geDvxW09cG5HEDzhKua9oPxaRYBSt5HdNFFEl5Ihcele9UtmtuFOQVeLNSRnmqPdKP90wYZniMTJJjel4bop+TjUKJvm42M0MTykb0j7vWBpTxY2fT48ek3OrhCRKtK0YyVT9O5FTZcxIBbZTURyYZW8i/ud1Moxu/FzEaYY8ZrNFUSYJJmSSAAmF5gzty6GgTAt7K2EDqilDm9PClkDTIcdx0QbjLcewSprVimf5fbVcI/OICnAKZ3ABHlxDDe6gDg1g8Agv8ApvzrPz7nw4n7PWNWc+cwILcL5+ARUomak=</latexit><latexit sha1_base64="e+W8hpBBEF2MmK0eRxupCYgCHkY=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGaCoMuAG5cRzAeSIfT09CRNumfG7hohDLmAF3CrN3Anbr2FF/Acdj4Lk/ig4PFeFVX1glQKg6777aytb2xubRd2irt7+weHpaPjpkkyzXiDJTLR7YAaLkXMGyhQ8naqOVWB5K1geDvxW09cG5HEDzhKua9oPxaRYBSt5HdNFFEl5Ihcele9UtmtuFOQVeLNSRnmqPdKP90wYZniMTJJjel4bop+TjUKJvm42M0MTykb0j7vWBpTxY2fT48ek3OrhCRKtK0YyVT9O5FTZcxIBbZTURyYZW8i/ud1Moxu/FzEaYY8ZrNFUSYJJmSSAAmF5gzty6GgTAt7K2EDqilDm9PClkDTIcdx0QbjLcewSprVimf5fbVcI/OICnAKZ3ABHlxDDe6gDg1g8Agv8ApvzrPz7nw4n7PWNWc+cwILcL5+ARUomak=</latexit><latexit sha1_base64="e+W8hpBBEF2MmK0eRxupCYgCHkY=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGaCoMuAG5cRzAeSIfT09CRNumfG7hohDLmAF3CrN3Anbr2FF/Acdj4Lk/ig4PFeFVX1glQKg6777aytb2xubRd2irt7+weHpaPjpkkyzXiDJTLR7YAaLkXMGyhQ8naqOVWB5K1geDvxW09cG5HEDzhKua9oPxaRYBSt5HdNFFEl5Ihcele9UtmtuFOQVeLNSRnmqPdKP90wYZniMTJJjel4bop+TjUKJvm42M0MTykb0j7vWBpTxY2fT48ek3OrhCRKtK0YyVT9O5FTZcxIBbZTURyYZW8i/ud1Moxu/FzEaYY8ZrNFUSYJJmSSAAmF5gzty6GgTAt7K2EDqilDm9PClkDTIcdx0QbjLcewSprVimf5fbVcI/OICnAKZ3ABHlxDDe6gDg1g8Agv8ApvzrPz7nw4n7PWNWc+cwILcL5+ARUomak=</latexit><latexit sha1_base64="e+W8hpBBEF2MmK0eRxupCYgCHkY=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGaCoMuAG5cRzAeSIfT09CRNumfG7hohDLmAF3CrN3Anbr2FF/Acdj4Lk/ig4PFeFVX1glQKg6777aytb2xubRd2irt7+weHpaPjpkkyzXiDJTLR7YAaLkXMGyhQ8naqOVWB5K1geDvxW09cG5HEDzhKua9oPxaRYBSt5HdNFFEl5Ihcele9UtmtuFOQVeLNSRnmqPdKP90wYZniMTJJjel4bop+TjUKJvm42M0MTykb0j7vWBpTxY2fT48ek3OrhCRKtK0YyVT9O5FTZcxIBbZTURyYZW8i/ud1Moxu/FzEaYY8ZrNFUSYJJmSSAAmF5gzty6GgTAt7K2EDqilDm9PClkDTIcdx0QbjLcewSprVimf5fbVcI/OICnAKZ3ABHlxDDe6gDg1g8Agv8ApvzrPz7nw4n7PWNWc+cwILcL5+ARUomak=</latexit>

-13
<latexit sha1_base64="/Pk42gjR8+4DQOq4SHlArMRFvQk=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGbiQpcBNy4jmA8kQ+jp6UmadM+M3TVCGHIBL+BWb+BO3HoLL+A57HwWJvFBweO9KqrqBakUBl3321lb39jc2i7sFHf39g8OS0fHTZNkmvEGS2Si2wE1XIqYN1Cg5O1Uc6oCyVvB8Hbit564NiKJH3CUcl/RfiwiwShaye+aKKJKyBG59K56pbJbcacgq8SbkzLMUe+VfrphwjLFY2SSGtPx3BT9nGoUTPJxsZsZnlI2pH3esTSmihs/nx49JudWCUmUaFsxkqn6dyKnypiRCmynojgwy95E/M/rZBjd+LmI0wx5zGaLokwSTMgkARIKzRnal0NBmRb2VsIGVFOGNqeFLYGmQ47jog3GW45hlTSrFc/y+2q5RuYRFeAUzuACPLiGGtxBHRrA4BFe4BXenGfn3flwPmeta8585gQW4Hz9AhOQmag=</latexit><latexit sha1_base64="/Pk42gjR8+4DQOq4SHlArMRFvQk=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGbiQpcBNy4jmA8kQ+jp6UmadM+M3TVCGHIBL+BWb+BO3HoLL+A57HwWJvFBweO9KqrqBakUBl3321lb39jc2i7sFHf39g8OS0fHTZNkmvEGS2Si2wE1XIqYN1Cg5O1Uc6oCyVvB8Hbit564NiKJH3CUcl/RfiwiwShaye+aKKJKyBG59K56pbJbcacgq8SbkzLMUe+VfrphwjLFY2SSGtPx3BT9nGoUTPJxsZsZnlI2pH3esTSmihs/nx49JudWCUmUaFsxkqn6dyKnypiRCmynojgwy95E/M/rZBjd+LmI0wx5zGaLokwSTMgkARIKzRnal0NBmRb2VsIGVFOGNqeFLYGmQ47jog3GW45hlTSrFc/y+2q5RuYRFeAUzuACPLiGGtxBHRrA4BFe4BXenGfn3flwPmeta8585gQW4Hz9AhOQmag=</latexit><latexit sha1_base64="/Pk42gjR8+4DQOq4SHlArMRFvQk=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGbiQpcBNy4jmA8kQ+jp6UmadM+M3TVCGHIBL+BWb+BO3HoLL+A57HwWJvFBweO9KqrqBakUBl3321lb39jc2i7sFHf39g8OS0fHTZNkmvEGS2Si2wE1XIqYN1Cg5O1Uc6oCyVvB8Hbit564NiKJH3CUcl/RfiwiwShaye+aKKJKyBG59K56pbJbcacgq8SbkzLMUe+VfrphwjLFY2SSGtPx3BT9nGoUTPJxsZsZnlI2pH3esTSmihs/nx49JudWCUmUaFsxkqn6dyKnypiRCmynojgwy95E/M/rZBjd+LmI0wx5zGaLokwSTMgkARIKzRnal0NBmRb2VsIGVFOGNqeFLYGmQ47jog3GW45hlTSrFc/y+2q5RuYRFeAUzuACPLiGGtxBHRrA4BFe4BXenGfn3flwPmeta8585gQW4Hz9AhOQmag=</latexit><latexit sha1_base64="/Pk42gjR8+4DQOq4SHlArMRFvQk=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGbiQpcBNy4jmA8kQ+jp6UmadM+M3TVCGHIBL+BWb+BO3HoLL+A57HwWJvFBweO9KqrqBakUBl3321lb39jc2i7sFHf39g8OS0fHTZNkmvEGS2Si2wE1XIqYN1Cg5O1Uc6oCyVvB8Hbit564NiKJH3CUcl/RfiwiwShaye+aKKJKyBG59K56pbJbcacgq8SbkzLMUe+VfrphwjLFY2SSGtPx3BT9nGoUTPJxsZsZnlI2pH3esTSmihs/nx49JudWCUmUaFsxkqn6dyKnypiRCmynojgwy95E/M/rZBjd+LmI0wx5zGaLokwSTMgkARIKzRnal0NBmRb2VsIGVFOGNqeFLYGmQ47jog3GW45hlTSrFc/y+2q5RuYRFeAUzuACPLiGGtxBHRrA4BFe4BXenGfn3flwPmeta8585gQW4Hz9AhOQmag=</latexit>

-12
<latexit sha1_base64="xOulSzNQlsxQmb5OqtlnvxFGXk4=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgxjCTjS4DblxGMB9IhtDTqUma9PSM3TVCGHIBL+BWb+BO3HoLL+A57CSzMIkPCh7vVVFVL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycag5NHstYdwJmQAoFTRQooZNoYFEgoR2Mb2d++wm0EbF6wEkCfsSGSoSCM7SS3zNhyCIhJ/TKq/XLFbfqzkHXiZeTCsnR6Jd/eoOYpxEo5JIZ0/XcBP2MaRRcwrTUSw0kjI/ZELqWKhaB8bP50VN6YZUBDWNtSyGdq38nMhYZM4kC2xkxHJlVbyb+53VTDG/8TKgkRVB8sShMJcWYzhKgA6GBo315IBjXwt5K+YhpxtHmtLQl0GwMOC3ZYLzVGNZJq1b1LL+vVeo0j6hIzsg5uSQeuSZ1ckcapEk4eSQv5JW8Oc/Ou/PhfC5aC04+c0qW4Hz9AhH4mac=</latexit><latexit sha1_base64="xOulSzNQlsxQmb5OqtlnvxFGXk4=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgxjCTjS4DblxGMB9IhtDTqUma9PSM3TVCGHIBL+BWb+BO3HoLL+A57CSzMIkPCh7vVVFVL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycag5NHstYdwJmQAoFTRQooZNoYFEgoR2Mb2d++wm0EbF6wEkCfsSGSoSCM7SS3zNhyCIhJ/TKq/XLFbfqzkHXiZeTCsnR6Jd/eoOYpxEo5JIZ0/XcBP2MaRRcwrTUSw0kjI/ZELqWKhaB8bP50VN6YZUBDWNtSyGdq38nMhYZM4kC2xkxHJlVbyb+53VTDG/8TKgkRVB8sShMJcWYzhKgA6GBo315IBjXwt5K+YhpxtHmtLQl0GwMOC3ZYLzVGNZJq1b1LL+vVeo0j6hIzsg5uSQeuSZ1ckcapEk4eSQv5JW8Oc/Ou/PhfC5aC04+c0qW4Hz9AhH4mac=</latexit><latexit sha1_base64="xOulSzNQlsxQmb5OqtlnvxFGXk4=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgxjCTjS4DblxGMB9IhtDTqUma9PSM3TVCGHIBL+BWb+BO3HoLL+A57CSzMIkPCh7vVVFVL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycag5NHstYdwJmQAoFTRQooZNoYFEgoR2Mb2d++wm0EbF6wEkCfsSGSoSCM7SS3zNhyCIhJ/TKq/XLFbfqzkHXiZeTCsnR6Jd/eoOYpxEo5JIZ0/XcBP2MaRRcwrTUSw0kjI/ZELqWKhaB8bP50VN6YZUBDWNtSyGdq38nMhYZM4kC2xkxHJlVbyb+53VTDG/8TKgkRVB8sShMJcWYzhKgA6GBo315IBjXwt5K+YhpxtHmtLQl0GwMOC3ZYLzVGNZJq1b1LL+vVeo0j6hIzsg5uSQeuSZ1ckcapEk4eSQv5JW8Oc/Ou/PhfC5aC04+c0qW4Hz9AhH4mac=</latexit><latexit sha1_base64="xOulSzNQlsxQmb5OqtlnvxFGXk4=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgxjCTjS4DblxGMB9IhtDTqUma9PSM3TVCGHIBL+BWb+BO3HoLL+A57CSzMIkPCh7vVVFVL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycag5NHstYdwJmQAoFTRQooZNoYFEgoR2Mb2d++wm0EbF6wEkCfsSGSoSCM7SS3zNhyCIhJ/TKq/XLFbfqzkHXiZeTCsnR6Jd/eoOYpxEo5JIZ0/XcBP2MaRRcwrTUSw0kjI/ZELqWKhaB8bP50VN6YZUBDWNtSyGdq38nMhYZM4kC2xkxHJlVbyb+53VTDG/8TKgkRVB8sShMJcWYzhKgA6GBo315IBjXwt5K+YhpxtHmtLQl0GwMOC3ZYLzVGNZJq1b1LL+vVeo0j6hIzsg5uSQeuSZ1ckcapEk4eSQv5JW8Oc/Ou/PhfC5aC04+c0qW4Hz9AhH4mac=</latexit>

0
<latexit sha1_base64="KTZiBI+koPOFYHj8hJgifLWuC+Q=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPkD+qNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AchgkM0=</latexit><latexit sha1_base64="KTZiBI+koPOFYHj8hJgifLWuC+Q=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPkD+qNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AchgkM0=</latexit><latexit sha1_base64="KTZiBI+koPOFYHj8hJgifLWuC+Q=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPkD+qNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AchgkM0=</latexit><latexit sha1_base64="KTZiBI+koPOFYHj8hJgifLWuC+Q=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPkD+qNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AchgkM0=</latexit>

1
<latexit sha1_base64="VfvzHO1I3gxzYLGYDlSeuTCZhp4=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPUDCqNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AcnkkM4=</latexit><latexit sha1_base64="VfvzHO1I3gxzYLGYDlSeuTCZhp4=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPUDCqNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AcnkkM4=</latexit><latexit sha1_base64="VfvzHO1I3gxzYLGYDlSeuTCZhp4=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPUDCqNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AcnkkM4=</latexit><latexit sha1_base64="VfvzHO1I3gxzYLGYDlSeuTCZhp4=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPUDCqNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AcnkkM4=</latexit>

2
<latexit sha1_base64="DhGoK2QaIgAUjpSInORaHPJXPYM=">AAAB8nicbVC7SgNBFJ31GeMramkzJAhWYTeNlgEbywjmAZslzM7OJkPmsczcFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w4E9yC7397W9s7u3v7lYPq4dHxyWnt7LxndW4o61IttBnExDLBFesCB8EGmWFExoL14+ndwu8/MWO5Vo8wy1gkyVjxlFMCTgqHNk2J5GKGW6Naw2/6S+BNEpSkgUp0RrWvYaJpLpkCKoi1YeBnEBXEAKeCzavD3LKM0CkZs9BRRSSzUbE8eY6vnJLgVBv3FOCl+nujINLamYzdpCQwseveQvzPC3NIb6OCqywHpujqozQXGDRe5McJN4yCC5xwQg13t2I6IYZQcC1VXQnBeuRN0ms1A8cfWo12vayjgi5RHV2jAN2gNrpHHdRFFGn0jF7Rmwfei/fufaxGt7xy5wL9gff5A8tokM8=</latexit><latexit sha1_base64="DhGoK2QaIgAUjpSInORaHPJXPYM=">AAAB8nicbVC7SgNBFJ31GeMramkzJAhWYTeNlgEbywjmAZslzM7OJkPmsczcFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w4E9yC7397W9s7u3v7lYPq4dHxyWnt7LxndW4o61IttBnExDLBFesCB8EGmWFExoL14+ndwu8/MWO5Vo8wy1gkyVjxlFMCTgqHNk2J5GKGW6Naw2/6S+BNEpSkgUp0RrWvYaJpLpkCKoi1YeBnEBXEAKeCzavD3LKM0CkZs9BRRSSzUbE8eY6vnJLgVBv3FOCl+nujINLamYzdpCQwseveQvzPC3NIb6OCqywHpujqozQXGDRe5McJN4yCC5xwQg13t2I6IYZQcC1VXQnBeuRN0ms1A8cfWo12vayjgi5RHV2jAN2gNrpHHdRFFGn0jF7Rmwfei/fufaxGt7xy5wL9gff5A8tokM8=</latexit><latexit sha1_base64="DhGoK2QaIgAUjpSInORaHPJXPYM=">AAAB8nicbVC7SgNBFJ31GeMramkzJAhWYTeNlgEbywjmAZslzM7OJkPmsczcFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w4E9yC7397W9s7u3v7lYPq4dHxyWnt7LxndW4o61IttBnExDLBFesCB8EGmWFExoL14+ndwu8/MWO5Vo8wy1gkyVjxlFMCTgqHNk2J5GKGW6Naw2/6S+BNEpSkgUp0RrWvYaJpLpkCKoi1YeBnEBXEAKeCzavD3LKM0CkZs9BRRSSzUbE8eY6vnJLgVBv3FOCl+nujINLamYzdpCQwseveQvzPC3NIb6OCqywHpujqozQXGDRe5McJN4yCC5xwQg13t2I6IYZQcC1VXQnBeuRN0ms1A8cfWo12vayjgi5RHV2jAN2gNrpHHdRFFGn0jF7Rmwfei/fufaxGt7xy5wL9gff5A8tokM8=</latexit><latexit sha1_base64="DhGoK2QaIgAUjpSInORaHPJXPYM=">AAAB8nicbVC7SgNBFJ31GeMramkzJAhWYTeNlgEbywjmAZslzM7OJkPmsczcFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w4E9yC7397W9s7u3v7lYPq4dHxyWnt7LxndW4o61IttBnExDLBFesCB8EGmWFExoL14+ndwu8/MWO5Vo8wy1gkyVjxlFMCTgqHNk2J5GKGW6Naw2/6S+BNEpSkgUp0RrWvYaJpLpkCKoi1YeBnEBXEAKeCzavD3LKM0CkZs9BRRSSzUbE8eY6vnJLgVBv3FOCl+nujINLamYzdpCQwseveQvzPC3NIb6OCqywHpujqozQXGDRe5McJN4yCC5xwQg13t2I6IYZQcC1VXQnBeuRN0ms1A8cfWo12vayjgi5RHV2jAN2gNrpHHdRFFGn0jF7Rmwfei/fufaxGt7xy5wL9gff5A8tokM8=</latexit>

3
<latexit sha1_base64="ANxL+g1TqyFpFWmhNXI6vrDXkes=">AAAB8nicbVC7SgNBFL0bXzG+opY2Q4JgFXZjoWXAxjKCecBmCbOzs8mQeSwzs0II+QwbC0Vs/Ro7/8ZJsoUmHhg4nHMvc8+JM86M9f1vr7S1vbO7V96vHBweHZ9UT8+6RuWa0A5RXOl+jA3lTNKOZZbTfqYpFjGnvXhyt/B7T1QbpuSjnWY0EngkWcoItk4KByZNsWB8iq6H1brf8JdAmyQoSB0KtIfVr0GiSC6otIRjY8LAz2w0w9oywum8MsgNzTCZ4BENHZVYUBPNlifP0aVTEpQq7Z60aKn+3phhYcxUxG5SYDs2695C/M8Lc5veRjMms9xSSVYfpTlHVqFFfpQwTYl1gROGiWbuVkTGWGNiXUsVV0KwHnmTdJuNwPGHZr1VK+oowwXU4AoCuIEW3EMbOkBAwTO8wptnvRfv3ftYjZa8Yucc/sD7/AHM7JDQ</latexit><latexit sha1_base64="ANxL+g1TqyFpFWmhNXI6vrDXkes=">AAAB8nicbVC7SgNBFL0bXzG+opY2Q4JgFXZjoWXAxjKCecBmCbOzs8mQeSwzs0II+QwbC0Vs/Ro7/8ZJsoUmHhg4nHMvc8+JM86M9f1vr7S1vbO7V96vHBweHZ9UT8+6RuWa0A5RXOl+jA3lTNKOZZbTfqYpFjGnvXhyt/B7T1QbpuSjnWY0EngkWcoItk4KByZNsWB8iq6H1brf8JdAmyQoSB0KtIfVr0GiSC6otIRjY8LAz2w0w9oywum8MsgNzTCZ4BENHZVYUBPNlifP0aVTEpQq7Z60aKn+3phhYcxUxG5SYDs2695C/M8Lc5veRjMms9xSSVYfpTlHVqFFfpQwTYl1gROGiWbuVkTGWGNiXUsVV0KwHnmTdJuNwPGHZr1VK+oowwXU4AoCuIEW3EMbOkBAwTO8wptnvRfv3ftYjZa8Yucc/sD7/AHM7JDQ</latexit><latexit sha1_base64="ANxL+g1TqyFpFWmhNXI6vrDXkes=">AAAB8nicbVC7SgNBFL0bXzG+opY2Q4JgFXZjoWXAxjKCecBmCbOzs8mQeSwzs0II+QwbC0Vs/Ro7/8ZJsoUmHhg4nHMvc8+JM86M9f1vr7S1vbO7V96vHBweHZ9UT8+6RuWa0A5RXOl+jA3lTNKOZZbTfqYpFjGnvXhyt/B7T1QbpuSjnWY0EngkWcoItk4KByZNsWB8iq6H1brf8JdAmyQoSB0KtIfVr0GiSC6otIRjY8LAz2w0w9oywum8MsgNzTCZ4BENHZVYUBPNlifP0aVTEpQq7Z60aKn+3phhYcxUxG5SYDs2695C/M8Lc5veRjMms9xSSVYfpTlHVqFFfpQwTYl1gROGiWbuVkTGWGNiXUsVV0KwHnmTdJuNwPGHZr1VK+oowwXU4AoCuIEW3EMbOkBAwTO8wptnvRfv3ftYjZa8Yucc/sD7/AHM7JDQ</latexit><latexit sha1_base64="ANxL+g1TqyFpFWmhNXI6vrDXkes=">AAAB8nicbVC7SgNBFL0bXzG+opY2Q4JgFXZjoWXAxjKCecBmCbOzs8mQeSwzs0II+QwbC0Vs/Ro7/8ZJsoUmHhg4nHMvc8+JM86M9f1vr7S1vbO7V96vHBweHZ9UT8+6RuWa0A5RXOl+jA3lTNKOZZbTfqYpFjGnvXhyt/B7T1QbpuSjnWY0EngkWcoItk4KByZNsWB8iq6H1brf8JdAmyQoSB0KtIfVr0GiSC6otIRjY8LAz2w0w9oywum8MsgNzTCZ4BENHZVYUBPNlifP0aVTEpQq7Z60aKn+3phhYcxUxG5SYDs2695C/M8Lc5veRjMms9xSSVYfpTlHVqFFfpQwTYl1gROGiWbuVkTGWGNiXUsVV0KwHnmTdJuNwPGHZr1VK+oowwXU4AoCuIEW3EMbOkBAwTO8wptnvRfv3ftYjZa8Yucc/sD7/AHM7JDQ</latexit>

4
<latexit sha1_base64="1UFk0aQJUR9Huw6w5zs2yoRyrbw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dhBbBVZkpgi4LblxWsA+YDiWTybSheQxJRiiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEGWfG+v63V9ra3tndK+9XDg6Pjk+qp2ddo3JNaIcornQ/xoZyJmnHMstpP9MUi5jTXjy5W/i9J6oNU/LRTjMaCTySLGUEWyeFA5OmWDA+RdfDat1v+EugTRIUpA4F2sPq1yBRJBdUWsKxMWHgZzaaYW0Z4XReGeSGZphM8IiGjkosqIlmy5Pn6NIpCUqVdk9atFR/b8ywMGYqYjcpsB2bdW8h/ueFuU1voxmTWW6pJKuP0pwjq9AiP0qYpsS6wAnDRDN3KyJjrDGxrqWKKyFYj7xJus1G4PhDs96qFXWU4QJqcAUB3EAL7qENHSCg4Ble4c2z3ov37n2sRktesXMOf+B9/gDOcJDR</latexit><latexit sha1_base64="1UFk0aQJUR9Huw6w5zs2yoRyrbw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dhBbBVZkpgi4LblxWsA+YDiWTybSheQxJRiiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEGWfG+v63V9ra3tndK+9XDg6Pjk+qp2ddo3JNaIcornQ/xoZyJmnHMstpP9MUi5jTXjy5W/i9J6oNU/LRTjMaCTySLGUEWyeFA5OmWDA+RdfDat1v+EugTRIUpA4F2sPq1yBRJBdUWsKxMWHgZzaaYW0Z4XReGeSGZphM8IiGjkosqIlmy5Pn6NIpCUqVdk9atFR/b8ywMGYqYjcpsB2bdW8h/ueFuU1voxmTWW6pJKuP0pwjq9AiP0qYpsS6wAnDRDN3KyJjrDGxrqWKKyFYj7xJus1G4PhDs96qFXWU4QJqcAUB3EAL7qENHSCg4Ble4c2z3ov37n2sRktesXMOf+B9/gDOcJDR</latexit><latexit sha1_base64="1UFk0aQJUR9Huw6w5zs2yoRyrbw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dhBbBVZkpgi4LblxWsA+YDiWTybSheQxJRiiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEGWfG+v63V9ra3tndK+9XDg6Pjk+qp2ddo3JNaIcornQ/xoZyJmnHMstpP9MUi5jTXjy5W/i9J6oNU/LRTjMaCTySLGUEWyeFA5OmWDA+RdfDat1v+EugTRIUpA4F2sPq1yBRJBdUWsKxMWHgZzaaYW0Z4XReGeSGZphM8IiGjkosqIlmy5Pn6NIpCUqVdk9atFR/b8ywMGYqYjcpsB2bdW8h/ueFuU1voxmTWW6pJKuP0pwjq9AiP0qYpsS6wAnDRDN3KyJjrDGxrqWKKyFYj7xJus1G4PhDs96qFXWU4QJqcAUB3EAL7qENHSCg4Ble4c2z3ov37n2sRktesXMOf+B9/gDOcJDR</latexit><latexit sha1_base64="1UFk0aQJUR9Huw6w5zs2yoRyrbw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dhBbBVZkpgi4LblxWsA+YDiWTybSheQxJRiiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEGWfG+v63V9ra3tndK+9XDg6Pjk+qp2ddo3JNaIcornQ/xoZyJmnHMstpP9MUi5jTXjy5W/i9J6oNU/LRTjMaCTySLGUEWyeFA5OmWDA+RdfDat1v+EugTRIUpA4F2sPq1yBRJBdUWsKxMWHgZzaaYW0Z4XReGeSGZphM8IiGjkosqIlmy5Pn6NIpCUqVdk9atFR/b8ywMGYqYjcpsB2bdW8h/ueFuU1voxmTWW6pJKuP0pwjq9AiP0qYpsS6wAnDRDN3KyJjrDGxrqWKKyFYj7xJus1G4PhDs96qFXWU4QJqcAUB3EAL7qENHSCg4Ble4c2z3ov37n2sRktesXMOf+B9/gDOcJDR</latexit>
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(d)
<latexit sha1_base64="RB+vNst2TAnVyum+4TtqZF1Wzt0=">AAACCHicbVBLTgJBEK3BH+IPdemmI5rghsyw0SWJG5eYyCeBCenp6YEO3T1jd48JmXABL+BWb+DOuPUWXsBz2MAsBHxJJS/vVaWqXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbK/l9HUVYMD5B1fBqUK64NXcOtE68nFQgR3NQ/umHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzoKbq0SoiiWNmSBs3VvxMZFlpPRGA7BTYjverNxP+8XmqiGz9jMkkNlWSxKEo5MjGaJYBCpigx9uWQYaKYvRWREVaYGJvT0pZA4TE105INxluNYZ206zXP8vt6pXGRR1SEMziHKnhwDQ24gya0gMAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFOTZnQ</latexit><latexit sha1_base64="RB+vNst2TAnVyum+4TtqZF1Wzt0=">AAACCHicbVBLTgJBEK3BH+IPdemmI5rghsyw0SWJG5eYyCeBCenp6YEO3T1jd48JmXABL+BWb+DOuPUWXsBz2MAsBHxJJS/vVaWqXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbK/l9HUVYMD5B1fBqUK64NXcOtE68nFQgR3NQ/umHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzoKbq0SoiiWNmSBs3VvxMZFlpPRGA7BTYjverNxP+8XmqiGz9jMkkNlWSxKEo5MjGaJYBCpigx9uWQYaKYvRWREVaYGJvT0pZA4TE105INxluNYZ206zXP8vt6pXGRR1SEMziHKnhwDQ24gya0gMAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFOTZnQ</latexit><latexit sha1_base64="RB+vNst2TAnVyum+4TtqZF1Wzt0=">AAACCHicbVBLTgJBEK3BH+IPdemmI5rghsyw0SWJG5eYyCeBCenp6YEO3T1jd48JmXABL+BWb+DOuPUWXsBz2MAsBHxJJS/vVaWqXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbK/l9HUVYMD5B1fBqUK64NXcOtE68nFQgR3NQ/umHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzoKbq0SoiiWNmSBs3VvxMZFlpPRGA7BTYjverNxP+8XmqiGz9jMkkNlWSxKEo5MjGaJYBCpigx9uWQYaKYvRWREVaYGJvT0pZA4TE105INxluNYZ206zXP8vt6pXGRR1SEMziHKnhwDQ24gya0gMAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFOTZnQ</latexit><latexit sha1_base64="RB+vNst2TAnVyum+4TtqZF1Wzt0=">AAACCHicbVBLTgJBEK3BH+IPdemmI5rghsyw0SWJG5eYyCeBCenp6YEO3T1jd48JmXABL+BWb+DOuPUWXsBz2MAsBHxJJS/vVaWqXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbK/l9HUVYMD5B1fBqUK64NXcOtE68nFQgR3NQ/umHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzoKbq0SoiiWNmSBs3VvxMZFlpPRGA7BTYjverNxP+8XmqiGz9jMkkNlWSxKEo5MjGaJYBCpigx9uWQYaKYvRWREVaYGJvT0pZA4TE105INxluNYZ206zXP8vt6pXGRR1SEMziHKnhwDQ24gya0gMAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFOTZnQ</latexit>

E (0)
<latexit sha1_base64="VkTyBg+BMil0+Gwb0uH3E+uV5Bc=">AAACI3icbVC7TsMwFHV4lvIqMLJYtKCyVEkXGCshJMYi0YfUlMpxblqrjhPZDqKK8gf8Bj/ACn/AhlgYWPkO3MdAW45k6eic+/LxYs6Utu0va2V1bX1jM7eV397Z3dsvHBw2VZRICg0a8Ui2PaKAMwENzTSHdiyBhB6Hlje8GvutB5CKReJOj2LohqQvWMAo0UbqFc5cFQQkZHyEXREx4YPQ2NXwaGal11npPi3b51mpVyjaFXsCvEycGSmiGeq9wo/rRzQJzTjKiVIdx451NyVSM8ohy7uJgpjQIelDx1BBQlDddPKfDJ8axcdBJM0z50zUvx0pCZUahZ6pDIkeqEVvLP7ndRIdXHZTJuJEg6DTRUHCsY7wOBzsMwlUmyx8Rqhk5lZMB0QSqk2Ec1s8SYags7wJxlmMYZk0qxXH8NtqsVaaRZRDx+gElZGDLlAN3aA6aiCKntALekVv1rP1bn1Yn9PSFWvWc4TmYH3/AoS4pHs=</latexit><latexit sha1_base64="VkTyBg+BMil0+Gwb0uH3E+uV5Bc=">AAACI3icbVC7TsMwFHV4lvIqMLJYtKCyVEkXGCshJMYi0YfUlMpxblqrjhPZDqKK8gf8Bj/ACn/AhlgYWPkO3MdAW45k6eic+/LxYs6Utu0va2V1bX1jM7eV397Z3dsvHBw2VZRICg0a8Ui2PaKAMwENzTSHdiyBhB6Hlje8GvutB5CKReJOj2LohqQvWMAo0UbqFc5cFQQkZHyEXREx4YPQ2NXwaGal11npPi3b51mpVyjaFXsCvEycGSmiGeq9wo/rRzQJzTjKiVIdx451NyVSM8ohy7uJgpjQIelDx1BBQlDddPKfDJ8axcdBJM0z50zUvx0pCZUahZ6pDIkeqEVvLP7ndRIdXHZTJuJEg6DTRUHCsY7wOBzsMwlUmyx8Rqhk5lZMB0QSqk2Ec1s8SYags7wJxlmMYZk0qxXH8NtqsVaaRZRDx+gElZGDLlAN3aA6aiCKntALekVv1rP1bn1Yn9PSFWvWc4TmYH3/AoS4pHs=</latexit><latexit sha1_base64="VkTyBg+BMil0+Gwb0uH3E+uV5Bc=">AAACI3icbVC7TsMwFHV4lvIqMLJYtKCyVEkXGCshJMYi0YfUlMpxblqrjhPZDqKK8gf8Bj/ACn/AhlgYWPkO3MdAW45k6eic+/LxYs6Utu0va2V1bX1jM7eV397Z3dsvHBw2VZRICg0a8Ui2PaKAMwENzTSHdiyBhB6Hlje8GvutB5CKReJOj2LohqQvWMAo0UbqFc5cFQQkZHyEXREx4YPQ2NXwaGal11npPi3b51mpVyjaFXsCvEycGSmiGeq9wo/rRzQJzTjKiVIdx451NyVSM8ohy7uJgpjQIelDx1BBQlDddPKfDJ8axcdBJM0z50zUvx0pCZUahZ6pDIkeqEVvLP7ndRIdXHZTJuJEg6DTRUHCsY7wOBzsMwlUmyx8Rqhk5lZMB0QSqk2Ec1s8SYags7wJxlmMYZk0qxXH8NtqsVaaRZRDx+gElZGDLlAN3aA6aiCKntALekVv1rP1bn1Yn9PSFWvWc4TmYH3/AoS4pHs=</latexit><latexit sha1_base64="VkTyBg+BMil0+Gwb0uH3E+uV5Bc=">AAACI3icbVC7TsMwFHV4lvIqMLJYtKCyVEkXGCshJMYi0YfUlMpxblqrjhPZDqKK8gf8Bj/ACn/AhlgYWPkO3MdAW45k6eic+/LxYs6Utu0va2V1bX1jM7eV397Z3dsvHBw2VZRICg0a8Ui2PaKAMwENzTSHdiyBhB6Hlje8GvutB5CKReJOj2LohqQvWMAo0UbqFc5cFQQkZHyEXREx4YPQ2NXwaGal11npPi3b51mpVyjaFXsCvEycGSmiGeq9wo/rRzQJzTjKiVIdx451NyVSM8ohy7uJgpjQIelDx1BBQlDddPKfDJ8axcdBJM0z50zUvx0pCZUahZ6pDIkeqEVvLP7ndRIdXHZTJuJEg6DTRUHCsY7wOBzsMwlUmyx8Rqhk5lZMB0QSqk2Ec1s8SYags7wJxlmMYZk0qxXH8NtqsVaaRZRDx+gElZGDLlAN3aA6aiCKntALekVv1rP1bn1Yn9PSFWvWc4TmYH3/AoS4pHs=</latexit>

Cell
Size

<latexit sha1_base64="GtTwSo42rN59FY1I7Vm2stsT25w=">AAACHXicbVC7TsMwFHV4lvIKMLJYFCSmKukCY6UujEXQh9RElePctFYdJ7IdpBJ15Tf4AVb4AzbEivgBvgO3zUBbjmTp6Jz78glSzpR2nG9rbX1jc2u7tFPe3ds/OLSPjtsqySSFFk14IrsBUcCZgJZmmkM3lUDigEMnGDWmfucBpGKJuNfjFPyYDASLGCXaSH0beyqKSMz4GHsiYSIEoXEDOMeeh+/YI/TtilN1ZsCrxC1IBRVo9u0fL0xoFptBlBOleq6Taj8nUjPKYVL2MgUpoSMygJ6hgsSg/Hz2kwm+MEqIo0SaZw6ZqX87chIrNY4DUxkTPVTL3lT8z+tlOrr2cybSTIOg80VRxrFO8DQWHDIJVJsUQkaoZOZWTIdEEqpNeAtbAklGoCdlE4y7HMMqadeqruG3tUr9vIiohE7RGbpELrpCdXSDmqiFKHpCL+gVvVnP1rv1YX3OS9esoucELcD6+gWuOaH4</latexit><latexit sha1_base64="GtTwSo42rN59FY1I7Vm2stsT25w=">AAACHXicbVC7TsMwFHV4lvIKMLJYFCSmKukCY6UujEXQh9RElePctFYdJ7IdpBJ15Tf4AVb4AzbEivgBvgO3zUBbjmTp6Jz78glSzpR2nG9rbX1jc2u7tFPe3ds/OLSPjtsqySSFFk14IrsBUcCZgJZmmkM3lUDigEMnGDWmfucBpGKJuNfjFPyYDASLGCXaSH0beyqKSMz4GHsiYSIEoXEDOMeeh+/YI/TtilN1ZsCrxC1IBRVo9u0fL0xoFptBlBOleq6Taj8nUjPKYVL2MgUpoSMygJ6hgsSg/Hz2kwm+MEqIo0SaZw6ZqX87chIrNY4DUxkTPVTL3lT8z+tlOrr2cybSTIOg80VRxrFO8DQWHDIJVJsUQkaoZOZWTIdEEqpNeAtbAklGoCdlE4y7HMMqadeqruG3tUr9vIiohE7RGbpELrpCdXSDmqiFKHpCL+gVvVnP1rv1YX3OS9esoucELcD6+gWuOaH4</latexit><latexit sha1_base64="GtTwSo42rN59FY1I7Vm2stsT25w=">AAACHXicbVC7TsMwFHV4lvIKMLJYFCSmKukCY6UujEXQh9RElePctFYdJ7IdpBJ15Tf4AVb4AzbEivgBvgO3zUBbjmTp6Jz78glSzpR2nG9rbX1jc2u7tFPe3ds/OLSPjtsqySSFFk14IrsBUcCZgJZmmkM3lUDigEMnGDWmfucBpGKJuNfjFPyYDASLGCXaSH0beyqKSMz4GHsiYSIEoXEDOMeeh+/YI/TtilN1ZsCrxC1IBRVo9u0fL0xoFptBlBOleq6Taj8nUjPKYVL2MgUpoSMygJ6hgsSg/Hz2kwm+MEqIo0SaZw6ZqX87chIrNY4DUxkTPVTL3lT8z+tlOrr2cybSTIOg80VRxrFO8DQWHDIJVJsUQkaoZOZWTIdEEqpNeAtbAklGoCdlE4y7HMMqadeqruG3tUr9vIiohE7RGbpELrpCdXSDmqiFKHpCL+gVvVnP1rv1YX3OS9esoucELcD6+gWuOaH4</latexit><latexit sha1_base64="GtTwSo42rN59FY1I7Vm2stsT25w=">AAACHXicbVC7TsMwFHV4lvIKMLJYFCSmKukCY6UujEXQh9RElePctFYdJ7IdpBJ15Tf4AVb4AzbEivgBvgO3zUBbjmTp6Jz78glSzpR2nG9rbX1jc2u7tFPe3ds/OLSPjtsqySSFFk14IrsBUcCZgJZmmkM3lUDigEMnGDWmfucBpGKJuNfjFPyYDASLGCXaSH0beyqKSMz4GHsiYSIEoXEDOMeeh+/YI/TtilN1ZsCrxC1IBRVo9u0fL0xoFptBlBOleq6Taj8nUjPKYVL2MgUpoSMygJ6hgsSg/Hz2kwm+MEqIo0SaZw6ZqX87chIrNY4DUxkTPVTL3lT8z+tlOrr2cybSTIOg80VRxrFO8DQWHDIJVJsUQkaoZOZWTIdEEqpNeAtbAklGoCdlE4y7HMMqadeqruG3tUr9vIiohE7RGbpELrpCdXSDmqiFKHpCL+gVvVnP1rv1YX3OS9esoucELcD6+gWuOaH4</latexit>

�✓
<latexit sha1_base64="BzHVrRjl8NITodBXRZbZ71MKKd8=">AAACLXicbVDLSgMxFM34tr6qLt0EW8GVzLjRpaALlwpWhU4pdzJ3bGgmGZI7Qhn6G/6GP+BW/8CFIC71N0xrF74uhBzOuTf35CSFko7C8CWYmp6ZnZtfWKwtLa+srtXXNy6dKa3AljDK2OsEHCqpsUWSFF4XFiFPFF4l/eORfnWL1kmjL2hQYCeHGy0zKYA81a2HscsyyKUa8FgbqVPUxJvxCSoCHidGpW6Q+6uKqYcEw2a33gj3wnHxvyCagAab1Fm3/h6nRpS5f1gocK4dhQV1KrAkhcJhLS4dFiD6cINtDzXk6DrV+GdDvuOZlGfG+uONjdnvExXkbmTQd+ZAPfdbG5H/ae2SssNOJXVREmrxtSgrFSfDRzHxVFoU5FNJJQgrvVcuemBBkA/zx5bEQh9pWPPBRL9j+Asu9/cij8/3G0fNSUQLbItts10WsQN2xE7ZGWsxwe7YA3tkT8F98By8Bm9frVPBZGaT/ajg4xN3Vakw</latexit><latexit sha1_base64="BzHVrRjl8NITodBXRZbZ71MKKd8=">AAACLXicbVDLSgMxFM34tr6qLt0EW8GVzLjRpaALlwpWhU4pdzJ3bGgmGZI7Qhn6G/6GP+BW/8CFIC71N0xrF74uhBzOuTf35CSFko7C8CWYmp6ZnZtfWKwtLa+srtXXNy6dKa3AljDK2OsEHCqpsUWSFF4XFiFPFF4l/eORfnWL1kmjL2hQYCeHGy0zKYA81a2HscsyyKUa8FgbqVPUxJvxCSoCHidGpW6Q+6uKqYcEw2a33gj3wnHxvyCagAab1Fm3/h6nRpS5f1gocK4dhQV1KrAkhcJhLS4dFiD6cINtDzXk6DrV+GdDvuOZlGfG+uONjdnvExXkbmTQd+ZAPfdbG5H/ae2SssNOJXVREmrxtSgrFSfDRzHxVFoU5FNJJQgrvVcuemBBkA/zx5bEQh9pWPPBRL9j+Asu9/cij8/3G0fNSUQLbItts10WsQN2xE7ZGWsxwe7YA3tkT8F98By8Bm9frVPBZGaT/ajg4xN3Vakw</latexit><latexit sha1_base64="BzHVrRjl8NITodBXRZbZ71MKKd8=">AAACLXicbVDLSgMxFM34tr6qLt0EW8GVzLjRpaALlwpWhU4pdzJ3bGgmGZI7Qhn6G/6GP+BW/8CFIC71N0xrF74uhBzOuTf35CSFko7C8CWYmp6ZnZtfWKwtLa+srtXXNy6dKa3AljDK2OsEHCqpsUWSFF4XFiFPFF4l/eORfnWL1kmjL2hQYCeHGy0zKYA81a2HscsyyKUa8FgbqVPUxJvxCSoCHidGpW6Q+6uKqYcEw2a33gj3wnHxvyCagAab1Fm3/h6nRpS5f1gocK4dhQV1KrAkhcJhLS4dFiD6cINtDzXk6DrV+GdDvuOZlGfG+uONjdnvExXkbmTQd+ZAPfdbG5H/ae2SssNOJXVREmrxtSgrFSfDRzHxVFoU5FNJJQgrvVcuemBBkA/zx5bEQh9pWPPBRL9j+Asu9/cij8/3G0fNSUQLbItts10WsQN2xE7ZGWsxwe7YA3tkT8F98By8Bm9frVPBZGaT/ajg4xN3Vakw</latexit><latexit sha1_base64="BzHVrRjl8NITodBXRZbZ71MKKd8=">AAACLXicbVDLSgMxFM34tr6qLt0EW8GVzLjRpaALlwpWhU4pdzJ3bGgmGZI7Qhn6G/6GP+BW/8CFIC71N0xrF74uhBzOuTf35CSFko7C8CWYmp6ZnZtfWKwtLa+srtXXNy6dKa3AljDK2OsEHCqpsUWSFF4XFiFPFF4l/eORfnWL1kmjL2hQYCeHGy0zKYA81a2HscsyyKUa8FgbqVPUxJvxCSoCHidGpW6Q+6uKqYcEw2a33gj3wnHxvyCagAab1Fm3/h6nRpS5f1gocK4dhQV1KrAkhcJhLS4dFiD6cINtDzXk6DrV+GdDvuOZlGfG+uONjdnvExXkbmTQd+ZAPfdbG5H/ae2SssNOJXVREmrxtSgrFSfDRzHxVFoU5FNJJQgrvVcuemBBkA/zx5bEQh9pWPPBRL9j+Asu9/cij8/3G0fNSUQLbItts10WsQN2xE7ZGWsxwe7YA3tkT8F98By8Bm9frVPBZGaT/ajg4xN3Vakw</latexit>

� �� �
<latexit sha1_base64="RAVZ7k7sf7yvPJ9pa6QwbfUnsoI=">AAACPXicnZA7T8MwFIWd8irlFWBksdoiMVVJFxgrsTAWqS+pqSLHuWmtOk5kO0hVlD/Gwn9gY2NhACFWVtzHAJSJa1k6Oude2fcLUs6Udpwnq7SxubW9U96t7O0fHB7Zxyc9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0yv53n/DqRiiejoWQqjmIwFixgl2li+3fFUFJGY8Rmue5kIQQaSUMg9/L9T+HlR9+2a03AWhdeFuxI1tKq2bz96YUKzGISmnCg1dJ1Uj3IiNaMcioqXKUgJnZIxDI0UJAY1yhfbF/jcOCGOEmmu0Hjhfp/ISazULA5MZ0z0RP3O5uZf2TDT0dUoZyLNNAi6fCjKONYJnqPEIZNAtSEXMkIlM3/FdEIMPm2AVwwE9/fK66LXbLhG3zZrreoKRxmdoSq6QC66RC10g9qoiyi6R8/oFb1ZD9aL9W59LFtL1mrmFP0o6/MLDO2oRg==</latexit><latexit sha1_base64="RAVZ7k7sf7yvPJ9pa6QwbfUnsoI=">AAACPXicnZA7T8MwFIWd8irlFWBksdoiMVVJFxgrsTAWqS+pqSLHuWmtOk5kO0hVlD/Gwn9gY2NhACFWVtzHAJSJa1k6Oude2fcLUs6Udpwnq7SxubW9U96t7O0fHB7Zxyc9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0yv53n/DqRiiejoWQqjmIwFixgl2li+3fFUFJGY8Rmue5kIQQaSUMg9/L9T+HlR9+2a03AWhdeFuxI1tKq2bz96YUKzGISmnCg1dJ1Uj3IiNaMcioqXKUgJnZIxDI0UJAY1yhfbF/jcOCGOEmmu0Hjhfp/ISazULA5MZ0z0RP3O5uZf2TDT0dUoZyLNNAi6fCjKONYJnqPEIZNAtSEXMkIlM3/FdEIMPm2AVwwE9/fK66LXbLhG3zZrreoKRxmdoSq6QC66RC10g9qoiyi6R8/oFb1ZD9aL9W59LFtL1mrmFP0o6/MLDO2oRg==</latexit><latexit sha1_base64="RAVZ7k7sf7yvPJ9pa6QwbfUnsoI=">AAACPXicnZA7T8MwFIWd8irlFWBksdoiMVVJFxgrsTAWqS+pqSLHuWmtOk5kO0hVlD/Gwn9gY2NhACFWVtzHAJSJa1k6Oude2fcLUs6Udpwnq7SxubW9U96t7O0fHB7Zxyc9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0yv53n/DqRiiejoWQqjmIwFixgl2li+3fFUFJGY8Rmue5kIQQaSUMg9/L9T+HlR9+2a03AWhdeFuxI1tKq2bz96YUKzGISmnCg1dJ1Uj3IiNaMcioqXKUgJnZIxDI0UJAY1yhfbF/jcOCGOEmmu0Hjhfp/ISazULA5MZ0z0RP3O5uZf2TDT0dUoZyLNNAi6fCjKONYJnqPEIZNAtSEXMkIlM3/FdEIMPm2AVwwE9/fK66LXbLhG3zZrreoKRxmdoSq6QC66RC10g9qoiyi6R8/oFb1ZD9aL9W59LFtL1mrmFP0o6/MLDO2oRg==</latexit><latexit sha1_base64="RAVZ7k7sf7yvPJ9pa6QwbfUnsoI=">AAACPXicnZA7T8MwFIWd8irlFWBksdoiMVVJFxgrsTAWqS+pqSLHuWmtOk5kO0hVlD/Gwn9gY2NhACFWVtzHAJSJa1k6Oude2fcLUs6Udpwnq7SxubW9U96t7O0fHB7Zxyc9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0yv53n/DqRiiejoWQqjmIwFixgl2li+3fFUFJGY8Rmue5kIQQaSUMg9/L9T+HlR9+2a03AWhdeFuxI1tKq2bz96YUKzGISmnCg1dJ1Uj3IiNaMcioqXKUgJnZIxDI0UJAY1yhfbF/jcOCGOEmmu0Hjhfp/ISazULA5MZ0z0RP3O5uZf2TDT0dUoZyLNNAi6fCjKONYJnqPEIZNAtSEXMkIlM3/FdEIMPm2AVwwE9/fK66LXbLhG3zZrreoKRxmdoSq6QC66RC10g9qoiyi6R8/oFb1ZD9aL9W59LFtL1mrmFP0o6/MLDO2oRg==</latexit>
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<latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit>

� �� �
<latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit>

i
<latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit>

ii
<latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit> iii

<latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit>

i
<latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit>

iii
<latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit>ii

<latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit>
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FIG. 2: Schwinger ground state (20 ions). (a) Optimisation trajectory: Convergence of experimental energies E(✓i) ⌘

h (✓i)| ĤT | (✓i)i (dots) vs. iteration number i of the DIRECT optimisation algorithm (see text), for m=0.9, w= ḡ=1. To
ensure global convergence, the search algorithm not only attempts to refine the current minimum, but also keeps exploring
new parts of the parameter space, leading (often) to high energy values, even in the later stages of the run. Energy values
E(✓i) are colour-coded to indicate the Euclidian distance of ✓i to the final optimised parameter vector ✓opt, as selected by
theoretical fidelity (see panel (c)). The solid red line indicates the algorithm’s current estimate of the groundstate energy and
its 2� uncertainty (shaded area), from modelling the thus far observed energies as jointly gaussian distributed random variables
(see Appendix A). Inset: Close-up of a late stage of the optimisation, where statistical errorbars (as defined in Appendix G) are
displayed, and theoretically simulated values are plotted as crosses. (b) Visualisation of sampled energy landscape: Sampled
energies E(✓i) relative to the ground state energy, plotted versus the parameter distance �✓ and the size of the domain in
parameter space (cell) that each point represents internally in the optimisation algorithm (see Appendix A). Distinct local
minima are visible as ’fingers’, marked (i), (ii) and (iii), extending towards smaller cell sizes, indicative of an increasingly
fine sampling of the parameter space near a local minimum. (c) Fidelity of many-body wavefunction: Theoretical fidelities F

computed for ✓i, with a rough indication of the iterations during which each of the minima (i), (ii), (iii) of panel (b) provided the
current best solution. (d) Correlation experiment-theory: Experimentally measured energy (Eexp) versus numerically simulated
(Eth) energies, showing agreement within 2� (blue shaded area).

into account cost function values and cell sizes (see Ap-
pendix A). To each optimisation run, we assign a total
budget of (up to) 105 calls to the quantum simulator,
where a single call involves variational state preparation
and projective measurement of the qubits in a given ba-
sis. To determine the energy expectation value for given
parameters, initially 30 projective measurements per ba-
sis are performed. Additional samples are taken when
refinement is needed, e.g. when two similarly sized cells
are competing candidates for a subdivision step, but it is
unclear which function value is lower due to the statistical
uncertainty resulting from a finite number of projective
measurements.

Variational Schwinger ground state for 20 ions – An

optimisation trajectory consisting of energy evaluations
E(✓i) ⌘ h (✓i)| ĤT | (✓i)i for 20 ions is shown in Fig. 2
(a), as a function of the iteration number i of the op-
timisation algorithm. Energies and wavefunctions were
found to converge with a circuit of depth 6. We ap-
proximate translational invariance in a bulk region of
14 central sites, resulting in a variational scheme with
15 parameters. For reference, we plot the exact ground
state energy E(0) and first excited state E(1) in the zero-
magnetisation sector (corresponding to an intra-sector
energy gap � = E(1)

�E(0)), obtained from exact di-
agonalisation (ED) of the lattice Schwinger model. Our
global search algorithm continuously explores new parts
of the parameter space, leading to a large spread in the
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equivalent classical cost of these methods quickly became infeasi-
ble, typically well before n = 60. As an example, we show χ* for a more 
conventional MPS approach using time-evolving block decimation45 
(Fig. 5a).

All calculations used a single 16-core node of the Caltech central 
computing cluster (Supplementary Information). On this machine, we 
estimate that running the Lightcone-MPS simulation for n = 60 and 
χ* = 3,400 would entail a peak memory usage of roughly 110 GB (scaling 
as nχ( )2O ), and would take roughly 11.3 days or 11.3 × 16 ≈ 180 core-days; 
sampling from the resultant MPS would take roughly 0.3 core-seconds 
per sample (scaling as nχ( )2O ). For comparison, the experimental cycle 
time is roughly 1.7 s, limited by array loading and imaging; the actual 
quantum simulation time is only roughly 1 µs per shot. Just as the clas-
sical computer can use several cores, so too can the experiment be 
parallelized over several atom-array chains simultaneously, which in 
fact we do already at small system sizes.

We predict these classical costs are highly sensitive to the effective 
per-atom fidelity, F , defined by F n t≡ ( , )ntF  (Fig. 5b and Supplemen-
tary Information). For instance, the simulation time scales as F≈(1 − )−10 
around the experimental F . Although specialized classical hard-
ware11,46,47 may more readily perform the present approximate classical 
simulations, we thus expect small improvements in the quantum fidel-
ity may soon make the experiment out of reach of even these more 
advanced classical systems.

Outlook
As quantum systems tackle tasks of rising complexity, it is increasingly 
important to understand their ability to produce states in the highly 
entangled, beyond-classically-exact regime. Here we have studied 
this regime directly by measuring the global fidelity of an analogue 
quantum simulator with up to 60 atoms.

A careful analysis (Supplementary Fig. 14) indicates that with rea-
sonable classical resources, our Monte Carlo inference protocol is 

scalable to an order-of-magnitude larger system sizes than were studied 
here, potentially enabling fidelity estimation for system sizes with 
n ≈ 500. It is also applicable for digital devices2–5,26 that are affected by 
non-Markovian noises such as control errors2, which could then lead 
to non-exponential scaling of global fidelities in certain parameter 
regimes. Furthermore, it could be applied to analogue quantum simu-
lators for itinerant particles15,18,48. Further, one may imagine applying 
the same basic technique to cross-platform comparisons49–51 between 
erroneous quantum devices by varying the decoherence of each: a form 
of zero-noise extrapolation52.

Additionally, we have addressed a longstanding problem by introduc-
ing a simple proxy of the experimental mixed-state entanglement. This 
entanglement proxy can serve as a universal quality-factor comparable 
amongst analogue and digital quantum devices as a guide for improv-
ing future systems, and may act as a probe for detecting topological 
order53,54 and measurement-induced criticality55.

Finally, we have studied the equivalent classical cost of our experi-
ment on the level of global fidelity, which we note could be greatly 
increased through the use of erasure conversion21,56,57. Similar tech-
niques could be applied to quantify the classical cost of measur-
ing physical observables9,58, and to benchmark the performance of 
approximate classical algorithms themselves through comparison 
to high fidelity quantum data. Although here we have focused on 
one-dimensional systems to exploit the power of MPS representa-
tions, using higher-dimensional systems59,60, while maintaining high 
fidelities, may prove even more difficult for classical algorithms. We 
emphasize that in contrast to many previous experiments2–5 that 
explicitly targeted spatiotemporally complex quantum evolution when 
exploring the limits of classical simulation, here the dynamics we have 
studied are one-dimensional and both space- and time-independent, 
yet still begin to reach a regime of classical intractability. Ultimately, 
our results showcase the present and potential computational power 
of analogue quantum simulators, encouraging an auspicious future 
for these platforms18.
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FIG. 1. Cooling ultracold atoms by transforming a low entropy product state to strongly-correlated states. (a),
Schematic of the 2D Hubbard phase diagram. The lowest temperatures reported in [6, 11–13] (gray dashed) and the estimated
temperatures in the current work (red band) are marked. (b), To reach lower entropy, we prepare a gapped band insulator
(BI) in contact with a gapless metallic reservoir. Entropy flows from the BI to the reservoir [29]. After isolating the two
parts, the BI is transformed into a strongly-correlated state-of-interest by dynamically changing the lattice geometry, Hubbard
parameters and density, while preserving the very low entropy of the original BI. (c), The BI has a filling of two atoms per site,
which appear as empty sites in a parity-projected fluorescence image (left), in contrast to the dilute reservoir. We then halve
the lattice filling by doubling the number of lattice sites, thereby making the BI visible (center). The strongly-correlated state
at the end of the preparation spans about 340 sites, where empty sites correspond to coherent doublon-hole pairs indicating
low entropy (right). The central state-of-interest and reservoir are shaped by optical potentials programmed with Digital
Micromirror Devices (DMDs, not shown). (d), To double the number of sites, we continuously decrease the long-spacing lattice
depth VL and increasing the short-spacing lattice depth VS . This effectively splits doubly-occupied sites into dimers, which are
then connected to form a square lattice.

low temperatures with finite values of doping � between
2% and 21%. Detailed comparisons with state-of-the-
art approximate numerical computations [16–18] indicate
that our temperatures are T . 0.1 t, comparable to those
achieved at half-filling. These temperatures correspond
to a reduction to significantly below room temperature
in cuprates.

Our scheme hinges on the efficient preparation of prod-
uct states with extremely low entropies [29]. Seminal
proposals suggested that these states can be adiabati-
cally connected to strongly-correlated states of interest
to reach low temperatures [14, 15, 30–32]. Despite exper-
imental progress with bosonic systems [33–35], practical
implementations of these schemes for fermions have been
challenging beyond proof-of-principle realizations at half-
filling [29, 36–38]. This holds especially true in large Hub-
bard systems, where finite-time, out-of-equilibrium dy-
namics are out of reach of numerical simulations [39, 40].
Our work therefore showcases how quantum simulators
can experimentally address such optimization problems.

Experimental scheme

The spirit of our protocol is similar to most cooling
cycles. In a first generalized compression step, entropy
is extracted from the system of interest to a reservoir in
thermal contact by reducing the density of states of the
system [14, 29, 41]. After the system is isolated from
the reservoir, increasing the density of states by gener-
alized expansion decreases the temperature. In practice,
our scheme involves initializing cold atoms in a low en-
tropy band insulator (BI), and transforming the BI into
a strongly-correlated state of interest (Fig. 1b) [29, 37].

The BI can be prepared with extremely high fidelity
because the chemical potential lies within the band gap
featuring low density of states, which allows for efficient
entropy redistribution to a metallic reservoir [11, 14, 29,
34, 41]. We load a spin-balanced mixture of fermionic
6Li atoms in the lowest two hyperfine states into an op-
tical lattice (long-spacing lattice). We set the magnetic
bias field at 550G close to a broad Feshbach resonance to
minimize interaction strengths for BI formation. Pro-
grammable optical potentials created by two separate
Digital Micromirror Devices (DMDs) first confine about
340 atoms into a BI covering 170 sites, then isolate the
BI from the reservoir. We estimate a low initial entropy
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temperatures in the current work (red band) are marked. (b), To reach lower entropy, we prepare a gapped band insulator
(BI) in contact with a gapless metallic reservoir. Entropy flows from the BI to the reservoir [29]. After isolating the two
parts, the BI is transformed into a strongly-correlated state-of-interest by dynamically changing the lattice geometry, Hubbard
parameters and density, while preserving the very low entropy of the original BI. (c), The BI has a filling of two atoms per site,
which appear as empty sites in a parity-projected fluorescence image (left), in contrast to the dilute reservoir. We then halve
the lattice filling by doubling the number of lattice sites, thereby making the BI visible (center). The strongly-correlated state
at the end of the preparation spans about 340 sites, where empty sites correspond to coherent doublon-hole pairs indicating
low entropy (right). The central state-of-interest and reservoir are shaped by optical potentials programmed with Digital
Micromirror Devices (DMDs, not shown). (d), To double the number of sites, we continuously decrease the long-spacing lattice
depth VL and increasing the short-spacing lattice depth VS . This effectively splits doubly-occupied sites into dimers, which are
then connected to form a square lattice.

low temperatures with finite values of doping � between
2% and 21%. Detailed comparisons with state-of-the-
art approximate numerical computations [16–18] indicate
that our temperatures are T . 0.1 t, comparable to those
achieved at half-filling. These temperatures correspond
to a reduction to significantly below room temperature
in cuprates.

Our scheme hinges on the efficient preparation of prod-
uct states with extremely low entropies [29]. Seminal
proposals suggested that these states can be adiabati-
cally connected to strongly-correlated states of interest
to reach low temperatures [14, 15, 30–32]. Despite exper-
imental progress with bosonic systems [33–35], practical
implementations of these schemes for fermions have been
challenging beyond proof-of-principle realizations at half-
filling [29, 36–38]. This holds especially true in large Hub-
bard systems, where finite-time, out-of-equilibrium dy-
namics are out of reach of numerical simulations [39, 40].
Our work therefore showcases how quantum simulators
can experimentally address such optimization problems.

Experimental scheme

The spirit of our protocol is similar to most cooling
cycles. In a first generalized compression step, entropy
is extracted from the system of interest to a reservoir in
thermal contact by reducing the density of states of the
system [14, 29, 41]. After the system is isolated from
the reservoir, increasing the density of states by gener-
alized expansion decreases the temperature. In practice,
our scheme involves initializing cold atoms in a low en-
tropy band insulator (BI), and transforming the BI into
a strongly-correlated state of interest (Fig. 1b) [29, 37].

The BI can be prepared with extremely high fidelity
because the chemical potential lies within the band gap
featuring low density of states, which allows for efficient
entropy redistribution to a metallic reservoir [11, 14, 29,
34, 41]. We load a spin-balanced mixture of fermionic
6Li atoms in the lowest two hyperfine states into an op-
tical lattice (long-spacing lattice). We set the magnetic
bias field at 550G close to a broad Feshbach resonance to
minimize interaction strengths for BI formation. Pro-
grammable optical potentials created by two separate
Digital Micromirror Devices (DMDs) first confine about
340 atoms into a BI covering 170 sites, then isolate the
BI from the reservoir. We estimate a low initial entropy
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(a)
<latexit sha1_base64="Rnn2Eco9byZCwjLDV3NOg9JbAZY=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhRiE+7SaBmwsYxgPiA5wtzeXrJk9+7c3QuEkN9hY6GIrT/Gzn/jJrlCEx8MPN6bYWZekAqujet+OxubW9s7u4W94v7B4dFx6eS0pZNMUdakiUhUJ0DNBI9Z03AjWCdVDGUgWDsY3c399pgpzZP40UxS5kscxDziFI2V/J6OIpRcTEgFr/ulslt1FyDrxMtJGXI0+qWvXpjQTLLYUIFadz03Nf4UleFUsFmxl2mWIh3hgHUtjVEy7U8XR8/IlVVCEiXKVmzIQv09MUWp9UQGtlOiGepVby7+53UzE936Ux6nmWExXS6KMkFMQuYJkJArRo19OeRIFbe3EjpEhdTYnIo2BG/15XXSqlU9yx9q5fplHkcBzuECKuDBDdThHhrQBApP8Ayv8OaMnRfn3flYtm44+cwZ/IHz+QPgYpFl</latexit><latexit sha1_base64="Rnn2Eco9byZCwjLDV3NOg9JbAZY=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhRiE+7SaBmwsYxgPiA5wtzeXrJk9+7c3QuEkN9hY6GIrT/Gzn/jJrlCEx8MPN6bYWZekAqujet+OxubW9s7u4W94v7B4dFx6eS0pZNMUdakiUhUJ0DNBI9Z03AjWCdVDGUgWDsY3c399pgpzZP40UxS5kscxDziFI2V/J6OIpRcTEgFr/ulslt1FyDrxMtJGXI0+qWvXpjQTLLYUIFadz03Nf4UleFUsFmxl2mWIh3hgHUtjVEy7U8XR8/IlVVCEiXKVmzIQv09MUWp9UQGtlOiGepVby7+53UzE936Ux6nmWExXS6KMkFMQuYJkJArRo19OeRIFbe3EjpEhdTYnIo2BG/15XXSqlU9yx9q5fplHkcBzuECKuDBDdThHhrQBApP8Ayv8OaMnRfn3flYtm44+cwZ/IHz+QPgYpFl</latexit><latexit sha1_base64="Rnn2Eco9byZCwjLDV3NOg9JbAZY=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhRiE+7SaBmwsYxgPiA5wtzeXrJk9+7c3QuEkN9hY6GIrT/Gzn/jJrlCEx8MPN6bYWZekAqujet+OxubW9s7u4W94v7B4dFx6eS0pZNMUdakiUhUJ0DNBI9Z03AjWCdVDGUgWDsY3c399pgpzZP40UxS5kscxDziFI2V/J6OIpRcTEgFr/ulslt1FyDrxMtJGXI0+qWvXpjQTLLYUIFadz03Nf4UleFUsFmxl2mWIh3hgHUtjVEy7U8XR8/IlVVCEiXKVmzIQv09MUWp9UQGtlOiGepVby7+53UzE936Ux6nmWExXS6KMkFMQuYJkJArRo19OeRIFbe3EjpEhdTYnIo2BG/15XXSqlU9yx9q5fplHkcBzuECKuDBDdThHhrQBApP8Ayv8OaMnRfn3flYtm44+cwZ/IHz+QPgYpFl</latexit><latexit sha1_base64="Rnn2Eco9byZCwjLDV3NOg9JbAZY=">AAAB9HicbVA9SwNBEJ3zM8avqKXNYhRiE+7SaBmwsYxgPiA5wtzeXrJk9+7c3QuEkN9hY6GIrT/Gzn/jJrlCEx8MPN6bYWZekAqujet+OxubW9s7u4W94v7B4dFx6eS0pZNMUdakiUhUJ0DNBI9Z03AjWCdVDGUgWDsY3c399pgpzZP40UxS5kscxDziFI2V/J6OIpRcTEgFr/ulslt1FyDrxMtJGXI0+qWvXpjQTLLYUIFadz03Nf4UleFUsFmxl2mWIh3hgHUtjVEy7U8XR8/IlVVCEiXKVmzIQv09MUWp9UQGtlOiGepVby7+53UzE936Ux6nmWExXS6KMkFMQuYJkJArRo19OeRIFbe3EjpEhdTYnIo2BG/15XXSqlU9yx9q5fplHkcBzuECKuDBDdThHhrQBApP8Ayv8OaMnRfn3flYtm44+cwZ/IHz+QPgYpFl</latexit>

(b)
<latexit sha1_base64="om1zqM/90MTLRdqFZgCvivBHzU4=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqBjeDcsWtuUugTeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum81E81TTAZ4yHtWSqxoNrPlkfP0bVVQhTFypY0aKn+nsiw0HomAtspsBnpdW8h/uf1UhPd+RmTSWqoJKtFUcqRidEiARQyRYmxL4cME8XsrYiMsMLE2JxKNgRv/eVN0q7XPMsf65XGVR5HES7gEqrgwS004AGa0AICE3iGV3hzps6L8+58rFoLTj5zDn/gfP4A4eeRZg==</latexit><latexit sha1_base64="om1zqM/90MTLRdqFZgCvivBHzU4=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqBjeDcsWtuUugTeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum81E81TTAZ4yHtWSqxoNrPlkfP0bVVQhTFypY0aKn+nsiw0HomAtspsBnpdW8h/uf1UhPd+RmTSWqoJKtFUcqRidEiARQyRYmxL4cME8XsrYiMsMLE2JxKNgRv/eVN0q7XPMsf65XGVR5HES7gEqrgwS004AGa0AICE3iGV3hzps6L8+58rFoLTj5zDn/gfP4A4eeRZg==</latexit><latexit sha1_base64="om1zqM/90MTLRdqFZgCvivBHzU4=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqBjeDcsWtuUugTeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum81E81TTAZ4yHtWSqxoNrPlkfP0bVVQhTFypY0aKn+nsiw0HomAtspsBnpdW8h/uf1UhPd+RmTSWqoJKtFUcqRidEiARQyRYmxL4cME8XsrYiMsMLE2JxKNgRv/eVN0q7XPMsf65XGVR5HES7gEqrgwS004AGa0AICE3iGV3hzps6L8+58rFoLTj5zDn/gfP4A4eeRZg==</latexit><latexit sha1_base64="om1zqM/90MTLRdqFZgCvivBHzU4=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqBjeDcsWtuUugTeLlpAI5moPyVz+MSSqoNIRjrXuemxg/w8owwum81E81TTAZ4yHtWSqxoNrPlkfP0bVVQhTFypY0aKn+nsiw0HomAtspsBnpdW8h/uf1UhPd+RmTSWqoJKtFUcqRidEiARQyRYmxL4cME8XsrYiMsMLE2JxKNgRv/eVN0q7XPMsf65XGVR5HES7gEqrgwS004AGa0AICE3iGV3hzps6L8+58rFoLTj5zDn/gfP4A4eeRZg==</latexit>

(c)
<latexit sha1_base64="ReZS/iyJtkYgAXwrhCtyzQtceXg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqkptBueLW3CXQJvFyUoEczUH5qx/GJBVUGsKx1j3PTYyfYWUY4XRe6qeaJpiM8ZD2LJVYUO1ny6Pn6NoqIYpiZUsatFR/T2RYaD0Tge0U2Iz0urcQ//N6qYnu/IzJJDVUktWiKOXIxGiRAAqZosTYl0OGiWL2VkRGWGFibE4lG4K3/vImaddrnuWP9UrjKo+jCBdwCVXw4BYa8ABNaAGBCTzDK7w5U+fFeXc+Vq0FJ585hz9wPn8A42yRZw==</latexit><latexit sha1_base64="ReZS/iyJtkYgAXwrhCtyzQtceXg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqkptBueLW3CXQJvFyUoEczUH5qx/GJBVUGsKx1j3PTYyfYWUY4XRe6qeaJpiM8ZD2LJVYUO1ny6Pn6NoqIYpiZUsatFR/T2RYaD0Tge0U2Iz0urcQ//N6qYnu/IzJJDVUktWiKOXIxGiRAAqZosTYl0OGiWL2VkRGWGFibE4lG4K3/vImaddrnuWP9UrjKo+jCBdwCVXw4BYa8ABNaAGBCTzDK7w5U+fFeXc+Vq0FJ585hz9wPn8A42yRZw==</latexit><latexit sha1_base64="ReZS/iyJtkYgAXwrhCtyzQtceXg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqkptBueLW3CXQJvFyUoEczUH5qx/GJBVUGsKx1j3PTYyfYWUY4XRe6qeaJpiM8ZD2LJVYUO1ny6Pn6NoqIYpiZUsatFR/T2RYaD0Tge0U2Iz0urcQ//N6qYnu/IzJJDVUktWiKOXIxGiRAAqZosTYl0OGiWL2VkRGWGFibE4lG4K3/vImaddrnuWP9UrjKo+jCBdwCVXw4BYa8ABNaAGBCTzDK7w5U+fFeXc+Vq0FJ585hz9wPn8A42yRZw==</latexit><latexit sha1_base64="ReZS/iyJtkYgAXwrhCtyzQtceXg=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5pgQ+5otCSxscREPhK4kL29Pdiwu3fs7pGQC7/DxkJjbP0xdv4bF7hCwZdM8vLeTGbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8f3C70yp0iyWT2aWUF/goWQRI9hYye/rKMKC8RmqkptBueLW3CXQJvFyUoEczUH5qx/GJBVUGsKx1j3PTYyfYWUY4XRe6qeaJpiM8ZD2LJVYUO1ny6Pn6NoqIYpiZUsatFR/T2RYaD0Tge0U2Iz0urcQ//N6qYnu/IzJJDVUktWiKOXIxGiRAAqZosTYl0OGiWL2VkRGWGFibE4lG4K3/vImaddrnuWP9UrjKo+jCBdwCVXw4BYa8ABNaAGBCTzDK7w5U+fFeXc+Vq0FJ585hz9wPn8A42yRZw==</latexit>

|�✓|
<latexit sha1_base64="ucKovd91F8aGbKV3uviVMbjox04=">AAACEnicbVC7SgNBFJ31bXxFLW0Go6BN2E2jZUALywgmEbIh3J29a4bMPpi5K4Q132Djr9hYKGJrZeffOHkUvg4MczjnXu69J8iUNOS6n87c/MLi0vLKamltfWNzq7y90zJprgU2RapSfR2AQSUTbJIkhdeZRogDhe1gcDb227eojUyTKxpm2I3hJpGRFEBW6pWPfRNFEEs15Ad3/jkqAu4HqQrNMLZfUfKpjwSju4NeueJW3Qn4X+LNSIXN0OiVP/wwFXmMCQkFxnQ8N6NuAZqkUDgq+bnBDMQAbrBjaQIxmm4xOWnED60S8ijV9iXEJ+r3jgJiM17RVsZAffPbG4v/eZ2cotNuIZMsJ0zEdFCUK04pH+fDQ6lRkI0jlCC0tLty0QcNgmyKJRuC9/vkv6RVq3qWX9Yq9f1ZHCtsj+2zI+axE1ZnF6zBmkywe/bIntmL8+A8Oa/O27R0zpn17LIfcN6/ACUmnac=</latexit><latexit sha1_base64="ucKovd91F8aGbKV3uviVMbjox04=">AAACEnicbVC7SgNBFJ31bXxFLW0Go6BN2E2jZUALywgmEbIh3J29a4bMPpi5K4Q132Djr9hYKGJrZeffOHkUvg4MczjnXu69J8iUNOS6n87c/MLi0vLKamltfWNzq7y90zJprgU2RapSfR2AQSUTbJIkhdeZRogDhe1gcDb227eojUyTKxpm2I3hJpGRFEBW6pWPfRNFEEs15Ad3/jkqAu4HqQrNMLZfUfKpjwSju4NeueJW3Qn4X+LNSIXN0OiVP/wwFXmMCQkFxnQ8N6NuAZqkUDgq+bnBDMQAbrBjaQIxmm4xOWnED60S8ijV9iXEJ+r3jgJiM17RVsZAffPbG4v/eZ2cotNuIZMsJ0zEdFCUK04pH+fDQ6lRkI0jlCC0tLty0QcNgmyKJRuC9/vkv6RVq3qWX9Yq9f1ZHCtsj+2zI+axE1ZnF6zBmkywe/bIntmL8+A8Oa/O27R0zpn17LIfcN6/ACUmnac=</latexit><latexit sha1_base64="ucKovd91F8aGbKV3uviVMbjox04=">AAACEnicbVC7SgNBFJ31bXxFLW0Go6BN2E2jZUALywgmEbIh3J29a4bMPpi5K4Q132Djr9hYKGJrZeffOHkUvg4MczjnXu69J8iUNOS6n87c/MLi0vLKamltfWNzq7y90zJprgU2RapSfR2AQSUTbJIkhdeZRogDhe1gcDb227eojUyTKxpm2I3hJpGRFEBW6pWPfRNFEEs15Ad3/jkqAu4HqQrNMLZfUfKpjwSju4NeueJW3Qn4X+LNSIXN0OiVP/wwFXmMCQkFxnQ8N6NuAZqkUDgq+bnBDMQAbrBjaQIxmm4xOWnED60S8ijV9iXEJ+r3jgJiM17RVsZAffPbG4v/eZ2cotNuIZMsJ0zEdFCUK04pH+fDQ6lRkI0jlCC0tLty0QcNgmyKJRuC9/vkv6RVq3qWX9Yq9f1ZHCtsj+2zI+axE1ZnF6zBmkywe/bIntmL8+A8Oa/O27R0zpn17LIfcN6/ACUmnac=</latexit><latexit sha1_base64="ucKovd91F8aGbKV3uviVMbjox04=">AAACEnicbVC7SgNBFJ31bXxFLW0Go6BN2E2jZUALywgmEbIh3J29a4bMPpi5K4Q132Djr9hYKGJrZeffOHkUvg4MczjnXu69J8iUNOS6n87c/MLi0vLKamltfWNzq7y90zJprgU2RapSfR2AQSUTbJIkhdeZRogDhe1gcDb227eojUyTKxpm2I3hJpGRFEBW6pWPfRNFEEs15Ad3/jkqAu4HqQrNMLZfUfKpjwSju4NeueJW3Qn4X+LNSIXN0OiVP/wwFXmMCQkFxnQ8N6NuAZqkUDgq+bnBDMQAbrBjaQIxmm4xOWnED60S8ijV9iXEJ+r3jgJiM17RVsZAffPbG4v/eZ2cotNuIZMsJ0zEdFCUK04pH+fDQ6lRkI0jlCC0tLty0QcNgmyKJRuC9/vkv6RVq3qWX9Yq9f1ZHCtsj+2zI+axE1ZnF6zBmkywe/bIntmL8+A8Oa/O27R0zpn17LIfcN6/ACUmnac=</latexit>

-960
<latexit sha1_base64="1sCE1YaE1ptSva4x0liqHK0JpHM=">AAACCXicbVBLSgNBEO2Jvxh/UZduGoPgxjCThZ9dwI3LCOYDyRh6enqSJt09Q3eNEIacwAu41Ru4E7eewgt4DjvJLEzig4LHe1VU1QsSwQ247rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDsBMUxwxZrAQbBOohmRgWDtYHQ79dtPTBseqwcYJ8yXZKB4xCkBKz32TBQRycUYX9xcuv1yxa26M+BV4uWkgnI0+uWfXhjTVDIFVBBjup6bgJ8RDZwKNin1UsMSQkdkwLqWKiKZ8bPZ1RN8ZpUQR7G2pQDP1L8TGZHGjGVgOyWBoVn2puJ/XjeF6NrPuEpSYIrOF0WpwBDjaQQ45JpRsD+HnFDN7a2YDokmFGxQC1sCTUYMJiUbjLccwypp1aqe5fe1Sh3nERXRCTpF58hDV6iO7lADNRFFGr2gV/TmPDvvzofzOW8tOPnMMVqA8/ULmyOZ7Q==</latexit><latexit sha1_base64="1sCE1YaE1ptSva4x0liqHK0JpHM=">AAACCXicbVBLSgNBEO2Jvxh/UZduGoPgxjCThZ9dwI3LCOYDyRh6enqSJt09Q3eNEIacwAu41Ru4E7eewgt4DjvJLEzig4LHe1VU1QsSwQ247rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDsBMUxwxZrAQbBOohmRgWDtYHQ79dtPTBseqwcYJ8yXZKB4xCkBKz32TBQRycUYX9xcuv1yxa26M+BV4uWkgnI0+uWfXhjTVDIFVBBjup6bgJ8RDZwKNin1UsMSQkdkwLqWKiKZ8bPZ1RN8ZpUQR7G2pQDP1L8TGZHGjGVgOyWBoVn2puJ/XjeF6NrPuEpSYIrOF0WpwBDjaQQ45JpRsD+HnFDN7a2YDokmFGxQC1sCTUYMJiUbjLccwypp1aqe5fe1Sh3nERXRCTpF58hDV6iO7lADNRFFGr2gV/TmPDvvzofzOW8tOPnMMVqA8/ULmyOZ7Q==</latexit><latexit sha1_base64="1sCE1YaE1ptSva4x0liqHK0JpHM=">AAACCXicbVBLSgNBEO2Jvxh/UZduGoPgxjCThZ9dwI3LCOYDyRh6enqSJt09Q3eNEIacwAu41Ru4E7eewgt4DjvJLEzig4LHe1VU1QsSwQ247rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDsBMUxwxZrAQbBOohmRgWDtYHQ79dtPTBseqwcYJ8yXZKB4xCkBKz32TBQRycUYX9xcuv1yxa26M+BV4uWkgnI0+uWfXhjTVDIFVBBjup6bgJ8RDZwKNin1UsMSQkdkwLqWKiKZ8bPZ1RN8ZpUQR7G2pQDP1L8TGZHGjGVgOyWBoVn2puJ/XjeF6NrPuEpSYIrOF0WpwBDjaQQ45JpRsD+HnFDN7a2YDokmFGxQC1sCTUYMJiUbjLccwypp1aqe5fe1Sh3nERXRCTpF58hDV6iO7lADNRFFGr2gV/TmPDvvzofzOW8tOPnMMVqA8/ULmyOZ7Q==</latexit><latexit sha1_base64="1sCE1YaE1ptSva4x0liqHK0JpHM=">AAACCXicbVBLSgNBEO2Jvxh/UZduGoPgxjCThZ9dwI3LCOYDyRh6enqSJt09Q3eNEIacwAu41Ru4E7eewgt4DjvJLEzig4LHe1VU1QsSwQ247rdTWFvf2Nwqbpd2dvf2D8qHRy0Tp5qyJo1FrDsBMUxwxZrAQbBOohmRgWDtYHQ79dtPTBseqwcYJ8yXZKB4xCkBKz32TBQRycUYX9xcuv1yxa26M+BV4uWkgnI0+uWfXhjTVDIFVBBjup6bgJ8RDZwKNin1UsMSQkdkwLqWKiKZ8bPZ1RN8ZpUQR7G2pQDP1L8TGZHGjGVgOyWBoVn2puJ/XjeF6NrPuEpSYIrOF0WpwBDjaQQ45JpRsD+HnFDN7a2YDokmFGxQC1sCTUYMJiUbjLccwypp1aqe5fe1Sh3nERXRCTpF58hDV6iO7lADNRFFGr2gV/TmPDvvzofzOW8tOPnMMVqA8/ULmyOZ7Q==</latexit>

-14
<latexit sha1_base64="e+W8hpBBEF2MmK0eRxupCYgCHkY=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGaCoMuAG5cRzAeSIfT09CRNumfG7hohDLmAF3CrN3Anbr2FF/Acdj4Lk/ig4PFeFVX1glQKg6777aytb2xubRd2irt7+weHpaPjpkkyzXiDJTLR7YAaLkXMGyhQ8naqOVWB5K1geDvxW09cG5HEDzhKua9oPxaRYBSt5HdNFFEl5Ihcele9UtmtuFOQVeLNSRnmqPdKP90wYZniMTJJjel4bop+TjUKJvm42M0MTykb0j7vWBpTxY2fT48ek3OrhCRKtK0YyVT9O5FTZcxIBbZTURyYZW8i/ud1Moxu/FzEaYY8ZrNFUSYJJmSSAAmF5gzty6GgTAt7K2EDqilDm9PClkDTIcdx0QbjLcewSprVimf5fbVcI/OICnAKZ3ABHlxDDe6gDg1g8Agv8ApvzrPz7nw4n7PWNWc+cwILcL5+ARUomak=</latexit><latexit sha1_base64="e+W8hpBBEF2MmK0eRxupCYgCHkY=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGaCoMuAG5cRzAeSIfT09CRNumfG7hohDLmAF3CrN3Anbr2FF/Acdj4Lk/ig4PFeFVX1glQKg6777aytb2xubRd2irt7+weHpaPjpkkyzXiDJTLR7YAaLkXMGyhQ8naqOVWB5K1geDvxW09cG5HEDzhKua9oPxaRYBSt5HdNFFEl5Ihcele9UtmtuFOQVeLNSRnmqPdKP90wYZniMTJJjel4bop+TjUKJvm42M0MTykb0j7vWBpTxY2fT48ek3OrhCRKtK0YyVT9O5FTZcxIBbZTURyYZW8i/ud1Moxu/FzEaYY8ZrNFUSYJJmSSAAmF5gzty6GgTAt7K2EDqilDm9PClkDTIcdx0QbjLcewSprVimf5fbVcI/OICnAKZ3ABHlxDDe6gDg1g8Agv8ApvzrPz7nw4n7PWNWc+cwILcL5+ARUomak=</latexit><latexit sha1_base64="e+W8hpBBEF2MmK0eRxupCYgCHkY=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGaCoMuAG5cRzAeSIfT09CRNumfG7hohDLmAF3CrN3Anbr2FF/Acdj4Lk/ig4PFeFVX1glQKg6777aytb2xubRd2irt7+weHpaPjpkkyzXiDJTLR7YAaLkXMGyhQ8naqOVWB5K1geDvxW09cG5HEDzhKua9oPxaRYBSt5HdNFFEl5Ihcele9UtmtuFOQVeLNSRnmqPdKP90wYZniMTJJjel4bop+TjUKJvm42M0MTykb0j7vWBpTxY2fT48ek3OrhCRKtK0YyVT9O5FTZcxIBbZTURyYZW8i/ud1Moxu/FzEaYY8ZrNFUSYJJmSSAAmF5gzty6GgTAt7K2EDqilDm9PClkDTIcdx0QbjLcewSprVimf5fbVcI/OICnAKZ3ABHlxDDe6gDg1g8Agv8ApvzrPz7nw4n7PWNWc+cwILcL5+ARUomak=</latexit><latexit sha1_base64="e+W8hpBBEF2MmK0eRxupCYgCHkY=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGaCoMuAG5cRzAeSIfT09CRNumfG7hohDLmAF3CrN3Anbr2FF/Acdj4Lk/ig4PFeFVX1glQKg6777aytb2xubRd2irt7+weHpaPjpkkyzXiDJTLR7YAaLkXMGyhQ8naqOVWB5K1geDvxW09cG5HEDzhKua9oPxaRYBSt5HdNFFEl5Ihcele9UtmtuFOQVeLNSRnmqPdKP90wYZniMTJJjel4bop+TjUKJvm42M0MTykb0j7vWBpTxY2fT48ek3OrhCRKtK0YyVT9O5FTZcxIBbZTURyYZW8i/ud1Moxu/FzEaYY8ZrNFUSYJJmSSAAmF5gzty6GgTAt7K2EDqilDm9PClkDTIcdx0QbjLcewSprVimf5fbVcI/OICnAKZ3ABHlxDDe6gDg1g8Agv8ApvzrPz7nw4n7PWNWc+cwILcL5+ARUomak=</latexit>

-13
<latexit sha1_base64="/Pk42gjR8+4DQOq4SHlArMRFvQk=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGbiQpcBNy4jmA8kQ+jp6UmadM+M3TVCGHIBL+BWb+BO3HoLL+A57HwWJvFBweO9KqrqBakUBl3321lb39jc2i7sFHf39g8OS0fHTZNkmvEGS2Si2wE1XIqYN1Cg5O1Uc6oCyVvB8Hbit564NiKJH3CUcl/RfiwiwShaye+aKKJKyBG59K56pbJbcacgq8SbkzLMUe+VfrphwjLFY2SSGtPx3BT9nGoUTPJxsZsZnlI2pH3esTSmihs/nx49JudWCUmUaFsxkqn6dyKnypiRCmynojgwy95E/M/rZBjd+LmI0wx5zGaLokwSTMgkARIKzRnal0NBmRb2VsIGVFOGNqeFLYGmQ47jog3GW45hlTSrFc/y+2q5RuYRFeAUzuACPLiGGtxBHRrA4BFe4BXenGfn3flwPmeta8585gQW4Hz9AhOQmag=</latexit><latexit sha1_base64="/Pk42gjR8+4DQOq4SHlArMRFvQk=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGbiQpcBNy4jmA8kQ+jp6UmadM+M3TVCGHIBL+BWb+BO3HoLL+A57HwWJvFBweO9KqrqBakUBl3321lb39jc2i7sFHf39g8OS0fHTZNkmvEGS2Si2wE1XIqYN1Cg5O1Uc6oCyVvB8Hbit564NiKJH3CUcl/RfiwiwShaye+aKKJKyBG59K56pbJbcacgq8SbkzLMUe+VfrphwjLFY2SSGtPx3BT9nGoUTPJxsZsZnlI2pH3esTSmihs/nx49JudWCUmUaFsxkqn6dyKnypiRCmynojgwy95E/M/rZBjd+LmI0wx5zGaLokwSTMgkARIKzRnal0NBmRb2VsIGVFOGNqeFLYGmQ47jog3GW45hlTSrFc/y+2q5RuYRFeAUzuACPLiGGtxBHRrA4BFe4BXenGfn3flwPmeta8585gQW4Hz9AhOQmag=</latexit><latexit sha1_base64="/Pk42gjR8+4DQOq4SHlArMRFvQk=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGbiQpcBNy4jmA8kQ+jp6UmadM+M3TVCGHIBL+BWb+BO3HoLL+A57HwWJvFBweO9KqrqBakUBl3321lb39jc2i7sFHf39g8OS0fHTZNkmvEGS2Si2wE1XIqYN1Cg5O1Uc6oCyVvB8Hbit564NiKJH3CUcl/RfiwiwShaye+aKKJKyBG59K56pbJbcacgq8SbkzLMUe+VfrphwjLFY2SSGtPx3BT9nGoUTPJxsZsZnlI2pH3esTSmihs/nx49JudWCUmUaFsxkqn6dyKnypiRCmynojgwy95E/M/rZBjd+LmI0wx5zGaLokwSTMgkARIKzRnal0NBmRb2VsIGVFOGNqeFLYGmQ47jog3GW45hlTSrFc/y+2q5RuYRFeAUzuACPLiGGtxBHRrA4BFe4BXenGfn3flwPmeta8585gQW4Hz9AhOQmag=</latexit><latexit sha1_base64="/Pk42gjR8+4DQOq4SHlArMRFvQk=">AAACCHicbVBLSgNBEK3xG+Mv6tJNYxDcGGbiQpcBNy4jmA8kQ+jp6UmadM+M3TVCGHIBL+BWb+BO3HoLL+A57HwWJvFBweO9KqrqBakUBl3321lb39jc2i7sFHf39g8OS0fHTZNkmvEGS2Si2wE1XIqYN1Cg5O1Uc6oCyVvB8Hbit564NiKJH3CUcl/RfiwiwShaye+aKKJKyBG59K56pbJbcacgq8SbkzLMUe+VfrphwjLFY2SSGtPx3BT9nGoUTPJxsZsZnlI2pH3esTSmihs/nx49JudWCUmUaFsxkqn6dyKnypiRCmynojgwy95E/M/rZBjd+LmI0wx5zGaLokwSTMgkARIKzRnal0NBmRb2VsIGVFOGNqeFLYGmQ47jog3GW45hlTSrFc/y+2q5RuYRFeAUzuACPLiGGtxBHRrA4BFe4BXenGfn3flwPmeta8585gQW4Hz9AhOQmag=</latexit>

-12
<latexit sha1_base64="xOulSzNQlsxQmb5OqtlnvxFGXk4=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgxjCTjS4DblxGMB9IhtDTqUma9PSM3TVCGHIBL+BWb+BO3HoLL+A57CSzMIkPCh7vVVFVL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycag5NHstYdwJmQAoFTRQooZNoYFEgoR2Mb2d++wm0EbF6wEkCfsSGSoSCM7SS3zNhyCIhJ/TKq/XLFbfqzkHXiZeTCsnR6Jd/eoOYpxEo5JIZ0/XcBP2MaRRcwrTUSw0kjI/ZELqWKhaB8bP50VN6YZUBDWNtSyGdq38nMhYZM4kC2xkxHJlVbyb+53VTDG/8TKgkRVB8sShMJcWYzhKgA6GBo315IBjXwt5K+YhpxtHmtLQl0GwMOC3ZYLzVGNZJq1b1LL+vVeo0j6hIzsg5uSQeuSZ1ckcapEk4eSQv5JW8Oc/Ou/PhfC5aC04+c0qW4Hz9AhH4mac=</latexit><latexit sha1_base64="xOulSzNQlsxQmb5OqtlnvxFGXk4=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgxjCTjS4DblxGMB9IhtDTqUma9PSM3TVCGHIBL+BWb+BO3HoLL+A57CSzMIkPCh7vVVFVL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycag5NHstYdwJmQAoFTRQooZNoYFEgoR2Mb2d++wm0EbF6wEkCfsSGSoSCM7SS3zNhyCIhJ/TKq/XLFbfqzkHXiZeTCsnR6Jd/eoOYpxEo5JIZ0/XcBP2MaRRcwrTUSw0kjI/ZELqWKhaB8bP50VN6YZUBDWNtSyGdq38nMhYZM4kC2xkxHJlVbyb+53VTDG/8TKgkRVB8sShMJcWYzhKgA6GBo315IBjXwt5K+YhpxtHmtLQl0GwMOC3ZYLzVGNZJq1b1LL+vVeo0j6hIzsg5uSQeuSZ1ckcapEk4eSQv5JW8Oc/Ou/PhfC5aC04+c0qW4Hz9AhH4mac=</latexit><latexit sha1_base64="xOulSzNQlsxQmb5OqtlnvxFGXk4=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgxjCTjS4DblxGMB9IhtDTqUma9PSM3TVCGHIBL+BWb+BO3HoLL+A57CSzMIkPCh7vVVFVL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycag5NHstYdwJmQAoFTRQooZNoYFEgoR2Mb2d++wm0EbF6wEkCfsSGSoSCM7SS3zNhyCIhJ/TKq/XLFbfqzkHXiZeTCsnR6Jd/eoOYpxEo5JIZ0/XcBP2MaRRcwrTUSw0kjI/ZELqWKhaB8bP50VN6YZUBDWNtSyGdq38nMhYZM4kC2xkxHJlVbyb+53VTDG/8TKgkRVB8sShMJcWYzhKgA6GBo315IBjXwt5K+YhpxtHmtLQl0GwMOC3ZYLzVGNZJq1b1LL+vVeo0j6hIzsg5uSQeuSZ1ckcapEk4eSQv5JW8Oc/Ou/PhfC5aC04+c0qW4Hz9AhH4mac=</latexit><latexit sha1_base64="xOulSzNQlsxQmb5OqtlnvxFGXk4=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgxjCTjS4DblxGMB9IhtDTqUma9PSM3TVCGHIBL+BWb+BO3HoLL+A57CSzMIkPCh7vVVFVL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftEycag5NHstYdwJmQAoFTRQooZNoYFEgoR2Mb2d++wm0EbF6wEkCfsSGSoSCM7SS3zNhyCIhJ/TKq/XLFbfqzkHXiZeTCsnR6Jd/eoOYpxEo5JIZ0/XcBP2MaRRcwrTUSw0kjI/ZELqWKhaB8bP50VN6YZUBDWNtSyGdq38nMhYZM4kC2xkxHJlVbyb+53VTDG/8TKgkRVB8sShMJcWYzhKgA6GBo315IBjXwt5K+YhpxtHmtLQl0GwMOC3ZYLzVGNZJq1b1LL+vVeo0j6hIzsg5uSQeuSZ1ckcapEk4eSQv5JW8Oc/Ou/PhfC5aC04+c0qW4Hz9AhH4mac=</latexit>

0
<latexit sha1_base64="KTZiBI+koPOFYHj8hJgifLWuC+Q=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPkD+qNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AchgkM0=</latexit><latexit sha1_base64="KTZiBI+koPOFYHj8hJgifLWuC+Q=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPkD+qNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AchgkM0=</latexit><latexit sha1_base64="KTZiBI+koPOFYHj8hJgifLWuC+Q=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPkD+qNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AchgkM0=</latexit><latexit sha1_base64="KTZiBI+koPOFYHj8hJgifLWuC+Q=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPkD+qNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AchgkM0=</latexit>

1
<latexit sha1_base64="VfvzHO1I3gxzYLGYDlSeuTCZhp4=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPUDCqNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AcnkkM4=</latexit><latexit sha1_base64="VfvzHO1I3gxzYLGYDlSeuTCZhp4=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPUDCqNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AcnkkM4=</latexit><latexit sha1_base64="VfvzHO1I3gxzYLGYDlSeuTCZhp4=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPUDCqNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AcnkkM4=</latexit><latexit sha1_base64="VfvzHO1I3gxzYLGYDlSeuTCZhp4=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPUDCqNfymvwTaJEFJGlCiM6p9DRNFckGlJRwbEwZ+ZqMCa8sIp/PqMDc0w2SKxzR0VGJBTVQsT56jK6ckKFXaPWnRUv29UWBhzEzEblJgOzHr3kL8zwtzm95GBZNZbqkkq4/SnCOr0CI/SpimxLrACcNEM3crIhOsMbGupaorIViPvEl6rWbg+EOr0a6XdVTgEupwDQHcQBvuoQNdIKDgGV7hzbPei/fufaxGt7xy5wL+wPv8AcnkkM4=</latexit>

2
<latexit sha1_base64="DhGoK2QaIgAUjpSInORaHPJXPYM=">AAAB8nicbVC7SgNBFJ31GeMramkzJAhWYTeNlgEbywjmAZslzM7OJkPmsczcFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w4E9yC7397W9s7u3v7lYPq4dHxyWnt7LxndW4o61IttBnExDLBFesCB8EGmWFExoL14+ndwu8/MWO5Vo8wy1gkyVjxlFMCTgqHNk2J5GKGW6Naw2/6S+BNEpSkgUp0RrWvYaJpLpkCKoi1YeBnEBXEAKeCzavD3LKM0CkZs9BRRSSzUbE8eY6vnJLgVBv3FOCl+nujINLamYzdpCQwseveQvzPC3NIb6OCqywHpujqozQXGDRe5McJN4yCC5xwQg13t2I6IYZQcC1VXQnBeuRN0ms1A8cfWo12vayjgi5RHV2jAN2gNrpHHdRFFGn0jF7Rmwfei/fufaxGt7xy5wL9gff5A8tokM8=</latexit><latexit sha1_base64="DhGoK2QaIgAUjpSInORaHPJXPYM=">AAAB8nicbVC7SgNBFJ31GeMramkzJAhWYTeNlgEbywjmAZslzM7OJkPmsczcFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w4E9yC7397W9s7u3v7lYPq4dHxyWnt7LxndW4o61IttBnExDLBFesCB8EGmWFExoL14+ndwu8/MWO5Vo8wy1gkyVjxlFMCTgqHNk2J5GKGW6Naw2/6S+BNEpSkgUp0RrWvYaJpLpkCKoi1YeBnEBXEAKeCzavD3LKM0CkZs9BRRSSzUbE8eY6vnJLgVBv3FOCl+nujINLamYzdpCQwseveQvzPC3NIb6OCqywHpujqozQXGDRe5McJN4yCC5xwQg13t2I6IYZQcC1VXQnBeuRN0ms1A8cfWo12vayjgi5RHV2jAN2gNrpHHdRFFGn0jF7Rmwfei/fufaxGt7xy5wL9gff5A8tokM8=</latexit><latexit sha1_base64="DhGoK2QaIgAUjpSInORaHPJXPYM=">AAAB8nicbVC7SgNBFJ31GeMramkzJAhWYTeNlgEbywjmAZslzM7OJkPmsczcFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w4E9yC7397W9s7u3v7lYPq4dHxyWnt7LxndW4o61IttBnExDLBFesCB8EGmWFExoL14+ndwu8/MWO5Vo8wy1gkyVjxlFMCTgqHNk2J5GKGW6Naw2/6S+BNEpSkgUp0RrWvYaJpLpkCKoi1YeBnEBXEAKeCzavD3LKM0CkZs9BRRSSzUbE8eY6vnJLgVBv3FOCl+nujINLamYzdpCQwseveQvzPC3NIb6OCqywHpujqozQXGDRe5McJN4yCC5xwQg13t2I6IYZQcC1VXQnBeuRN0ms1A8cfWo12vayjgi5RHV2jAN2gNrpHHdRFFGn0jF7Rmwfei/fufaxGt7xy5wL9gff5A8tokM8=</latexit><latexit sha1_base64="DhGoK2QaIgAUjpSInORaHPJXPYM=">AAAB8nicbVC7SgNBFJ31GeMramkzJAhWYTeNlgEbywjmAZslzM7OJkPmsczcFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w4E9yC7397W9s7u3v7lYPq4dHxyWnt7LxndW4o61IttBnExDLBFesCB8EGmWFExoL14+ndwu8/MWO5Vo8wy1gkyVjxlFMCTgqHNk2J5GKGW6Naw2/6S+BNEpSkgUp0RrWvYaJpLpkCKoi1YeBnEBXEAKeCzavD3LKM0CkZs9BRRSSzUbE8eY6vnJLgVBv3FOCl+nujINLamYzdpCQwseveQvzPC3NIb6OCqywHpujqozQXGDRe5McJN4yCC5xwQg13t2I6IYZQcC1VXQnBeuRN0ms1A8cfWo12vayjgi5RHV2jAN2gNrpHHdRFFGn0jF7Rmwfei/fufaxGt7xy5wL9gff5A8tokM8=</latexit>

3
<latexit sha1_base64="ANxL+g1TqyFpFWmhNXI6vrDXkes=">AAAB8nicbVC7SgNBFL0bXzG+opY2Q4JgFXZjoWXAxjKCecBmCbOzs8mQeSwzs0II+QwbC0Vs/Ro7/8ZJsoUmHhg4nHMvc8+JM86M9f1vr7S1vbO7V96vHBweHZ9UT8+6RuWa0A5RXOl+jA3lTNKOZZbTfqYpFjGnvXhyt/B7T1QbpuSjnWY0EngkWcoItk4KByZNsWB8iq6H1brf8JdAmyQoSB0KtIfVr0GiSC6otIRjY8LAz2w0w9oywum8MsgNzTCZ4BENHZVYUBPNlifP0aVTEpQq7Z60aKn+3phhYcxUxG5SYDs2695C/M8Lc5veRjMms9xSSVYfpTlHVqFFfpQwTYl1gROGiWbuVkTGWGNiXUsVV0KwHnmTdJuNwPGHZr1VK+oowwXU4AoCuIEW3EMbOkBAwTO8wptnvRfv3ftYjZa8Yucc/sD7/AHM7JDQ</latexit><latexit sha1_base64="ANxL+g1TqyFpFWmhNXI6vrDXkes=">AAAB8nicbVC7SgNBFL0bXzG+opY2Q4JgFXZjoWXAxjKCecBmCbOzs8mQeSwzs0II+QwbC0Vs/Ro7/8ZJsoUmHhg4nHMvc8+JM86M9f1vr7S1vbO7V96vHBweHZ9UT8+6RuWa0A5RXOl+jA3lTNKOZZbTfqYpFjGnvXhyt/B7T1QbpuSjnWY0EngkWcoItk4KByZNsWB8iq6H1brf8JdAmyQoSB0KtIfVr0GiSC6otIRjY8LAz2w0w9oywum8MsgNzTCZ4BENHZVYUBPNlifP0aVTEpQq7Z60aKn+3phhYcxUxG5SYDs2695C/M8Lc5veRjMms9xSSVYfpTlHVqFFfpQwTYl1gROGiWbuVkTGWGNiXUsVV0KwHnmTdJuNwPGHZr1VK+oowwXU4AoCuIEW3EMbOkBAwTO8wptnvRfv3ftYjZa8Yucc/sD7/AHM7JDQ</latexit><latexit sha1_base64="ANxL+g1TqyFpFWmhNXI6vrDXkes=">AAAB8nicbVC7SgNBFL0bXzG+opY2Q4JgFXZjoWXAxjKCecBmCbOzs8mQeSwzs0II+QwbC0Vs/Ro7/8ZJsoUmHhg4nHMvc8+JM86M9f1vr7S1vbO7V96vHBweHZ9UT8+6RuWa0A5RXOl+jA3lTNKOZZbTfqYpFjGnvXhyt/B7T1QbpuSjnWY0EngkWcoItk4KByZNsWB8iq6H1brf8JdAmyQoSB0KtIfVr0GiSC6otIRjY8LAz2w0w9oywum8MsgNzTCZ4BENHZVYUBPNlifP0aVTEpQq7Z60aKn+3phhYcxUxG5SYDs2695C/M8Lc5veRjMms9xSSVYfpTlHVqFFfpQwTYl1gROGiWbuVkTGWGNiXUsVV0KwHnmTdJuNwPGHZr1VK+oowwXU4AoCuIEW3EMbOkBAwTO8wptnvRfv3ftYjZa8Yucc/sD7/AHM7JDQ</latexit><latexit sha1_base64="ANxL+g1TqyFpFWmhNXI6vrDXkes=">AAAB8nicbVC7SgNBFL0bXzG+opY2Q4JgFXZjoWXAxjKCecBmCbOzs8mQeSwzs0II+QwbC0Vs/Ro7/8ZJsoUmHhg4nHMvc8+JM86M9f1vr7S1vbO7V96vHBweHZ9UT8+6RuWa0A5RXOl+jA3lTNKOZZbTfqYpFjGnvXhyt/B7T1QbpuSjnWY0EngkWcoItk4KByZNsWB8iq6H1brf8JdAmyQoSB0KtIfVr0GiSC6otIRjY8LAz2w0w9oywum8MsgNzTCZ4BENHZVYUBPNlifP0aVTEpQq7Z60aKn+3phhYcxUxG5SYDs2695C/M8Lc5veRjMms9xSSVYfpTlHVqFFfpQwTYl1gROGiWbuVkTGWGNiXUsVV0KwHnmTdJuNwPGHZr1VK+oowwXU4AoCuIEW3EMbOkBAwTO8wptnvRfv3ftYjZa8Yucc/sD7/AHM7JDQ</latexit>

4
<latexit sha1_base64="1UFk0aQJUR9Huw6w5zs2yoRyrbw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dhBbBVZkpgi4LblxWsA+YDiWTybSheQxJRiiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEGWfG+v63V9ra3tndK+9XDg6Pjk+qp2ddo3JNaIcornQ/xoZyJmnHMstpP9MUi5jTXjy5W/i9J6oNU/LRTjMaCTySLGUEWyeFA5OmWDA+RdfDat1v+EugTRIUpA4F2sPq1yBRJBdUWsKxMWHgZzaaYW0Z4XReGeSGZphM8IiGjkosqIlmy5Pn6NIpCUqVdk9atFR/b8ywMGYqYjcpsB2bdW8h/ueFuU1voxmTWW6pJKuP0pwjq9AiP0qYpsS6wAnDRDN3KyJjrDGxrqWKKyFYj7xJus1G4PhDs96qFXWU4QJqcAUB3EAL7qENHSCg4Ble4c2z3ov37n2sRktesXMOf+B9/gDOcJDR</latexit><latexit sha1_base64="1UFk0aQJUR9Huw6w5zs2yoRyrbw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dhBbBVZkpgi4LblxWsA+YDiWTybSheQxJRiiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEGWfG+v63V9ra3tndK+9XDg6Pjk+qp2ddo3JNaIcornQ/xoZyJmnHMstpP9MUi5jTXjy5W/i9J6oNU/LRTjMaCTySLGUEWyeFA5OmWDA+RdfDat1v+EugTRIUpA4F2sPq1yBRJBdUWsKxMWHgZzaaYW0Z4XReGeSGZphM8IiGjkosqIlmy5Pn6NIpCUqVdk9atFR/b8ywMGYqYjcpsB2bdW8h/ueFuU1voxmTWW6pJKuP0pwjq9AiP0qYpsS6wAnDRDN3KyJjrDGxrqWKKyFYj7xJus1G4PhDs96qFXWU4QJqcAUB3EAL7qENHSCg4Ble4c2z3ov37n2sRktesXMOf+B9/gDOcJDR</latexit><latexit sha1_base64="1UFk0aQJUR9Huw6w5zs2yoRyrbw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dhBbBVZkpgi4LblxWsA+YDiWTybSheQxJRiiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEGWfG+v63V9ra3tndK+9XDg6Pjk+qp2ddo3JNaIcornQ/xoZyJmnHMstpP9MUi5jTXjy5W/i9J6oNU/LRTjMaCTySLGUEWyeFA5OmWDA+RdfDat1v+EugTRIUpA4F2sPq1yBRJBdUWsKxMWHgZzaaYW0Z4XReGeSGZphM8IiGjkosqIlmy5Pn6NIpCUqVdk9atFR/b8ywMGYqYjcpsB2bdW8h/ueFuU1voxmTWW6pJKuP0pwjq9AiP0qYpsS6wAnDRDN3KyJjrDGxrqWKKyFYj7xJus1G4PhDs96qFXWU4QJqcAUB3EAL7qENHSCg4Ble4c2z3ov37n2sRktesXMOf+B9/gDOcJDR</latexit><latexit sha1_base64="1UFk0aQJUR9Huw6w5zs2yoRyrbw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dhBbBVZkpgi4LblxWsA+YDiWTybSheQxJRiiln+HGhSJu/Rp3/o1pOwttPRA4nHMvuefEGWfG+v63V9ra3tndK+9XDg6Pjk+qp2ddo3JNaIcornQ/xoZyJmnHMstpP9MUi5jTXjy5W/i9J6oNU/LRTjMaCTySLGUEWyeFA5OmWDA+RdfDat1v+EugTRIUpA4F2sPq1yBRJBdUWsKxMWHgZzaaYW0Z4XReGeSGZphM8IiGjkosqIlmy5Pn6NIpCUqVdk9atFR/b8ywMGYqYjcpsB2bdW8h/ueFuU1voxmTWW6pJKuP0pwjq9AiP0qYpsS6wAnDRDN3KyJjrDGxrqWKKyFYj7xJus1G4PhDs96qFXWU4QJqcAUB3EAL7qENHSCg4Ble4c2z3ov37n2sRktesXMOf+B9/gDOcJDR</latexit>
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(d)
<latexit sha1_base64="RB+vNst2TAnVyum+4TtqZF1Wzt0=">AAACCHicbVBLTgJBEK3BH+IPdemmI5rghsyw0SWJG5eYyCeBCenp6YEO3T1jd48JmXABL+BWb+DOuPUWXsBz2MAsBHxJJS/vVaWqXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbK/l9HUVYMD5B1fBqUK64NXcOtE68nFQgR3NQ/umHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzoKbq0SoiiWNmSBs3VvxMZFlpPRGA7BTYjverNxP+8XmqiGz9jMkkNlWSxKEo5MjGaJYBCpigx9uWQYaKYvRWREVaYGJvT0pZA4TE105INxluNYZ206zXP8vt6pXGRR1SEMziHKnhwDQ24gya0gMAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFOTZnQ</latexit><latexit sha1_base64="RB+vNst2TAnVyum+4TtqZF1Wzt0=">AAACCHicbVBLTgJBEK3BH+IPdemmI5rghsyw0SWJG5eYyCeBCenp6YEO3T1jd48JmXABL+BWb+DOuPUWXsBz2MAsBHxJJS/vVaWqXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbK/l9HUVYMD5B1fBqUK64NXcOtE68nFQgR3NQ/umHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzoKbq0SoiiWNmSBs3VvxMZFlpPRGA7BTYjverNxP+8XmqiGz9jMkkNlWSxKEo5MjGaJYBCpigx9uWQYaKYvRWREVaYGJvT0pZA4TE105INxluNYZ206zXP8vt6pXGRR1SEMziHKnhwDQ24gya0gMAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFOTZnQ</latexit><latexit sha1_base64="RB+vNst2TAnVyum+4TtqZF1Wzt0=">AAACCHicbVBLTgJBEK3BH+IPdemmI5rghsyw0SWJG5eYyCeBCenp6YEO3T1jd48JmXABL+BWb+DOuPUWXsBz2MAsBHxJJS/vVaWqXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbK/l9HUVYMD5B1fBqUK64NXcOtE68nFQgR3NQ/umHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzoKbq0SoiiWNmSBs3VvxMZFlpPRGA7BTYjverNxP+8XmqiGz9jMkkNlWSxKEo5MjGaJYBCpigx9uWQYaKYvRWREVaYGJvT0pZA4TE105INxluNYZ206zXP8vt6pXGRR1SEMziHKnhwDQ24gya0gMAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFOTZnQ</latexit><latexit sha1_base64="RB+vNst2TAnVyum+4TtqZF1Wzt0=">AAACCHicbVBLTgJBEK3BH+IPdemmI5rghsyw0SWJG5eYyCeBCenp6YEO3T1jd48JmXABL+BWb+DOuPUWXsBz2MAsBHxJJS/vVaWqXpBwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGknGN/O/M4TVZrF8sFMEuoLPJQsYgQbK/l9HUVYMD5B1fBqUK64NXcOtE68nFQgR3NQ/umHMUkFlYZwrHXPcxPjZ1gZRjidlvqppgkmYzykPUslFlT72fzoKbq0SoiiWNmSBs3VvxMZFlpPRGA7BTYjverNxP+8XmqiGz9jMkkNlWSxKEo5MjGaJYBCpigx9uWQYaKYvRWREVaYGJvT0pZA4TE105INxluNYZ206zXP8vt6pXGRR1SEMziHKnhwDQ24gya0gMAjvMArvDnPzrvz4XwuWgtOPnMKS3C+fgFOTZnQ</latexit>

E (0)
<latexit sha1_base64="VkTyBg+BMil0+Gwb0uH3E+uV5Bc=">AAACI3icbVC7TsMwFHV4lvIqMLJYtKCyVEkXGCshJMYi0YfUlMpxblqrjhPZDqKK8gf8Bj/ACn/AhlgYWPkO3MdAW45k6eic+/LxYs6Utu0va2V1bX1jM7eV397Z3dsvHBw2VZRICg0a8Ui2PaKAMwENzTSHdiyBhB6Hlje8GvutB5CKReJOj2LohqQvWMAo0UbqFc5cFQQkZHyEXREx4YPQ2NXwaGal11npPi3b51mpVyjaFXsCvEycGSmiGeq9wo/rRzQJzTjKiVIdx451NyVSM8ohy7uJgpjQIelDx1BBQlDddPKfDJ8axcdBJM0z50zUvx0pCZUahZ6pDIkeqEVvLP7ndRIdXHZTJuJEg6DTRUHCsY7wOBzsMwlUmyx8Rqhk5lZMB0QSqk2Ec1s8SYags7wJxlmMYZk0qxXH8NtqsVaaRZRDx+gElZGDLlAN3aA6aiCKntALekVv1rP1bn1Yn9PSFWvWc4TmYH3/AoS4pHs=</latexit><latexit sha1_base64="VkTyBg+BMil0+Gwb0uH3E+uV5Bc=">AAACI3icbVC7TsMwFHV4lvIqMLJYtKCyVEkXGCshJMYi0YfUlMpxblqrjhPZDqKK8gf8Bj/ACn/AhlgYWPkO3MdAW45k6eic+/LxYs6Utu0va2V1bX1jM7eV397Z3dsvHBw2VZRICg0a8Ui2PaKAMwENzTSHdiyBhB6Hlje8GvutB5CKReJOj2LohqQvWMAo0UbqFc5cFQQkZHyEXREx4YPQ2NXwaGal11npPi3b51mpVyjaFXsCvEycGSmiGeq9wo/rRzQJzTjKiVIdx451NyVSM8ohy7uJgpjQIelDx1BBQlDddPKfDJ8axcdBJM0z50zUvx0pCZUahZ6pDIkeqEVvLP7ndRIdXHZTJuJEg6DTRUHCsY7wOBzsMwlUmyx8Rqhk5lZMB0QSqk2Ec1s8SYags7wJxlmMYZk0qxXH8NtqsVaaRZRDx+gElZGDLlAN3aA6aiCKntALekVv1rP1bn1Yn9PSFWvWc4TmYH3/AoS4pHs=</latexit><latexit sha1_base64="VkTyBg+BMil0+Gwb0uH3E+uV5Bc=">AAACI3icbVC7TsMwFHV4lvIqMLJYtKCyVEkXGCshJMYi0YfUlMpxblqrjhPZDqKK8gf8Bj/ACn/AhlgYWPkO3MdAW45k6eic+/LxYs6Utu0va2V1bX1jM7eV397Z3dsvHBw2VZRICg0a8Ui2PaKAMwENzTSHdiyBhB6Hlje8GvutB5CKReJOj2LohqQvWMAo0UbqFc5cFQQkZHyEXREx4YPQ2NXwaGal11npPi3b51mpVyjaFXsCvEycGSmiGeq9wo/rRzQJzTjKiVIdx451NyVSM8ohy7uJgpjQIelDx1BBQlDddPKfDJ8axcdBJM0z50zUvx0pCZUahZ6pDIkeqEVvLP7ndRIdXHZTJuJEg6DTRUHCsY7wOBzsMwlUmyx8Rqhk5lZMB0QSqk2Ec1s8SYags7wJxlmMYZk0qxXH8NtqsVaaRZRDx+gElZGDLlAN3aA6aiCKntALekVv1rP1bn1Yn9PSFWvWc4TmYH3/AoS4pHs=</latexit><latexit sha1_base64="VkTyBg+BMil0+Gwb0uH3E+uV5Bc=">AAACI3icbVC7TsMwFHV4lvIqMLJYtKCyVEkXGCshJMYi0YfUlMpxblqrjhPZDqKK8gf8Bj/ACn/AhlgYWPkO3MdAW45k6eic+/LxYs6Utu0va2V1bX1jM7eV397Z3dsvHBw2VZRICg0a8Ui2PaKAMwENzTSHdiyBhB6Hlje8GvutB5CKReJOj2LohqQvWMAo0UbqFc5cFQQkZHyEXREx4YPQ2NXwaGal11npPi3b51mpVyjaFXsCvEycGSmiGeq9wo/rRzQJzTjKiVIdx451NyVSM8ohy7uJgpjQIelDx1BBQlDddPKfDJ8axcdBJM0z50zUvx0pCZUahZ6pDIkeqEVvLP7ndRIdXHZTJuJEg6DTRUHCsY7wOBzsMwlUmyx8Rqhk5lZMB0QSqk2Ec1s8SYags7wJxlmMYZk0qxXH8NtqsVaaRZRDx+gElZGDLlAN3aA6aiCKntALekVv1rP1bn1Yn9PSFWvWc4TmYH3/AoS4pHs=</latexit>

Cell
Size

<latexit sha1_base64="GtTwSo42rN59FY1I7Vm2stsT25w=">AAACHXicbVC7TsMwFHV4lvIKMLJYFCSmKukCY6UujEXQh9RElePctFYdJ7IdpBJ15Tf4AVb4AzbEivgBvgO3zUBbjmTp6Jz78glSzpR2nG9rbX1jc2u7tFPe3ds/OLSPjtsqySSFFk14IrsBUcCZgJZmmkM3lUDigEMnGDWmfucBpGKJuNfjFPyYDASLGCXaSH0beyqKSMz4GHsiYSIEoXEDOMeeh+/YI/TtilN1ZsCrxC1IBRVo9u0fL0xoFptBlBOleq6Taj8nUjPKYVL2MgUpoSMygJ6hgsSg/Hz2kwm+MEqIo0SaZw6ZqX87chIrNY4DUxkTPVTL3lT8z+tlOrr2cybSTIOg80VRxrFO8DQWHDIJVJsUQkaoZOZWTIdEEqpNeAtbAklGoCdlE4y7HMMqadeqruG3tUr9vIiohE7RGbpELrpCdXSDmqiFKHpCL+gVvVnP1rv1YX3OS9esoucELcD6+gWuOaH4</latexit><latexit sha1_base64="GtTwSo42rN59FY1I7Vm2stsT25w=">AAACHXicbVC7TsMwFHV4lvIKMLJYFCSmKukCY6UujEXQh9RElePctFYdJ7IdpBJ15Tf4AVb4AzbEivgBvgO3zUBbjmTp6Jz78glSzpR2nG9rbX1jc2u7tFPe3ds/OLSPjtsqySSFFk14IrsBUcCZgJZmmkM3lUDigEMnGDWmfucBpGKJuNfjFPyYDASLGCXaSH0beyqKSMz4GHsiYSIEoXEDOMeeh+/YI/TtilN1ZsCrxC1IBRVo9u0fL0xoFptBlBOleq6Taj8nUjPKYVL2MgUpoSMygJ6hgsSg/Hz2kwm+MEqIo0SaZw6ZqX87chIrNY4DUxkTPVTL3lT8z+tlOrr2cybSTIOg80VRxrFO8DQWHDIJVJsUQkaoZOZWTIdEEqpNeAtbAklGoCdlE4y7HMMqadeqruG3tUr9vIiohE7RGbpELrpCdXSDmqiFKHpCL+gVvVnP1rv1YX3OS9esoucELcD6+gWuOaH4</latexit><latexit sha1_base64="GtTwSo42rN59FY1I7Vm2stsT25w=">AAACHXicbVC7TsMwFHV4lvIKMLJYFCSmKukCY6UujEXQh9RElePctFYdJ7IdpBJ15Tf4AVb4AzbEivgBvgO3zUBbjmTp6Jz78glSzpR2nG9rbX1jc2u7tFPe3ds/OLSPjtsqySSFFk14IrsBUcCZgJZmmkM3lUDigEMnGDWmfucBpGKJuNfjFPyYDASLGCXaSH0beyqKSMz4GHsiYSIEoXEDOMeeh+/YI/TtilN1ZsCrxC1IBRVo9u0fL0xoFptBlBOleq6Taj8nUjPKYVL2MgUpoSMygJ6hgsSg/Hz2kwm+MEqIo0SaZw6ZqX87chIrNY4DUxkTPVTL3lT8z+tlOrr2cybSTIOg80VRxrFO8DQWHDIJVJsUQkaoZOZWTIdEEqpNeAtbAklGoCdlE4y7HMMqadeqruG3tUr9vIiohE7RGbpELrpCdXSDmqiFKHpCL+gVvVnP1rv1YX3OS9esoucELcD6+gWuOaH4</latexit><latexit sha1_base64="GtTwSo42rN59FY1I7Vm2stsT25w=">AAACHXicbVC7TsMwFHV4lvIKMLJYFCSmKukCY6UujEXQh9RElePctFYdJ7IdpBJ15Tf4AVb4AzbEivgBvgO3zUBbjmTp6Jz78glSzpR2nG9rbX1jc2u7tFPe3ds/OLSPjtsqySSFFk14IrsBUcCZgJZmmkM3lUDigEMnGDWmfucBpGKJuNfjFPyYDASLGCXaSH0beyqKSMz4GHsiYSIEoXEDOMeeh+/YI/TtilN1ZsCrxC1IBRVo9u0fL0xoFptBlBOleq6Taj8nUjPKYVL2MgUpoSMygJ6hgsSg/Hz2kwm+MEqIo0SaZw6ZqX87chIrNY4DUxkTPVTL3lT8z+tlOrr2cybSTIOg80VRxrFO8DQWHDIJVJsUQkaoZOZWTIdEEqpNeAtbAklGoCdlE4y7HMMqadeqruG3tUr9vIiohE7RGbpELrpCdXSDmqiFKHpCL+gVvVnP1rv1YX3OS9esoucELcD6+gWuOaH4</latexit>

�✓
<latexit sha1_base64="BzHVrRjl8NITodBXRZbZ71MKKd8=">AAACLXicbVDLSgMxFM34tr6qLt0EW8GVzLjRpaALlwpWhU4pdzJ3bGgmGZI7Qhn6G/6GP+BW/8CFIC71N0xrF74uhBzOuTf35CSFko7C8CWYmp6ZnZtfWKwtLa+srtXXNy6dKa3AljDK2OsEHCqpsUWSFF4XFiFPFF4l/eORfnWL1kmjL2hQYCeHGy0zKYA81a2HscsyyKUa8FgbqVPUxJvxCSoCHidGpW6Q+6uKqYcEw2a33gj3wnHxvyCagAab1Fm3/h6nRpS5f1gocK4dhQV1KrAkhcJhLS4dFiD6cINtDzXk6DrV+GdDvuOZlGfG+uONjdnvExXkbmTQd+ZAPfdbG5H/ae2SssNOJXVREmrxtSgrFSfDRzHxVFoU5FNJJQgrvVcuemBBkA/zx5bEQh9pWPPBRL9j+Asu9/cij8/3G0fNSUQLbItts10WsQN2xE7ZGWsxwe7YA3tkT8F98By8Bm9frVPBZGaT/ajg4xN3Vakw</latexit><latexit sha1_base64="BzHVrRjl8NITodBXRZbZ71MKKd8=">AAACLXicbVDLSgMxFM34tr6qLt0EW8GVzLjRpaALlwpWhU4pdzJ3bGgmGZI7Qhn6G/6GP+BW/8CFIC71N0xrF74uhBzOuTf35CSFko7C8CWYmp6ZnZtfWKwtLa+srtXXNy6dKa3AljDK2OsEHCqpsUWSFF4XFiFPFF4l/eORfnWL1kmjL2hQYCeHGy0zKYA81a2HscsyyKUa8FgbqVPUxJvxCSoCHidGpW6Q+6uKqYcEw2a33gj3wnHxvyCagAab1Fm3/h6nRpS5f1gocK4dhQV1KrAkhcJhLS4dFiD6cINtDzXk6DrV+GdDvuOZlGfG+uONjdnvExXkbmTQd+ZAPfdbG5H/ae2SssNOJXVREmrxtSgrFSfDRzHxVFoU5FNJJQgrvVcuemBBkA/zx5bEQh9pWPPBRL9j+Asu9/cij8/3G0fNSUQLbItts10WsQN2xE7ZGWsxwe7YA3tkT8F98By8Bm9frVPBZGaT/ajg4xN3Vakw</latexit><latexit sha1_base64="BzHVrRjl8NITodBXRZbZ71MKKd8=">AAACLXicbVDLSgMxFM34tr6qLt0EW8GVzLjRpaALlwpWhU4pdzJ3bGgmGZI7Qhn6G/6GP+BW/8CFIC71N0xrF74uhBzOuTf35CSFko7C8CWYmp6ZnZtfWKwtLa+srtXXNy6dKa3AljDK2OsEHCqpsUWSFF4XFiFPFF4l/eORfnWL1kmjL2hQYCeHGy0zKYA81a2HscsyyKUa8FgbqVPUxJvxCSoCHidGpW6Q+6uKqYcEw2a33gj3wnHxvyCagAab1Fm3/h6nRpS5f1gocK4dhQV1KrAkhcJhLS4dFiD6cINtDzXk6DrV+GdDvuOZlGfG+uONjdnvExXkbmTQd+ZAPfdbG5H/ae2SssNOJXVREmrxtSgrFSfDRzHxVFoU5FNJJQgrvVcuemBBkA/zx5bEQh9pWPPBRL9j+Asu9/cij8/3G0fNSUQLbItts10WsQN2xE7ZGWsxwe7YA3tkT8F98By8Bm9frVPBZGaT/ajg4xN3Vakw</latexit><latexit sha1_base64="BzHVrRjl8NITodBXRZbZ71MKKd8=">AAACLXicbVDLSgMxFM34tr6qLt0EW8GVzLjRpaALlwpWhU4pdzJ3bGgmGZI7Qhn6G/6GP+BW/8CFIC71N0xrF74uhBzOuTf35CSFko7C8CWYmp6ZnZtfWKwtLa+srtXXNy6dKa3AljDK2OsEHCqpsUWSFF4XFiFPFF4l/eORfnWL1kmjL2hQYCeHGy0zKYA81a2HscsyyKUa8FgbqVPUxJvxCSoCHidGpW6Q+6uKqYcEw2a33gj3wnHxvyCagAab1Fm3/h6nRpS5f1gocK4dhQV1KrAkhcJhLS4dFiD6cINtDzXk6DrV+GdDvuOZlGfG+uONjdnvExXkbmTQd+ZAPfdbG5H/ae2SssNOJXVREmrxtSgrFSfDRzHxVFoU5FNJJQgrvVcuemBBkA/zx5bEQh9pWPPBRL9j+Asu9/cij8/3G0fNSUQLbItts10WsQN2xE7ZGWsxwe7YA3tkT8F98By8Bm9frVPBZGaT/ajg4xN3Vakw</latexit>
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<latexit sha1_base64="RAVZ7k7sf7yvPJ9pa6QwbfUnsoI=">AAACPXicnZA7T8MwFIWd8irlFWBksdoiMVVJFxgrsTAWqS+pqSLHuWmtOk5kO0hVlD/Gwn9gY2NhACFWVtzHAJSJa1k6Oude2fcLUs6Udpwnq7SxubW9U96t7O0fHB7Zxyc9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0yv53n/DqRiiejoWQqjmIwFixgl2li+3fFUFJGY8Rmue5kIQQaSUMg9/L9T+HlR9+2a03AWhdeFuxI1tKq2bz96YUKzGISmnCg1dJ1Uj3IiNaMcioqXKUgJnZIxDI0UJAY1yhfbF/jcOCGOEmmu0Hjhfp/ISazULA5MZ0z0RP3O5uZf2TDT0dUoZyLNNAi6fCjKONYJnqPEIZNAtSEXMkIlM3/FdEIMPm2AVwwE9/fK66LXbLhG3zZrreoKRxmdoSq6QC66RC10g9qoiyi6R8/oFb1ZD9aL9W59LFtL1mrmFP0o6/MLDO2oRg==</latexit><latexit sha1_base64="RAVZ7k7sf7yvPJ9pa6QwbfUnsoI=">AAACPXicnZA7T8MwFIWd8irlFWBksdoiMVVJFxgrsTAWqS+pqSLHuWmtOk5kO0hVlD/Gwn9gY2NhACFWVtzHAJSJa1k6Oude2fcLUs6Udpwnq7SxubW9U96t7O0fHB7Zxyc9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0yv53n/DqRiiejoWQqjmIwFixgl2li+3fFUFJGY8Rmue5kIQQaSUMg9/L9T+HlR9+2a03AWhdeFuxI1tKq2bz96YUKzGISmnCg1dJ1Uj3IiNaMcioqXKUgJnZIxDI0UJAY1yhfbF/jcOCGOEmmu0Hjhfp/ISazULA5MZ0z0RP3O5uZf2TDT0dUoZyLNNAi6fCjKONYJnqPEIZNAtSEXMkIlM3/FdEIMPm2AVwwE9/fK66LXbLhG3zZrreoKRxmdoSq6QC66RC10g9qoiyi6R8/oFb1ZD9aL9W59LFtL1mrmFP0o6/MLDO2oRg==</latexit><latexit sha1_base64="RAVZ7k7sf7yvPJ9pa6QwbfUnsoI=">AAACPXicnZA7T8MwFIWd8irlFWBksdoiMVVJFxgrsTAWqS+pqSLHuWmtOk5kO0hVlD/Gwn9gY2NhACFWVtzHAJSJa1k6Oude2fcLUs6Udpwnq7SxubW9U96t7O0fHB7Zxyc9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0yv53n/DqRiiejoWQqjmIwFixgl2li+3fFUFJGY8Rmue5kIQQaSUMg9/L9T+HlR9+2a03AWhdeFuxI1tKq2bz96YUKzGISmnCg1dJ1Uj3IiNaMcioqXKUgJnZIxDI0UJAY1yhfbF/jcOCGOEmmu0Hjhfp/ISazULA5MZ0z0RP3O5uZf2TDT0dUoZyLNNAi6fCjKONYJnqPEIZNAtSEXMkIlM3/FdEIMPm2AVwwE9/fK66LXbLhG3zZrreoKRxmdoSq6QC66RC10g9qoiyi6R8/oFb1ZD9aL9W59LFtL1mrmFP0o6/MLDO2oRg==</latexit><latexit sha1_base64="RAVZ7k7sf7yvPJ9pa6QwbfUnsoI=">AAACPXicnZA7T8MwFIWd8irlFWBksdoiMVVJFxgrsTAWqS+pqSLHuWmtOk5kO0hVlD/Gwn9gY2NhACFWVtzHAJSJa1k6Oude2fcLUs6Udpwnq7SxubW9U96t7O0fHB7Zxyc9lWSSQpcmPJGDgCjgTEBXM81hkEogccChH0yv53n/DqRiiejoWQqjmIwFixgl2li+3fFUFJGY8Rmue5kIQQaSUMg9/L9T+HlR9+2a03AWhdeFuxI1tKq2bz96YUKzGISmnCg1dJ1Uj3IiNaMcioqXKUgJnZIxDI0UJAY1yhfbF/jcOCGOEmmu0Hjhfp/ISazULA5MZ0z0RP3O5uZf2TDT0dUoZyLNNAi6fCjKONYJnqPEIZNAtSEXMkIlM3/FdEIMPm2AVwwE9/fK66LXbLhG3zZrreoKRxmdoSq6QC66RC10g9qoiyi6R8/oFb1ZD9aL9W59LFtL1mrmFP0o6/MLDO2oRg==</latexit>
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<latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit>
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<latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit><latexit sha1_base64="OurUL7UJy1DU+5XBOGEErL1Mym4=">AAACKXichZDLSsNAFIYn9VbrLerSzdBWcFWSbnRZcOOygr1AU8JkctIOnUzCzEQoIa/jxldxo6CoW1/E6WWhreAZBn7+/xxmzheknCntOB9WaWNza3unvFvZ2z84PLKPT7oqySSFDk14IvsBUcCZgI5mmkM/lUDigEMvmFzP8t49SMUScaenKQxjMhIsYpRoY/l2y1NRRGLGp7juZSIEGUhCIffw/6fw86Lu2zWn4cwLrwt3KWpoWW3ffvHChGYxCE05UWrgOqke5kRqRjkUFS9TkBI6ISMYGClIDGqYzzct8LlxQhwl0lyh8dz9OZGTWKlpHJjOmOixWs1m5l/ZINPR1TBnIs00CLp4KMo41gmeYcMhk0C1oRQyQiUzf8V0TAwqbeBWDAR3deV10W02XKNvm7VWdYmjjM5QFV0gF12iFrpBbdRBFD2gJ/SK3qxH69l6tz4XrSVrOXOKfpX19Q0c/aKm</latexit>
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<latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit>

ii
<latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit> iii

<latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit>

i
<latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit><latexit sha1_base64="tK7/CnVCvMvYRqRprRHl+wYVB2c=">AAAB8nicbVC7SgNBFL3rM8ZX1NJmSBCswm4aLQM2lhHMAzZLmJ2dTYbMY5mZFcKSz7CxUMTWr7Hzb5wkW2jigYHDOfcy95w448xY3//2trZ3dvf2KwfVw6Pjk9Pa2XnPqFwT2iWKKz2IsaGcSdq1zHI6yDTFIua0H0/vFn7/iWrDlHy0s4xGAo8lSxnB1knh0KQpFozPEBvVGn7TXwJtkqAkDSjRGdW+hokiuaDSEo6NCQM/s1GBtWWE03l1mBuaYTLFYxo6KrGgJiqWJ8/RlVMSlCrtnrRoqf7eKLAwZiZiNymwnZh1byH+54W5TW+jgskst1SS1UdpzpFVaJEfJUxTYl3ghGGimbsVkQnWmFjXUtWVEKxH3iS9VjNw/KHVaNfLOipwCXW4hgBuoA330IEuEFDwDK/w5lnvxXv3PlajW165cwF/4H3+AB7TkQY=</latexit>

iii
<latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit><latexit sha1_base64="baJ68ryCkQu5loObJA/Nl4ou4Os=">AAAB9HicbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84BkCbOzs8mQeawzs4Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuuruilDNjff/b29re2d3bLx2UD4+OT04rZ+cdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5W/jdKdWGKfloZykNBR5JljCCrZPCgUkSLBifIcbYsFLz6/4SaJMEBalBgdaw8jWIFckElZZwbEw/8FMb5lhbRjidlweZoSkmEzyifUclFtSE+fLoObpySowSpV1Ji5bq74kcC2NmInKdAtuxWfcW4n9eP7PJbZgzmWaWSrJalGQcWYUWCaCYaUqsezlmmGjmbkVkjDUm1uVUdiEE6y9vkk6jHjj+0Kg1q0UcJbiEKlxDADfQhHtoQRsIPMEzvMKbN/VevHfvY9W65RUzF/AH3ucPsAWR7A==</latexit>ii

<latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit><latexit sha1_base64="6/vA/irI5/dDlfx/+LXCUKluDns=">AAAB83icbVDLSgNBEOz1GeMr6tHLkCB4Cru56DHgxWME84DsEmZnZ5MhM7PLPISw5De8eFDEqz/jzb9xkuxBEwsaiqpuurvinDNtfP/b29re2d3brxxUD4+OT05rZ+c9nVlFaJdkPFODGGvKmaRdwwyng1xRLGJO+/H0buH3n6jSLJOPZpbTSOCxZCkj2DgpDHWaYsH4DDE2qjX8pr8E2iRBSRpQojOqfYVJRqyg0hCOtR4Gfm6iAivDCKfzamg1zTGZ4jEdOiqxoDoqljfP0ZVTEpRmypU0aKn+niiw0HomYtcpsJnodW8h/ucNrUlvo4LJ3BoqyWpRajkyGVoEgBKmKDHu44Rhopi7FZEJVpgYF1PVhRCsv7xJeq1m4PhDq9Gul3FU4BLqcA0B3EAb7qEDXSCQwzO8wptnvRfv3ftYtW555cwF/IH3+QPnL5F5</latexit>
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FIG. 2: Schwinger ground state (20 ions). (a) Optimisation trajectory: Convergence of experimental energies E(✓i) ⌘

h (✓i)| ĤT | (✓i)i (dots) vs. iteration number i of the DIRECT optimisation algorithm (see text), for m=0.9, w= ḡ=1. To
ensure global convergence, the search algorithm not only attempts to refine the current minimum, but also keeps exploring
new parts of the parameter space, leading (often) to high energy values, even in the later stages of the run. Energy values
E(✓i) are colour-coded to indicate the Euclidian distance of ✓i to the final optimised parameter vector ✓opt, as selected by
theoretical fidelity (see panel (c)). The solid red line indicates the algorithm’s current estimate of the groundstate energy and
its 2� uncertainty (shaded area), from modelling the thus far observed energies as jointly gaussian distributed random variables
(see Appendix A). Inset: Close-up of a late stage of the optimisation, where statistical errorbars (as defined in Appendix G) are
displayed, and theoretically simulated values are plotted as crosses. (b) Visualisation of sampled energy landscape: Sampled
energies E(✓i) relative to the ground state energy, plotted versus the parameter distance �✓ and the size of the domain in
parameter space (cell) that each point represents internally in the optimisation algorithm (see Appendix A). Distinct local
minima are visible as ’fingers’, marked (i), (ii) and (iii), extending towards smaller cell sizes, indicative of an increasingly
fine sampling of the parameter space near a local minimum. (c) Fidelity of many-body wavefunction: Theoretical fidelities F

computed for ✓i, with a rough indication of the iterations during which each of the minima (i), (ii), (iii) of panel (b) provided the
current best solution. (d) Correlation experiment-theory: Experimentally measured energy (Eexp) versus numerically simulated
(Eth) energies, showing agreement within 2� (blue shaded area).

into account cost function values and cell sizes (see Ap-
pendix A). To each optimisation run, we assign a total
budget of (up to) 105 calls to the quantum simulator,
where a single call involves variational state preparation
and projective measurement of the qubits in a given ba-
sis. To determine the energy expectation value for given
parameters, initially 30 projective measurements per ba-
sis are performed. Additional samples are taken when
refinement is needed, e.g. when two similarly sized cells
are competing candidates for a subdivision step, but it is
unclear which function value is lower due to the statistical
uncertainty resulting from a finite number of projective
measurements.

Variational Schwinger ground state for 20 ions – An

optimisation trajectory consisting of energy evaluations
E(✓i) ⌘ h (✓i)| ĤT | (✓i)i for 20 ions is shown in Fig. 2
(a), as a function of the iteration number i of the op-
timisation algorithm. Energies and wavefunctions were
found to converge with a circuit of depth 6. We ap-
proximate translational invariance in a bulk region of
14 central sites, resulting in a variational scheme with
15 parameters. For reference, we plot the exact ground
state energy E(0) and first excited state E(1) in the zero-
magnetisation sector (corresponding to an intra-sector
energy gap � = E(1)

�E(0)), obtained from exact di-
agonalisation (ED) of the lattice Schwinger model. Our
global search algorithm continuously explores new parts
of the parameter space, leading to a large spread in the
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Supercon
ductivity

in the dope
d

Hubbard
model and

its interp
lay

with next-nea
rest hopp

ing t′

Hong-Che
n Jiang

1* and Thomas P. Devereau
x1,

2

TheHub
bardmodel isw

idely be
lieved to contain

the esse
ntial ing

redients
of high-t

emperature

superco
nductivi

ty. Howe
ver, prov

ing definitiv
ely that the

model sup
ports superco

nductivi
ty

is challeng
ing. Her

e, we report a
large-sc

ale density
matrix renormalization

group study

of the lightly doped Hubbar
d model on

four-leg
cylinder

s at hole
doping

concent
ration

d = 12.5%.We reveal
a delica

te interp
lay betw

een superco
nductiv

ity and charge d
ensity w

ave

and spin density
wave orders tunable

via next-ne
arest ne

ighbor h
opping

t′. For fi
nite t′,

the ground
state is consiste

nt with
a Luther-E

mery liquid with power-l
aw superco

nductin
g

and charge
density

wave correlat
ions associa

ted with half-fille
d charge

stripes.
In contras

t,

for t′ = 0, super
conduct

ing correlat
ions fall off e

xponen
tially, w

hereas charge
density

and spin density
modulatio

ns are dominant. O
ur resul

ts indicate
that a route to robust

long-ran
ge superco

nductiv
ity involves

destabi
lizing insulati

ng charge
stripes

in the doped

Hubbar
d model.

I
n the two-

dimensiona
l Hubbardm

odel, the

close com
petition

between
a number of ne

ar-

degener
ate grou

nd states m
akes it d

ifficult

to deter
mine whe

ther the
model sup

ports

the pres
ence of r

obust su
percond

ucting (S
C)

order (1)
. Finite t

emperature
studies u

sing clus
ter

dynamicalmean field
theory in

dicate a
transitio

n

into a un
iform d-wave S

C state at t
emperature

s

~0.02t (
where t is the hopping

integral
) (2).

However,
extensiv

e studie
s using

the den
sity

matrix ren
ormalization

group (DMRG), par
tic-

ularly ar
ound d = 12.5% hole dop

ing conc
entra-

tion, ind
icate tha

t the cha
rge dens

itywave
(CDW)

and spin
density w

ave (SDW
) orders

in the form

of “strip
es” prov

ide dom
inant co

rrelation
s, with

SC correlati
ons bein

g subleadi
ng and decaying

exponen
tially wit

h lattice
size (3–5

). In addition
,

the filling of the stripes and their wavelen
gth

depends
strongly

on next-nea
rest neig

hbor hop
-

ping t′, with
a much smaller depende

nce on

Hubbard
Coulomb repulsio

n U, reflec
ting a flat

energy landscap
e for diffe

rent stri
pe configur

a-

tions in
Hubbard

ladders (
3, 5, 6). T

his raise
s the

possibil
ity that

the deli
cate inte

rplay be
tween

stripe an
d SC orders c

auses th
e under

lying SC

state of
the Hubbard

model to
be parti

cularly

sensitive
to t′, as d

iscussed
empirically

and in the

context
of the ro

le of axia
l orbitals

(7).

Here, we
report ex

tensiveD
MRG studies o

f the

t − t′ − U Hubbard
model at h

ole doping
con-

centrati
on d = 12.5% on four-leg

cylinder
s with

periodic
and open boundar

y condit
ions in short

and long dir
ections,

respecti
vely. By

explicitl
y

keeping
a large n

umber of sta
tes, we d

emonstrate

that the
equal-tim

e SC and CDW
correlati

ons are

long ran
ged. Con

sistent w
ith Luth

er-Emery (LE)

liquid (8), this
demonstrate

s a close
interplay

be-

tween charge a
nd SC correlati

ons. Moreover,
we

show that the
results d

epend st
rongly on

t′, which

tips the
balance

between
charge d

ensity an
d SC

correlati
ons. Spe

cifically,
we find

“filled” i
nsulat-

ing charge stripes o
f wavele

ngth l = 1/d and a

lack of long-r
ange sup

ercondu
ctivity fo

r t′ = 0,

which is consis
tent wit

h prior res
ults (3, 5

). For

finite t′ < 0, the in
sulating

charge s
tripes a

re

replaced
with weaker

“half-fil
led” stri

pes with

a shorte
r period

l = 1/d, and
concom

itantly, t
he

SC correlati
ons beco

me long ra
nged. A

LE liquid

was also
predicte

d to exist in
the lightly doped

two-leg
ladders

(9–13) a
nd was con

firmed by a

recent D
MRG study (14

). Here, we s
how that the

LE liquid also exis
ts in Hubbard

systems with

long-ran
ge SC correlati

ons on cy
linders o

r ladders

that hav
e width

s in excess o
f two legs, wi

th a

delicate
interpla

y with doping o
f charge

stripes

and superco
nductivi

ty turne
d by t′.

Solving
the Hubbar

d model with DMRG

We employ the DMRG (15) to investig
ate the

ground
-state propert

ies of the hole-do
ped

Hubbard
model on

the squa
re lattic

e define
d

by the H
amiltonian

H ¼ "
X

ijs

tijðĉ
þ
isĉ js

þ h:c:Þ þ U
X

i

n̂ i↑n̂ i↓ ð1Þ

where ĉþis ðĉ isÞ is th
e electron

creation
(annihi-

lation) o
perator

on site i ¼ ðxi; yiÞwi
th spin s,

n̂ i ¼
X

s
ĉþisĉ is

is the el
ectron number oper

ator,

and h.c. is th
e Hermitian conjugat

e. The el
ectron-

hopping
amplitude tij is eq

ual to t if i and
j are

nearest n
eighbors

and equal to
t′ for nex

t-nearest

neighbo
rs. U is the on-site repulsiv

e Coulomb

interacti
on. We take the lattice geometry to be

cylindric
al and a lattice spacing

of unity
. The

boundar
y conditi

on of the cy
linders is

periodic
in

the ŷ ¼ ð0; 1Þdirec
tion and

open in the x̂ ¼ ð1; 0Þ

directio
n. Here, we

focus on cylinder
s with

width Ly and length Lx, whe
re Ly and Lx are

number of si
tes alon

g the ŷ and x̂ directio
ns,

respectiv
ely. Ther

e areN
¼ Lx & Ly lattic

e sites,

and the number of e
lectrons

is Ne = N at half-

filling; i
.e., n̂ i ¼ 1. The concent

ration of doped

holes is
defined

as d ¼
Nh
N

with Nh = N − Ne the

number of ho
les, whic

h is Nh = 0 at half-fi
lling.

For the p
resent st

udy, we
focus on

the light
ly

doped case at h
ole conc

entratio
n d = 12.5% on

cylinders
with width Ly = 4 and length up to Lx =

64.We set t= 1
as an ene

rgy unit
and repo

rt results

for t′ = −0.25 with interactio
ns U = 8 and 12. For

comparison,
the case

with t′ = 0 is also
consider

ed.

In our calculatio
ns, the

total magnetiza
tion is

fixed at z
ero, and

weperfo
rm~60 swee

ps andke
ep

up tom = 20,000 states in
each DMRG block wi

th

a typical
truncatio

n error e ~
1 × 10

−6 for t′ = −0.25

and e ~ 3 × 10
−6 for t′ = 0. This le

ads to excellent

converge
nce for our r

esults wh
en extrapola

ted to

the m =1 limit. Furthe
r details

of the nu
merical

simulation are provi
ded in (16).

Principa
l results

We have in
vestigat

ed the grou
nd-state

proper-

ties of th
e Hubbard

model on
a Ly = 4 cylinder

at dopin
g level co

ncentra
tion d = 12.5% with

interact
ion U = 8 and 12. For t

′ = 0, we fin
d that

the syste
m forms charge

stripes o
f wavele

ngth

l = 1/d (i.e., l = 8) (Fig.
1A) and

antiferro
mag-

netic ord
ering with a modulatio

n of wavel
ength

l =2/d (i
.e., l = 1/

6). Consi
stentwit

hHartre
e-Fock

calculat
ions (17–19)

and previou
s numerical

studies (
3, 5), the

se charg
e stripes

carry a w
ave

vector Q
= 2pd and so there is one doped hole

per unit
cell (Fig

. 1A); thi
s state is

referred
to as

“filled” s
tripes. H

owever,
we find

that thes
e filled

stripes a
re not st

able with
respect t

o small finite

values, w
here t′ =

−0.25 is su
fficient t

o drive t
he

system into a di
fferent t

ype of ch
arge stri

pe (Fig.

1B). In contrast
to filled stripes, t

he new stripes

carry an
ordering

vector Q
= 4pd of w

avelengt
h

l = 1/d (i.e.,
l = 4), with

only hal
f a dope

d hole

per unit
cell (Fig

. 1B); thi
s state is

referred
to as

“half-fill
ed” strip

es.

Because
Lx ≫Ly, our

system can be thoug
ht of

as one-d
imensional

, and we find that the
ground

state is a
lways in

a LE phase (8
) charact

erized by

gapless
charge e

xcitation
(Figs. 2

and 3) and a

gap in the spin
sector (F

ig. 4), w
ith one gap

less

charge
mode (Fig. 5).

At long
distance

s, the

spatial d
ecay of t

he charg
e densit

y correla
tion

AcdwðLxÞ and the SC pair-fiel
d correlat

ionFðrÞ

(defined
in Eq. 3) is

dominated by a pow
er law

(Fig. 3)
with the correspo

nding Luttinge
r expo-

nents Kc and
Ksc defi

ned by

AcdwðLxÞº L"
Kc=2

x
and FðxÞºjxj"

Ksc ð2Þ

where x
is the di

splacem
ent alon

g the cylin
der

1≪ jxj≪Lx. As e
xpected

theoretic
ally from

the LE

liquid (8
), we find

that the
relation

KcKsc = 1 holds

within the num
erical un

certainty
(Table 1)

. This

is in shar
p contra

st to find
ings of p

revious s
tudies

(3, 5) wi
thout a

next-nea
rest neig

hbor ele
ctron-

hopping
term (i.e., t′ =

0), wher
e the fill

ed stripes
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We study th
e superco

nducting
pairing c

orrelation
s in the g

round sta
te of the

doped Hu
bbard model—in

its original
form without

hopping
beyond

nearest neighbor
or other perturbin

g parameters—in two

dimensions a
t intermediate to

strong co
upling an

d near op
timal doping

. The nat
ure of su

ch correl
ations ha

s

been a central q
uestion ever sinc

e the discovery
of cuprat

e high-tem
perature

supercon
ductors.

Despite

unpreced
ented eff

ort and tr
emendous p

rogress in
understan

ding the p
roperties

of this fu
ndamental model, a

definitive
answer t

o whether
the ground state is superc

onductin
g in the parameter regim

e most relev
ant

to cuprates
has prov

ed exceedin
gly difficult

to establish
. In this work

, we employ two complementary,

state-of-t
he-art, many-body

computationa
l methods—

constrain
ed-path

(CP) auxiliary
-field quantum

Monte Carlo (AFQMC) and density matrix renormalization
group (DMRG) methods—

deployin
g the

most recen
t algorith

mic advanc
es in each. Sys

tematic and detailed comparisons
between

the two methods

are perfo
rmed. The D

MRG is extrem
ely reliable o

n small width
cylinders

, where w
e use it to

validate t
he

AFQMC. The A
FQMC is then used to study wide sys

tems as well
as fully periodic

systems, to establish

that we h
ave reach

ed the th
ermodynamic limit. The gr

ound stat
e is foun

d to be n
onsuperc

onductin
g in the

moderate to strong coupling
regime in the vicinity of optim

al hole doping.

DOI: 10.
1103/Phy

sRevX.1
0.031016

Subject A
reas: Condens

ed Matter Phy
sics,

Supercon
ductivity

I. INTR
ODUCTIO

N

Understa
nding high-tem

perature
supercon

ductivity
in

the cuprates
[1] has been a long-stan

ding mystery and

one of the greatest
challenge

s in theoretic
al condense

d

matter physics
[2]. Very

early on, the single-ba
nd two-

dimensional
(2D) Hubbard

model [3], along with its

cousin, th
e t-J model, wer

e argued
to be the pa

radigmatic

models for this problem
[4,5], an

d in many ways, th
is

suggestio
n has proven

to be accurate.
Many of the

propertie
s of the cuprates

seem to be reasonab
ly well

described
—or at lea

st mirrored—
in the Hubbard

model,

such as antifer
romagnetism

[6–8] and
its abrup

t disappe
ar-

ance upon doping,
pairing,

and stripe formation, and

pseudoga
p physics

[9]. Pair
ing, whe

n it occurs
, can be

seen as a cons
equence

of a sort
of frustra

tion between
the

hopping
or kineti

c energy of the holes and
antiferrom

ag-

netic correlatio
ns, which

are disrupted
by the hopping.

Supercon
ducting

long-rang
e order itself, however,

is

one of the most delicate
propertie

s in these systems.

Supercon
ductivity

appears
to have a subtle competition

and coexisten
ce with stripe formation [10–12]. I

n terms

of the models, th
is means that accu

rate answers
about a

possible
supercon

ducting p
hase requ

ire simulations t
hat are

able to describe
all of the

possible
phases in

an unbiased

fashion s
o that their

competition can be resolv
ed. One a

lso

needs a s
ystematic appro

ach to the
zero-tem

perature
as well
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ĥj

ĥi
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Ĥ0 = − ∑
⟨ij⟩

tij ( ̂c†
iσ ̂cjσ +  H.c. ) + U∑

j

̂nj↑ ̂nj↓

d-wave high-Tc SC

large d-wave?
Hamiltonian?



Inverse Quantum Simulation

Hamiltonian Programmable Quantum Simulator

n

T

Measure Order  
parameters ⟨𝒪⟩

SC

Measure Order  
parameters ⟨𝒪⟩

??

Measure Order  
parameters ⟨𝒪⟩

SC

d-wave high-Tc SC
Superconducting 


dome

Wishlist: material propertiesCost Function 𝒞( |Ψ⟩) → max

Measure Order  
parameters ⟨𝒪⟩

Measure Order  
parameters ⟨𝒪⟩

U (1) U (2)
U (3)

Visualizing the Loss Landscape of Neural Nets

Hao Li1, Zheng Xu1, Gavin Taylor2, Christoph Studer3, Tom Goldstein1

1University of Maryland, College Park 2United States Naval Academy 3Cornell University
{haoli,xuzh,tomg}@cs.umd.edu, taylor@usna.edu, studer@cornell.edu

Abstract

Neural network training relies on our ability to find “good” minimizers of highly
non-convex loss functions. It is well-known that certain network architecture
designs (e.g., skip connections) produce loss functions that train easier, and well-
chosen training parameters (batch size, learning rate, optimizer) produce minimiz-
ers that generalize better. However, the reasons for these differences, and their
effect on the underlying loss landscape, are not well understood. In this paper, we
explore the structure of neural loss functions, and the effect of loss landscapes on
generalization, using a range of visualization methods. First, we introduce a simple
“filter normalization” method that helps us visualize loss function curvature and
make meaningful side-by-side comparisons between loss functions. Then, using
a variety of visualizations, we explore how network architecture affects the loss
landscape, and how training parameters affect the shape of minimizers.

1 Introduction

Training neural networks requires minimizing a high-dimensional non-convex loss function – a
task that is hard in theory, but sometimes easy in practice. Despite the NP-hardness of training
general neural loss functions [3], simple gradient methods often find global minimizers (parameter
configurations with zero or near-zero training loss), even when data and labels are randomized before
training [43]. However, this good behavior is not universal; the trainability of neural nets is highly
dependent on network architecture design choices, the choice of optimizer, variable initialization, and
a variety of other considerations. Unfortunately, the effect of each of these choices on the structure of
the underlying loss surface is unclear. Because of the prohibitive cost of loss function evaluations
(which requires looping over all the data points in the training set), studies in this field have remained
predominantly theoretical.

(a) without skip connections (b) with skip connections

Figure 1: The loss surfaces of ResNet-56 with/without skip connections. The proposed filter
normalization scheme is used to enable comparisons of sharpness/flatness between the two figures.
32nd Conference on Neural Information Processing Systems (NeurIPS 2018), Montréal, Canada.
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Ĥ

Is it possible to infer  
the Hamiltonian  
from a single 
eigenstate?

Ĥ

Many-body  
Hamiltonian

Select a random 
eigenstate

…
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Usually eigenstates are correlated!

Counterexample 2
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Ĥ = ∑
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Interesting Hamiltonians are 
“local” (sparse)

See also: Netanel Lindner 

@ Bar-Ilan (Youtube)
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The eige
nstate the

rmalization
hypothes

is (ETH)
posits tha

t the redu
ced density matrix for a sub

system

correspon
ding to an

excited e
igenstate

is “therm
al.”Here

we expou
nd on this

hypothes
is by aski

ng: For w
hich

class of o
perators,

local or n
onlocal,

is ETH satisfied?
We show that this

question
is directl

y related to a

seemingly unrelated
question:

Is the Hamilton
ian of a system encoded

within a single eigenstat
e? We

formulate a str
ong form

of ETHwhere, in
the therm

odynami
c limit, the red

uced den
sitymatrix of a

subsystem

correspon
ding to a

pure, fini
te energy

density e
igenstate

asymptotically
becomes equal t

o the ther
mal reduce

d

density m
atrix, as l

ong as th
e subsyst

em size is much less t
han the to

tal system
size, irres

pective o
f how large

the subsy
stem is compa

red to any
intrinsic l

ength sca
le of the s

ystem. This allo
ws one to

access th
e propert

ies

of the und
erlyingH

amiltonian a
t arbitrary

energy de
nsities (o

r temperatures
) using ju

st a single
eigenstat

e.We

provide support f
or our co

njecture
by performing an exact dia

gonalizat
ion study of a noninteg

rable 1D

quantum
lattice model with

only energy conserva
tion. In

addition,
we examine the case in which the

subsystem
size is a f

inite frac
tion of th

e total sy
stem size, and

we find t
hat, even

in this ca
se, many opera

tors

continue
to match their

canonica
l expecta

tion value
s, at least

approxim
ately. In p

articular,
the von N

eumann

entanglem
ent entrop

y equals t
he thermal entropy

as long as
the subsy

stem is less tha
nhalf the

total syste
m.Our

results ar
e consiste

nt with th
e possibil

ity that a
single eig

enstate co
rrectly pr

edicts the
expectati

onvalues
of all

operators
with supp

ort on les
s than ha

lf the tota
l system, as long

as one us
es a microcanon

ical ensem
ble with

vanishing
energy w

idth for c
ompariso

n. We also stu
dy, both a

nalyticall
y and num

erically, a
particle-n

umber

conservin
g model at in

finite tem
perature

that subs
tantiates

our conje
ctures.

DOI: 10.
1103/Phy

sRevX.8
.021026

Subject A
reas: Condens

ed Matter Phy
sics,

Quantum
Physics,

Statistica
l Physics

I. INTR
ODUCTIO

N

Given a local Ham
iltonian,

what info
rmation about the

system is encode
d in a single

eigenstat
e? If the eig

enstate

happens
to be a ground

state of the Hamiltonian,
a

tremendous amount of progress
can be made on this

question
for Lorentz

invariant
systems [1,2], especiall

y

conformal field theories
(CFTs) [

3–6], and
for topol

ogical

phases [7–9]. For
example, one

can read off the central

charge of
a CFT from the groun

d state en
tanglement [3–5],

while for topologic
al phases

, essentia
lly all “topo

logical

data” suc
h as braidin

g statistic
s of anyo

ns can be extrac
ted

from the degen
erate gro

und state
s [8–10]. I

n this pap
er, we

argue that a single finite energy density eigenstat
e of an

ergodic quantum
many-body

Hamiltonian is sufficient
to

determine the p
roperties

of the sy
stem at all tem

peratures
.

It is not v
ery surpr

ising that
the groun

d states o
f quantum

many-body
systems contain

some information about the
ir

excitation
s. This is because

an entanglem
ent cut often

mimics an actual ph
ysical cu

t through
the system, thus

exposing
the underlyin

g excitation
s along the entanglin

g

boundary
[9]. The

same intuitio
n is tied to the fact t

hat the

ground state entanglem
ent satisf

ies a “boundar
y law” of

entanglem
ent entro

py [11,12];
that is, t

he von Neumann

entanglem
ent entro

py S1 ¼ −trAðρA lo
gðρAÞÞ of t

he groun
d

state corr
espondin

g to a sub
system A scales wi

th the siz
e of

the boundary
of subsy

stem A.

How does the
nature of inform

ation encoded
evolve as

one goes from the ground state to an excited eigenstat
e?

Typically
, there al

ways exi
st eigens

tates with
energy E

just

above th
e ground

state that
continue

to satisfy an area law

of entang
lement. Thes

e are the eigenstat
es that h

ave zero

energy d
ensity, i.e

., limV→∞½ðE − E0Þ=V% ¼
0, where

E0 is

the ground state energy and V is the total volu
me of the
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Determ
ining a local Hamiltonian from a single eigen-

state
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We ask whethe
r the kn

owledge
of a single e

igensta
te of a local H

amiltonian
is su�cient

to uniquel
y determine the Hamiltonian

. We present
evidenc

e that the answer
is “yes”

for generic
local H

amiltonian
s, given

either the ground
state or an excited

eigensta
te. In

fact, kn
owing only the two

-point e
qual-tim

e correl
ation function

s of loc
al obser

vables w
ith

respect
to the eige

nstate s
hould generica

lly be su�
cient to

exactly
recover

the Ham
iltonian

for finit
e-size sy

stems, with
numerical a

lgorithm
s that r

un in a time that is
polynom

ial in the

system
size. W

e also investig
ate the

large-sy
stem limit, the s

ensitivi
ty of the r

econstr
uction

to error, a
nd the case

when correlat
ion function

s are on
ly known

for obse
rvables

on a fixed

sub-reg
ion. Numerical d

emonstrat
ions support

the results
for finite one-dim

ensiona
l spin

chains (
though

caution
must be t

aken when extrapo
lating to infinite-

size sys
tems in higher

dimensions
). For the

purpose
of our a

nalysis,
we define the “k-corre

lation spectru
m” of a

state, w
hich reveals

propert
ies of lo

cal corr
elations

in the stat
e and may be of in

depend
ent

interest
.

xlqi@stanford.edu, dranard@stanford.edu

Accepted in Quantum 2019-02-23, click title to verify

1

ar
X

iv
:1

71
2.

01
85

0v
2 

 [q
ua

nt
-p

h]
  1

 Ju
l 2

01
9

Despite specific counterexamples: Almost 
all local Hamiltonians can be uniquely 
recovered from their steady states!

(1) write down an ansatz for the Hamiltonian 

Ĥ(c) = ∑
j

cjĥj

⟨Ψ | Ĥ(c)2 |Ψ⟩ − ⟨Ψ | Ĥ(c) |Ψ⟩2 → min

(2)   minimize the variance of the ansatz in the     
……….given state

cTGc → min

Gij = ⟨ĥiĥj⟩ − ⟨ĥi⟩⟨ĥj⟩
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Recoveri
ng an unknown

Hamiltonian
from measurements is an increasin

gly important task for

certificat
ion of noisy

quantum
devices a

nd simulators. R
ecent wo

rks have succeede
d in recoverin

g the

Hamiltonian o
f an isola

ted quant
um system with loca

l interact
ions from

long-rang
ed correl

ators of a
single

eigenstat
e. Here,

we show that such
Hamiltonians

can be recovered
from local obs

ervables
alone, us

ing

computationa
l and measurement resou

rces scaling linearly with the system size. In fact, to recover t
he

Hamiltonian acting on each finite spa
tial domain, only

observab
les withi

n that dom
ain are requi

red. The

observab
les can be measured in a Gibbs state as well as a single eigenstat

e; furthe
rmore, they

can be

measured in a state ev
olved by the Ham

iltonian for a lon
g time, allowi

ng us to recover a
large fam

ily of

time-depend
ent Hamiltonians

. We derive a
n estimate for th

e statistic
al recove

ry error d
ue to app

roximation

of expec
tation values us

ing a finite number of sa
mples, wh

ich agrees w
ell with

numerical sim
ulations.

DOI: 10.
1103/Phy

sRevLett
.122.020

504

Introduct
ion.—Contemporary condense

d matter phy
sics

has witnessed
great adv

ancements in tools develope
d to

obtain the state of a system given its Hamiltonian.
As

quantum
devices a

re being
rapidly d

eveloped
, the conv

erse

task of re
covering

the Hamiltonian o
f a many-body

system

from measured
observab

les is becoming increasin
gly

important. I
n particula

r, it is a n
ecessary

step for certif
ying

quantum
simulators and devices containin

g many qubits.

As these
expand b

eyond th
e power o

f classica
l devices

[1],

there is a growing
need to certify them using only a

polynom
ial amount of c

lassical c
omputationa

l resourc
es as

well as q
uantum measurements.

Various m
ethods h

ave been suggested
for recov

ering a

Hamiltonian
based on its dynamics [2–8] or G

ibbs state

[9–11]. Th
e system

-size scal
ing of the rec

overy efficiency

can be improved using a trusted quantum
simulator

[12–16], m
anipulati

ons of the investiga
ted system [17],

or accura
te measurements of sh

ort-time dynam
ics [18,1

9].

Here, we
suggest a

framework for recov
ering a generic

local Ha
miltonian

using only polynom
ial time and mea-

surements. Insp
ired by the recen

tly introduce
d method for

recoverin
g a local Ha

miltonian
from measurements on a

single eig
enstate [2

0–22], our
framework offers fou

r main

contribut
ions. Firs

t, we gen
eralize to

mixed states suc
h as

Gibbs sta
tes ρ ¼ ð1=ZÞe

−βH , treating
any state that com

-

mutes with the Hamiltonian
at the same footing as an

eigenstat
e. Second

, our method can
be applie

d to dyna
mics

of arbitra
ry low-ener

gy initial sta
tes time evolved

by the

Hamiltonian.
Third, it

allows us
to recover t

ime-depend
ent

Hamiltonians
if the functiona

l form of their t
ime depend-

ence is known. F
inally, in

the case of short-
range inter-

actions,
we can infer the

Hamiltonian of a local pat
ch L

based only on local measurements insid
e L. This i

mplies

that a short-ran
ged Hamiltonian on a large system can be

obtained
with a number of measurements and

computation

time linear in
system size.

Problem
setting.—

We wish to recover t
he Hamiltonian

acting on a region
L by measuring

observab
les only

in L.

We would
first like

to make these notions p
recise.

We consider
a Hamiltonian H on a finite lattice Λ in d

dimensions,

H ¼
X

i

hi:
ð1Þ

We assume that H is k local, such that each hi acts

nontrivia
lly on no more than k spatially

contiguo
us sites

(i.e., con
tained within a ball of

diameter k). W
e focus o

n a

specific s
ubset of s

ites L ⊆ Λ. We define i
ts interio

r L0 ⊆ L

as the sit
es that ar

e not con
nected by H to sites outs

ide L

(Fig. 1).
We denote

by HL the subse
t of hi term

s in H that

act nontr
ivially on L0.

We call any
state ρ that is sta

tionary under H
a “steady

state” (taking ℏ ¼ 1),

i∂ tρ ¼ ½H; ρ% ¼ 0:
ð2Þ

In particula
r, ρ can be any eigenstat

e as well as a Gibbs

state. Ou
r goal is

to recover HL from a steady
state of H

,

based only on measurements in L.

Algorithm
.—To recover HL, we

identify
a set of lo

cal

constrain
ts onHL obey

ed by any
steady sta

te ρ of H
. Since

ρ is stationary
under H, so is the expectati

on value

hAi¼
def TrðρAÞ of any operator

A in the state ρ, so that

∂ thAi ¼
−hi½A;H%i ¼ 0. If A is suppor

ted only on L0, this

constrain
t becomes
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With the fast development of quantum tech-

nology, the sizes of both digital and analog

quantum systems increase drastically. In or-

der to have better control and understanding

of the quantum hardware, an important task

is to characterize the interaction, i.e., to learn

the Hamiltonian, which determines both static

and dynamic properties of the system. Con-

ventional Hamiltonian learning methods either

require costly process tomography or adopt

impractical assumptions, such as prior infor-

mation on the Hamiltonian structure and the

ground or thermal states of the system. In this

work, we present a robust and e�cient Hamil-

tonian learning method that circumvents these

limitations based only on mild assumptions.

The proposed method can e�ciently learn any

Hamiltonian that is sparse on the Pauli basis

using only short-time dynamics and local oper-

ations without any information on the Hamil-

tonian or preparing any eigenstates or thermal

states. The method has a scalable complex-

ity and a vanishing failure probability regard-

ing the qubit number. Meanwhile, it performs

robustly given the presence of state prepara-

tion and measurement errors and resiliently

against a certain amount of circuit and shot

noise. We numerically test the scaling and the

estimation accuracy of the method for trans-

verse field Ising Hamiltonian with random in-

teraction strengths and molecular Hamiltoni-

ans, both with varying sizes and manually

added noise. All these results verify the ro-

bustness and e�cacy of the method, paving

the way for a systematic understanding of the

dynamics of large quantum systems.

1 Introduction

Recently, we have witnessed a rapid development of

quantum technologies with drastically
increasing sizes

of fully or partially controllable quantum systems [1–

Wenjun Yu: wenjunyus@gmail.com

Xiao Yuan: xiaoyuan@pku.edu.cn

10]. Following the law of quantum mechanics, the

quantum devices allow for controllable quantum op-

erations and offer opportunities to naturally probe

quantum many-body behaviors in a programmable or

analog way. To further upgrade the quantum technol-

ogy or even to realize a universal quantum computer,

an essential requirement is to better understand the

underlying quantum mechanisms of the systems [11–

13]. According to the Schrödinger equation, the static

and dynamical behaviors of quantum systems are de-

scribed by their Hamiltonian. Successful detection

of the Hamiltonian, i.e., the so-called
Hamiltonian

learning [14–20] task, could guide us to have a bet-

ter understanding and hence control of analog quan-

tum simulators [21–24, 11, 13], digital quantum pro-

cessors [25–29, 9, 30], quantum sensors [31–33], etc.

A straightforward choice of learning Hamiltonian

is via quantum process tomography
[34–38].

How-

ever, since the dimension of a many-body Hamiltonian

grows exponentially with the system size, complete to-

mography of the Hamiltonian is costly and formidable

in real experiments [39, 40]. Here we briefly review

some other efficient learning methods and describe

their limitations. Wiebe et al. [15, 16] firstly use

a trustworthy quantum simulator to inverse the un-

known evolution and iterativel
y approximate the ex-

act inverse. However, since the scaling of complexity

is case-specific, the order of magnitude thereof could

be prohibitively large for a certain Hamiltonian fam-

ily. Besides, the accurate simulation of some arbitrary

inverse Hamiltonian evolution remains hard for exper-

imental realizatio
ns in NISQ era [41]. To avoid the us-

age of expensive and inaccessible quantum resources,

some protocols focus on using states that contain in-

formation on the Hamiltonia, including steady states

and thermal states [42–45].
These methods are scal-

able with the system size by measuring states with

desired properties to infer the Hamiltonian. However,

they rely on specific states containing the information

of the target Hamiltonian, which are generally hard

to prepare and are vulnerable to measurement errors.

There are also learning proposals that get rid of the

requirements of preparing some special initial states.

For example, Li et al. [46] construct equations based

on the energy conservation
of arbitrary states dur-
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The fundamental interactions in materials are long known to 

be determined by electromagnetic forces between electrons 

and nuclei, but they are too complicated to be grasped in their 

entirety. This has shifted the attention to understanding the effec-

tive interactions between particles, described by local Hamiltonians, 

that, if accurately chalked out, can be used to describe a variety 

of properties of the system and novel phases of matter. Recent 

advances in experimental techniques allow for the synthesis and 

study of increasingly complex interacting quantum systems1–4. This 

prompts an important question: how can we infer the interactions 

between particles in such complicated systems or certify that their 

Hamiltonians indeed match the theoretically predicted models? A 

similar question arises in the context of near-term quantum com-

puters. A major application of quantum computers is to simulate 

the dynamics or particular states of a quantum system governed by 

a given Hamiltonian. In particular, the task of preparing the thermal 

state of a target Hamiltonian, known as quantum Gibbs sampling, 

is the backbone of many quantum algorithms such as semi-definite 

programming solvers5–7, quantum simulated annealing8,9, quan-

tum machine learning10 and quantum simulations at finite tem-

perature11. Because near-term quantum computers will be noisy, an 

important problem in the scalable development of these devices is 

to verify their performance and calibrate them. For various quan-

tum algorithms this means devising classical algorithms that, using 

measurement data, determine if the correct Hamiltonian has been 

implemented on the quantum device. We refer to this task as the 

‘quantum Hamiltonian learning problem’.

Learning the Hamiltonian of a quantum system has a natural 

classical analogue, known as learning Boltzmann machines or, more 

generally, graphical models, which is a central problem in machine 

learning and modern statistical inference. When expressed using 

physics terminology, Boltzmann machines correspond to Ising 

models, a prototypical classical spin Hamiltonian, and the learning 

problem is equivalent to inferring the corresponding Hamiltonian 

using samples from its Gibbs (thermal) distribution. Owing to the 

widespread application of these models12, a large body of work has 

been devoted to studying them, resulting in highly efficient methods 

for learning Boltzmann machines that operate even in the regime 

where simulating the equivalent Ising model is computationally 

NP-hard (NP, non-deterministic polynomial-time hard)13–17.

Given the practical importance of quantum Hamiltonian learn-

ing and the remarkable achievements of machine learning methods 

for the classical version of this problem, various theoretical stud-

ies18–20, experimental implementations21,22 and a great number of 

heuristic algorithms18,23–27 for this task have appeared. Despite these 

efforts, the primary challenge in the quantum Hamiltonian learning 

problem has long remained open, that is, to devise learning meth-

ods that are provably efficient in terms of the resources required for 

inferring the interactions with high accuracy. Most importantly, a 

prerequisite for any useful Hamiltonian learning method is that the 

number of performed measurements or, equivalently, the number of 

identically prepared samples of the system, should ideally scale effi-

ciently with the number of particles. The previous results, however, 

use a number of samples that in general can grow exponentially, 

lack a rigorous performance guarantee, assume additional control 

of the system or only apply to special systems with few particles.

A fundamental obstacle to achieving efficient methods for quan-

tum Hamiltonian learning is a striking feature of interacting quan-

tum systems, in contrast their classical counterparts. At thermal 

equilibrium, classical spin systems always satisfy what is known as 

the Markov property. That is, the correlations between two distant 

spins are mediated by the intermediate spins located in between 

them such that by conditioning on the state of these intermedi-

ate spins, the two distant spins become independent of each other 

(Supplementary Section 4.1 provides a discussion on this). A crucial 

implication of the Markov property for classical many-body systems 

is that their Hamiltonian can be robustly learned using local mea-

surements. Surprisingly, quantum spin systems are known to vio-

late the Markov property in its exact form28. This makes it unclear 

whether, in principle, recovering quantum interactions from the 

Sample-efficient learning of interacting quantum 

systems

Anurag Anshu! !1 ✉, Srinivasan Arunachalam2 ✉, Tomotaka Kuwahara3 ✉ and Mehdi Soleimanifar! !4 ✉

Learning the Hamiltonian that describes interactions in a quantum system is an important task in both condensed-matter phys-

ics and the verification of quantum technologies. Its classical analogue arises as a central problem in machine learning known 

as learning Boltzmann machines. Previously, the best known methods for quantum Hamiltonian learning with provable perfor-

mance guarantees required a number of measurements that scaled exponentially with the number of particles. Here we prove 

that only a polynomial number of local measurements on the thermal state of a quantum system are necessary and sufficient 

for accurately learning its Hamiltonian. We achieve this by establishing that the absolute value of the finite-temperature free 

energy of quantum many-body systems is strongly convex with respect to the interaction coefficients. The framework intro-

duced in our work provides a theoretical foundation for applying machine learning techniques to quantum Hamiltonian learning, 

achieving a long-sought goal in quantum statistical learning.
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Finding a local Hamiltonian Ĥ that has a giv
en many-body wa

ve function jψi as its grou
nd state, i.e., a

parent Hamiltonian, is a
challenge of

fundamental importance in q
uantum technologies

. Here we int
roduce

a numerical method, inspir
ed by quantu

m annealing, th
at efficiently

performs this task th
rough an arti

ficial

inverse dyna
mics: a slow deformation of the s

tates jψ(λðtÞ)i
, starting from

a simple state jψ 0iwith a k
nown

Ĥ0, genera
tes an adiabatic evolution of the correspondin

g Hamiltonian. We name this approac
h inverse

quantum annealing. T
he method, implemented through a projection onto a set of local

operators, on
ly

requires the
knowledge o

f local expec
tation values

, and, for lon
g annealing t

imes, leads to a
n approximate

parent Hamiltonian whose degre
e of locality

depends on the correlatio
ns built up by the states jψðλ

Þi. We

illustrate the
method on two

paradigmatic models: the Ki
taev fermionic chain a

nd a quantum
Ising chain in

longitudinal
and transverse fields.

DOI: 10.110
3/PhysRevL

ett.132.1604
01

Introduction
.—The success of quantum technologies

ultimately relies on our ability to control increasingly

complex artificial qua
ntum systems [1]. This m

ay require,

in quantum simulators, the
accurate tailoring of a many-

body Hamiltonian. Con
trolling [2,3]

and verifying
[4,5] the

actual functi
oning of these syst

ems have raised
increasing

attention to th
e search for p

arentHamiltonians (PH
s) [6–15].

This problem
consists in fi

nding a local
and/or engin

eerable

Hamiltonian havi
ng a givenwa

ve function a
s a ground sta

te.

The knowled
ge of a PH is related to Hamiltonian learning

[16–18] and verification
of quantum

devices, and
can be

exploited to experimentally prepare a target groun
d state.

The search for a PH represents an especially complex

instance of the reconstructio
n of a Hamiltonian from one

of its eigenst
ates [19–23] or

time-dependent
states [24–29].

In particular, th
e space of th

e Hamiltonians hav
ing a given

state as an eigenstate ca
n be efficiently

reconstructed
from

correlation functions [15,19,20] o
r expectation

values of

local commutators [21]. Pickin
g PHs in this space is a

hard task sinc
e it generally

requires the d
iagonalizatio

n of all

the candidate
PHs to verify that the targe

t state is a gr
ound

state [15]. M
ore efficient

methods, based
on local measure-

ments, have been suggested to obtain approximate PHs

[13,14,22,23
,30].

Here we intr
oduce a method for obt

aining a PH,
referred

to as inverse quantum annealing (IQA), whic
h is inspired

by quantum annealing [31–35], but w
ith the role of states

and Hamiltonians swa
pped. Given

a state jψ 1i, whose
PH

Ĥ1 we wis
h to construct, an

d starting from a simple state

jψ 0i with a well-known
PH Ĥ0, we construct a path

jψ(λðtÞ)i, con
necting jψ 0i to jψ 1i. We then write down

an artificial dyn
amics for the H

amiltonian, insp
ired by von

Neumann’s equation for the density matrix, which is

amenable to a well-defined
adiabatic limit, and, more

importantly, can be approximately solved with a space

of local Ham
iltonians. In

the adiabatic limit we obtain a

Hamiltonian havi
ng the target

state as the g
round state.

We

will illustrate the main ideas of the method with two

paradigmatic examples: (1) the
“exactly solvable” Kitaev

fermionic chain, where jψðλÞi crosses a second-order

transition point, and (2) a quantum Ising chain in the

presence of a longitudinal
field, where

jψðλÞi crosses a

first-order tr
ansition point. In case (1) power-la

w correla-

tions emerge, making the loc
al approximation harder,

while

in case (2) co
rrelations exp

onentially de
crease and th

e local

approximation is excellent.

Inverse quantum annealing
protocol.—Given a

(many-body) state jψ 1i, the task is to find a (local)

Hamiltonian Ĥ1 for which jψ 1i is the ground state. In

many cases, this pr
oblem has more than one solution

[36].

To find a solution, we
introduce a method inspired by

quantum annealing [31–33], alias a
diabatic quan

tum com-

putation [35]
. The first ste

p is to introd
uce a family of states
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PH Ĥ0, we construct a path

jψ(λðtÞ)i, con
necting jψ 0i to jψ 1i. We then write down

an artificial dyn
amics for the H

amiltonian, insp
ired by von

Neumann’s equation for the density matrix, which is

amenable to a well-defined
adiabatic limit, and, more

importantly, can be approximately solved with a space

of local Ham
iltonians. In

the adiabatic limit we obtain a

Hamiltonian havi
ng the target

state as the g
round state.

We

will illustrate the main ideas of the method with two

paradigmatic examples: (1) the
“exactly solvable” Kitaev

fermionic chain, where jψðλÞi crosses a second-order

transition point, and (2) a quantum Ising chain in the

presence of a longitudinal
field, where

jψðλÞi crosses a

first-order tr
ansition point. In case (1) power-la

w correla-

tions emerge, making the loc
al approximation harder,

while

in case (2) co
rrelations exp

onentially de
crease and th

e local

approximation is excellent.

Inverse quantum annealing
protocol.—Given a

(many-body) state jψ 1i, the task is to find a (local)
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Variational Inverse Quantum Simulation [Motivation]

21

A quantum simulator physically realizes a fixed many-
body Hamiltonian  and prepares its ground state , 
which is classically nontrivial.

H0 |ψ0⟩

Fixed resource quantum simulator phase diagram
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A quantum simulator physically realizes a fixed many-
body Hamiltonian  and prepares its ground state , 
which is classically nontrivial.
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Fixed resource quantum simulator

Can fixed quantum device be used to explore Hamiltonians 


in the neighborhood of , without ever implementing  
physically?

H0 H(λ)
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H(λ) = ∑
i

λihi
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<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
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<latexit sha1_base64="pGbh4rFVp9TNB0C08ZtMLTIszP8=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CwIvHCG4SSJYwOzubDJl9MNMrhCUHv8CrfoE38eqn+AH+h5NkDyZa0FBUddPd5adSaLTtL6u0tr6xuVXeruzs7u0fVA+P2jrJFOMuS2Siuj7VXIqYuyhQ8m6qOI18yTv++Hbmdx650iKJH3CSci+iw1iEglE0khuQG2IPqjW7bs9B/hKnIDUo0BpUv/tBwrKIx8gk1brn2Cl6OVUomOTTSj/TPKVsTIe8Z2hMI669fH7slJwZJSBhokzFSObq74mcRlpPIt90RhRHetWbif95vQzDay8XcZohj9liUZhJggmZfU4CoThDOTGEMiXMrYSNqKIMTT5LW3xFxxynJhdnNYW/pH1Rdxr1xv1lrUmKhMpwAqdwDg5cQRPuoAUuMBDwDC/waj1Zb9a79bFoLVnFzDEswfr8AfUwlf4=</latexit>

d = 0

<latexit sha1_base64="Mi2pGt55iqT/H0psX8BK958nbYY=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIvHCG4SSJYwOzubDJl9MNMrhJCDX+BVv8CbePVT/AD/w0myB5NY0FBUddPd5adSaLTtb6uwtr6xuVXcLu3s7u0flA+PmjrJFOMuS2Si2j7VXIqYuyhQ8naqOI18yVv+8G7qt5640iKJH3GUci+i/ViEglE0khuQW3LVK1fsqj0DWSVOTiqQo9Er/3SDhGURj5FJqnXHsVP0xlShYJJPSt1M85SyIe3zjqExjbj2xrNjJ+TMKAEJE2UqRjJT/06MaaT1KPJNZ0RxoJe9qfif18kwvPHGIk4z5DGbLwozSTAh089JIBRnKEeGUKaEuZWwAVWUoclnYYuv6JDjxOTiLKewSpoXVadWrT1cVuokT6gIJ3AK5+DANdThHhrgAgMBL/AKb9az9W59WJ/z1oKVzxzDAqyvX/0jlgM=</latexit>

d = 5

<latexit sha1_base64="RnB03GJvP23XWaA6cXqUnSG0znw=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRC9CwIvHCOYByRJmZ3uTMbMPZnqFsOTiF3jVL/AmXv0TP8D/cJLswSQWNBRV3XR3eYkUGm372yqsrW9sbhW3Szu7e/sH5cOjlo5TxaHJYxmrjsc0SBFBEwVK6CQKWOhJaHuj26nffgKlRRw94DgBN2SDSASCMzRSy6c31LH75YpdtWegq8TJSYXkaPTLPz0/5mkIEXLJtO46doJuxhQKLmFS6qUaEsZHbABdQyMWgnaz2bUTemYUnwaxMhUhnal/JzIWaj0OPdMZMhzqZW8q/ud1Uwyu3UxESYoQ8fmiIJUUYzp9nfpCAUc5NoRxJcytlA+ZYhxNQAtbPMVGgBOTi7OcwippXVSdWrV2f1mp0zyhIjkhp+ScOOSK1MkdaZAm4eSRvJBX8mY9W+/Wh/U5by1Y+cwxWYD19QtpN5Y5</latexit>

d = 10

<latexit sha1_base64="bzng3r2uq2uPoC3DR0LR8nF62o4=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHx4mYXYcEbiRePaARJYENmh1mYMPvIzKwJ2eAXeNUv8Ga8+i9+gP/hAHsQtJJOKlXd6e7yYs6ksqwvI7e2vrG5ld8u7Ozu7R8UD4/aMkoEoS0S8Uh0PCwpZyFtKaY47cSC4sDj9MEbX8/8h0cqJIvCezWJqRvgYch8RrDS0t2F3S+WLLPuWFWnjCzzsmpfVWqaWHMgOyMlyNDsF797g4gkAQ0V4VjKrm3Fyk2xUIxwOi30EkljTMZ4SLuahjig0k3nl07RmVYGyI+ErlChufp7IsWBlJPA050BViO56s3E/7xuovy6m7IwThQNyWKRn3CkIjR7Gw2YoETxiSaYCKZvRWSEBSZKh7O0xRN4TNVU52KvpvCXtMum7ZjObaXUQFlCeTiBUzgHG2rQgBtoQgsI+PAML/BqPBlvxrvxsWjNGdnMMSzB+PwBvWWVZQ==</latexit>

�1

<latexit sha1_base64="AKVQP9QYtwfFaFHKCHxZTwEAYIs=">AAAB/3icbVDLTgIxFO3gC/GFunTTSEzcOOkgDLgjceMSEwdIYEI6pUBDpzNpOyZkwsIvcKtf4M649VP8AP/DArMQ9CQ3OTnn3tx7TxBzpjRCX1ZuY3Nreye/W9jbPzg8Kh6ftFSUSEI9EvFIdgKsKGeCepppTjuxpDgMOG0Hk9u5336kUrFIPOhpTP0QjwQbMoK1kbwrZLvVfrGE7LqLqm4ZIvu66txUaoagBaCTkRLI0OwXv3uDiCQhFZpwrFTXQbH2Uyw1I5zOCr1E0RiTCR7RrqECh1T56eLYGbwwygAOI2lKaLhQf0+kOFRqGgamM8R6rNa9ufif1030sO6nTMSJpoIsFw0TDnUE55/DAZOUaD41BBPJzK2QjLHERJt8VrYEEk+onplcnPUU/pJW2XZc272vlBowSygPzsA5uAQOqIEGuANN4AECGHgGL+DVerLerHfrY9mas7KZU7AC6/MHH8WWGw==</latexit>

�0.65

<latexit sha1_base64="m1N0kTUQfJ7lzhXA8QOqiNJJ1C8=">AAAB/3icbVDLTgIxFO3gC/GFunTTSEzcOJlBGHBH4sYlJg6QwIR0ygUaOo+0HRMyYeEXuNUvcGfc+il+gP9hgVkIepKmJ+fcm3vv8WPOpLKsLyO3sbm1vZPfLeztHxweFY9PWjJKBAWXRjwSHZ9I4CwEVzHFoRMLIIHPoe1Pbud++xGEZFH4oKYxeAEZhWzIKFFacq8ss17uF0v6c6yqU8aWeV21byo1TawFsJ2REsrQ7Be/e4OIJgGEinIiZde2YuWlRChGOcwKvURCTOiEjKCraUgCkF66WHaGL7QywMNI6BcqvFB/d6QkkHIa+LoyIGos1725+J/XTdSw7qUsjBMFIV0OGiYcqwjPL8cDJoAqPtWEUMH0rpiOiSBU6XxWpviCTEDNdC72egp/Sats2o7p3FdKDZwllEdn6BxdIhvVUAPdoSZyEUUMPaMX9Go8GW/Gu/GxLM0ZWc8pWoHx+QMeMJYa</latexit>

�0.82

<latexit sha1_base64="bpjiW9xcgUpUKrU/igk9RlqzAPM=">AAAB93icdVDLSsNAFJ3UV62v6tbNYBFchSRNW7sruHFZwT6gDWUyvWmHTh7MTIQS8gVu9QvcufVr/AD/w0lbQUUPXDiccy/33uMnnEllWe9GaWt7Z3evvF85ODw6PqlWTvsyTgWFHo15LIY+kcBZBD3FFIdhIoCEPoeBv7gp/MEDCMni6F4tE/BCMotYwChRWrpzJ9WaZVpuw2nVsWXWG0677RTEqTdcF9umtUINbdCdVD/G05imIUSKciLlyLYS5WVEKEY55JVxKiEhdEFmMNI0IiFIL1sdmuNLrUxxEAtdkcIr9ftERkIpl6GvO0Oi5vK3V4h/eaNUBddexqIkVRDR9aIg5VjFuPgaT5kAqvhSE0IF07diOieCUKWz+bHFF2QBKte5fD2P/yd9x7SbZrPWwZt8yugcXaArZKMW6qBb1EU9RBGgR/SEno3ceDFe140lYzNxhn7AePsE3fqUBA==</latexit>

4

<latexit sha1_base64="v2i0x3KPG7Cw7KuGolEw0B4p/UI=">AAAB/nicdVDLSgMxFM34rPVVdekmWARXw7z62hXcuKxgH9AOJZNm2tBMZkgyQhkKfoFb/QJ34tZf8QP8DzNtBSt64MLhnHu5954gYVQqy/owNja3tnd2C3vF/YPDo+PSyWlHxqnApI1jFotegCRhlJO2ooqRXiIIigJGusH0Ove790RIGvM7NUuIH6ExpyHFSOWSa3r1YalsmZZXcWoutEy34jQaTk4ct+J50DatBcpghdaw9DkYxTiNCFeYISn7tpUoP0NCUczIvDhIJUkQnqIx6WvKUUSkny1uncNLrYxgGAtdXMGF+nMiQ5GUsyjQnRFSE/nby8W/vH6qwrqfUZ6kinC8XBSmDKoY5o/DERUEKzbTBGFB9a0QT5BAWOl41rYEAk2Jmutcvp+H/5OOY9pVs3rrlZtwlVABnIMLcAVsUANNcANaoA0wmIBH8ASejQfjxXg13patG8Zq5gyswXj/AtAqlfg=</latexit>

3.48

<latexit sha1_base64="NWiyxp4jSdTb6PYa6B9mRD65uCc=">AAAB/nicdVDLSgMxFM3UV62vqks3wSK4GubV1u4KblxWsA9oh5JJM21oJjMkGaEMBb/ArX6BO3Hrr/gB/oeZtoIVPXDhcM693HtPkDAqlWV9GIWNza3tneJuaW//4PCofHzSkXEqMGnjmMWiFyBJGOWkrahipJcIgqKAkW4wvc797j0Rksb8Ts0S4kdozGlIMVK55Jp2bViuWKblVZ26Cy3TrTqNhpMTx616HrRNa4EKWKE1LH8ORjFOI8IVZkjKvm0lys+QUBQzMi8NUkkShKdoTPqachQR6WeLW+fwQisjGMZCF1dwof6cyFAk5SwKdGeE1ET+9nLxL6+fqvDKzyhPUkU4Xi4KUwZVDPPH4YgKghWbaYKwoPpWiCdIIKx0PGtbAoGmRM11Lt/Pw/9Jx9ERmrVbr9KEq4SK4Aycg0tggzpoghvQAm2AwQQ8gifwbDwYL8ar8bZsLRirmVOwBuP9C8g0lfM=</latexit>

3.16
<latexit sha1_base64="IBQhcnYlRs1xk0Dv6WteuKGx+1g=">AAAB/nicdVDLSsNAFJ3UV62vqks3g0VwFSZp0tpdwY3LCvYBbSiT6aQdOpmEmYlQQsEvcKtf4E7c+it+gP9h0lawogcuHM65l3vv8WPOlEbowyhsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96XXud++pVCwSd3oWUy/EY8ECRrDOJWTW3GG5gkzkuHa9CpFZde1Gw86JXXUdB1omWqACVmgNy5+DUUSSkApNOFaqb6FYeymWmhFO56VBomiMyRSPaT+jAodUeeni1jm8yJQRDCKZldBwof6cSHGo1Cz0s84Q64n67eXiX14/0cGVlzIRJ5oKslwUJBzqCOaPwxGTlGg+ywgmkmW3QjLBEhOdxbO2xZd4SvU8y+X7efg/6dimVTNrt06lCVcJFcEZOAeXwAJ10AQ3oAXagIAJeARP4Nl4MF6MV+Nt2VowVjOnYA3G+xfJx5X0</latexit>

0.65

<latexit sha1_base64="U8ZE1vpc0WXfoZAfr/E5rafo79Y=">AAAB/XicdVDLTgIxFO3gC/GFunTTSExcTTrDALIjceMSowgJTEinFGjodCZtx4RMiF/gVr/AnXHrt/gB/ocdwESMnuQmJ+fcm3vvCWLOlEbow8qtrW9sbuW3Czu7e/sHxcOjOxUlktAWiXgkOwFWlDNBW5ppTjuxpDgMOG0Hk8vMb99TqVgkbvU0pn6IR4INGcHaSDfIdvrFErKRV3FrZYjscsWt192MuOWK50HHRnOUwBLNfvGzN4hIElKhCcdKdR0Uaz/FUjPC6azQSxSNMZngEe0aKnBIlZ/OT53BM6MM4DCSpoSGc/XnRIpDpaZhYDpDrMfqt5eJf3ndRA8v/JSJONFUkMWiYcKhjmD2NxwwSYnmU0MwkczcCskYS0y0SWdlSyDxhOqZyeX7efg/uXNtp2pXr71SAy4TyoMTcArOgQNqoAGuQBO0AAEj8AiewLP1YL1Yr9bbojVnLWeOwQqs9y9IApWw</latexit>

0.1

<latexit sha1_base64="AyMF5EUYdoCSTFhQiy39eeMyZQc=">AAAB/nicbVDLSsNAFJ34rPVVdelmsAiuwqS2ad0V3LisYB/QhjKZTtqhk0mYmQglFPwCt/oF7sStv+IH+B9O2ixs9cCFwzn3cu89fsyZ0gh9WRubW9s7u4W94v7B4dFx6eS0o6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/epv53UcqFYvEg57F1AvxWLCAEawzCdmVxrBURnbDRTW3ApF9XXNuqnVD0ALQyUkZ5GgNS9+DUUSSkApNOFaq76BYeymWmhFO58VBomiMyRSPad9QgUOqvHRx6xxeGmUEg0iaEhou1N8TKQ6VmoW+6Qyxnqh1LxP/8/qJDhpeykScaCrIclGQcKgjmD0OR0xSovnMEEwkM7dCMsESE23iWdniSzylem5ycdZT+Es6Fdtxbfe+Wm7CPKECOAcX4Ao4oA6a4A60QBsQMAHP4AW8Wk/Wm/VufSxbN6x85gyswPr8AbDfleM=</latexit>

0.28

<latexit sha1_base64="5ndgwedeSHMmaKFhx6iMF8gBJ8Q=">AAAB/nicbVDLSsNAFJ34rPVVdelmsAiuwqS2ad0V3LisYB/QhjKZTtqhk0mYmQglFPwCt/oF7sStv+IH+B9O2ixs9cCFwzn3cu89fsyZ0gh9WRubW9s7u4W94v7B4dFx6eS0o6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/epv53UcqFYvEg57F1AvxWLCAEawzCdmoPiyVkd1wUc2tQGRf15ybat0QtAB0clIGOVrD0vdgFJEkpEITjpXqOyjWXoqlZoTTeXGQKBpjMsVj2jdU4JAqL13cOoeXRhnBIJKmhIYL9fdEikOlZqFvOkOsJ2rdy8T/vH6ig4aXMhEnmgqyXBQkHOoIZo/DEZOUaD4zBBPJzK2QTLDERJt4Vrb4Ek+pnptcnPUU/pJOxXZc272vlpswT6gAzsEFuAIOqIMmuAMt0AYETMAzeAGv1pP1Zr1bH8vWDSufOQMrsD5/AKwYleA=</latexit>

0.07

<latexit sha1_base64="bMxQoXFbjU55SdBq0dWNLUMNQNk=">AAAB/nicdVDLSsNAFJ3UV62vqks3g0VwFZI0ae2u4MZlBfuANpTJdNIOnUzCzEQooeAXuNUvcCdu/RU/wP9w0lawogcuHM65l3vvCRJGpbKsD6Owsbm1vVPcLe3tHxwelY9POjJOBSZtHLNY9AIkCaOctBVVjPQSQVAUMNINpte5370nQtKY36lZQvwIjTkNKUYqlyzT8YblimVarufUq9Ayq57TaDg5caqe60LbtBaogBVaw/LnYBTjNCJcYYak7NtWovwMCUUxI/PSIJUkQXiKxqSvKUcRkX62uHUOL7QygmEsdHEFF+rPiQxFUs6iQHdGSE3kby8X//L6qQqv/IzyJFWE4+WiMGVQxTB/HI6oIFixmSYIC6pvhXiCBMJKx7O2JRBoStRc5/L9PPyfdBzTrpm1W7fShKuEiuAMnINLYIM6aIIb0AJtgMEEPIIn8Gw8GC/Gq/G2bC0Yq5lTsAbj/QvDZ5Xw</latexit>

0.25

<latexit sha1_base64="HOdsH1X1qDfh2/2uVktdm2fdbCE=">AAAB/nicdVDLSsNAFL2pr1pfVZduBovgKqRp2tpdwY3LCvYBbSiT6aQdOpmEmYlQQsEvcKtf4E7c+it+gP9h0lawogeGOZxzL/fe40WcKW1ZH0ZuY3Nreye/W9jbPzg8Kh6fdFQYS0LbJOSh7HlYUc4EbWumOe1FkuLA47TrTa8zv3tPpWKhuNOziLoBHgvmM4J1Jlmm5QyLpeyr2vUKssxK1W407IzYlarjoLJpLVCCFVrD4udgFJI4oEITjpXql61IuwmWmhFO54VBrGiEyRSPaT+lAgdUucli1zm6SJUR8kOZPqHRQv3ZkeBAqVngpZUB1hP128vEv7x+rP0rN2EiijUVZDnIjznSIcoORyMmKdF8lhJMJEt3RWSCJSY6jWdtiifxlOp5msv38eh/0rHNcs2s3TqlJlollIczOIdLKEMdmnADLWgDgQk8whM8Gw/Gi/FqvC1Lc8aq5xTWYLx/Ab6gle0=</latexit>

0.04

<latexit sha1_base64="QgItarE+lXZn4fSNncOYgw1SQMM=">AAAB/nicbVDLSgMxFM3UV62vqks3wSK4GjJ9TOuu4MZlBfuAdiiZNG1DM5khyQhlKPgFbvUL3Ilbf8UP8D/MtLOw1QMXDufcy733+BFnSiP0ZeW2tnd29/L7hYPDo+OT4ulZR4WxJLRNQh7Kno8V5UzQtmaa014kKQ58Trv+7Db1u49UKhaKBz2PqBfgiWBjRrBOJWQ7lWGxhOyGi2puGSK7UnNuqnVD0BLQyUgJZGgNi9+DUUjigApNOFaq76BIewmWmhFOF4VBrGiEyQxPaN9QgQOqvGR56wJeGWUEx6E0JTRcqr8nEhwoNQ980xlgPVWbXir+5/VjPW54CRNRrKkgq0XjmEMdwvRxOGKSEs3nhmAimbkVkimWmGgTz9oWX+IZ1QuTi7OZwl/SKduOa7v31VITZgnlwQW4BNfAAXXQBHegBdqAgCl4Bi/g1Xqy3qx362PVmrOymXOwBuvzB6dUld0=</latexit>

0.13
<latexit sha1_base64="lQ0YEEhF9UKqx4I/U+8U1wrMjes=">AAACHXicbVDdSsMwGE39nfOv6qU30SFMhNmKTC8H3nglE9wPbKWkWbqFpWlJUscovfYxfAJv9Qm8E2/FB/A9TLdeuM0DgZNzvp/keBGjUlnWt7G0vLK6tl7YKG5ube/smnv7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5w5vMbz0SIWnIH9Q4Ik6A+pz6FCOlJdc8KnM36cYREiIcpfAMZtdeOOJT4fT8zjVLVsWaAC4SOyclkKPumj96AI4DwhVmSMqObUXKSZBQFDOSFruxJBHCQ9QnHU05Coh0kslXUniilR70Q6EPV3Ci/u1IUCDlOPB0ZYDUQM57mfif14mVf+0klEexIhxPF/kxgyqEWS6wRwXBio01QVhQ/VaIB0ggrHR6M1s8gYZEpToXez6FRdK8qNjVSvX+slSDeUIFcAiOQRnY4ArUwC2ogwbA4Am8gFfwZjwb78aH8TktXTLyngMwA+PrF1i6oqQ=</latexit>
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<latexit sha1_base64="4VtIZVLZSz7EjssUu6pD0O7IhNU=">AAAB+3icbVDLTsJAFJ36RHyhLt1MJCaumhah4I7EjUtI5JFAQ6bDLUyYPjIzNSFNv8CtfoE749aP8QP8DwfoQtCT3OTknHtz7z1ezJlUlvVlbG3v7O7tFw6Kh0fHJ6els/OujBJBoUMjHom+RyRwFkJHMcWhHwsggceh583uF37vCYRkUfio5jG4AZmEzGeUKC21xahUtsyGY9WcCrbM25p9V61rYi2B7ZyUUY7WqPQ9HEc0CSBUlBMpB7YVKzclQjHKISsOEwkxoTMygYGmIQlAuuny0Axfa2WM/UjoChVeqr8nUhJIOQ883RkQNZWb3kL8zxskym+4KQvjREFIV4v8hGMV4cXXeMwEUMXnmhAqmL4V0ykRhCqdzdoWT5AZqEznYm+m8Jd0K6btmE67Wm7iPKECukRX6AbZqI6a6AG1UAdRBOgZvaBXIzPejHfjY9W6ZeQzF2gNxucPuA2Vbw==</latexit>

r

<latexit sha1_base64="e4SGhfObYmdf67mm4fzoFQVRZcI=">AAACCHicbVDLSgNBEJz1Gd9Rj14Gg+Ap7GqyibeAHjwqmBhIYuiddMyQ2QczvUJY8gN+gVf9Am/i1b/wA/wPJzEHXwUNRVU31VSQKGnIdd+dufmFxaXl3Mrq2vrG5lZ+e6dh4lQLrItYxboZgEElI6yTJIXNRCOEgcLrYHg68a/vUBsZR1c0SrATwm0k+1IAWemmPQDK2meoCMZd2c0X3GLVd8v+EXeLx2XvpFSxxJ2CezNSYDNcdPMf7V4s0hAjEgqMaXluQp0MNEmhcLzaTg0mIIZwiy1LIwjRdLLp12N+YJUe78faTkR8qn6/yCA0ZhQGdjMEGpjf3kT8z2ul1K92MhklKWEkvoL6qeIU80kFvCc1ClIjS0BoaX/lYgAaBNmifqQEGoZIY9uL97uFv6RxVPT8on9ZKtT4rKEc22P77JB5rMJq7JxdsDoTTLMH9sienHvn2XlxXr9W55zZzS77AeftE/hpmx4=</latexit>

�̂i

<latexit sha1_base64="ouolUh54pJq5EvYH6rGnboAJaag="></latexit>

�̂†
i+r

<latexit sha1_base64="9kd5omCAT/WPJqnDrmIvM8+mCMk=">AAAB/HicbVDJTgJBEK3BDXFDPXrpiCaeyAwH9EjiQY+4sCQwIT1ND3ToWdJdY0Im+AVe9Qu8Ga/+ix/gf9jAHAR8SSUv71Wlqp4XS6HRtr+t3Nr6xuZWfruws7u3f1A8PGrqKFGMN1gkI9X2qOZShLyBAiVvx4rTwJO85Y2up37riSstovARxzF3AzoIhS8YRSPd3zz0iiW7bM9AVomTkRJkqPeKP91+xJKAh8gk1brj2DG6KVUomOSTQjfRPKZsRAe8Y2hIA67ddHbphJwbpU/8SJkKkczUvxMpDbQeB57pDCgO9bI3Ff/zOgn6V24qwjhBHrL5Ij+RBCMyfZv0heIM5dgQypQwtxI2pIoyNOEsbPEUHXGcmFyc5RRWSbNSdqrl6l2lVDvLEsrDCZzCBThwCTW4hTo0gIEPL/AKb9az9W59WJ/z1pyVzRzDAqyvX8dQlWs=</latexit>

GS

<latexit sha1_base64="fy6+a/tg8IvBz2TbcNALsccIKqc=">AAACAnicbVDLTgJBEOzFF+IL9ehlIph42uxyQI8kXjxiIo8ENmR2mIUJs4/M9JqQDTe/wKt+gTfj1R/xA/wPB9iDgJV0UqnqTneXn0ih0XG+rcLW9s7uXnG/dHB4dHxSPj1r6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvONP7uZ+54krLeLoEacJ90I6ikQgGEUjdSmiTart6qBccWxnAbJJ3JxUIEdzUP7pD2OWhjxCJqnWPddJ0MuoQsEkn5X6qeYJZRM64j1DIxpy7WWLe2fkyihDEsTKVIRkof6dyGio9TT0TWdIcazXvbn4n9dLMbj1MhElKfKILRcFqSQYk/nzZCgUZyinhlCmhLmVsDFVlKGJaGWLr+iE48zk4q6nsEnaNdut2/WHWqVRzRMqwgVcwjW4cAMNuIcmtICBhBd4hTfr2Xq3PqzPZWvBymfOYQXW1y87/5dC</latexit>

att. V

<latexit sha1_base64="lnAflQbOYgqjcOBLeK7uFW/b0pI=">AAACBHicbVDLSgNBEOyNrxhfUY9eBhPB07KbQ/QY8OIxgnlgsoTZ2U4yZHZ2mZkVQsjVL/CqX+BNvPoffoD/4eRx0MSChqKqm+6uMBVcG8/7cnIbm1vbO/ndwt7+weFR8fikqZNMMWywRCSqHVKNgktsGG4EtlOFNA4FtsLRzcxvPaLSPJH3ZpxiENOB5H3OqLHSg8LUJeVmLyr3iiXP9eYg68RfkhIsUe8Vv7tRwrIYpWGCat3xvdQEE6oMZwKnhW6mMaVsRAfYsVTSGHUwmV88JRdWiUg/UbakIXP198SExlqP49B2xtQM9ao3E//zOpnpXwcTLtPMoGSLRf1MEJOQ2fsk4gqZEWNLKFPc3krYkCrKjA3pz5ZQ0RGaqc3FX01hnTQrrl91q3eVUq28TCgPZ3AOl+DDFdTgFurQAAYSnuEFXp0n5815dz4WrTlnOXMKf+B8/gC+OpgX</latexit>

rep. Vd
<latexit sha1_base64="OLz8P8i/6qkAd0zf1qIBF+m01DU=">AAACBHicbVDLSgNBEOyNrxhfUY9eBhPB07KbQ/QY8OIxgnlgsoTZ2UkyZHZ2mekVQsjVL/CqX+BNvPoffoD/4eRx0MSChqKqm+6uMJXCoOd9ObmNza3tnfxuYW//4PCoeHzSNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWObmZ+65FrIxJ1j+OUBzEdKNEXjKKVHiiiS8rNXlTuFUue681B1om/JCVYot4rfnejhGUxV8gkNabjeykGE6pRMMmnhW5meErZiA54x1JFY26CyfziKbmwSkT6ibalkMzV3xMTGhszjkPbGVMcmlVvJv7ndTLsXwcTodIMuWKLRf1MEkzI7H0SCc0ZyrEllGlhbyVsSDVlaEP6syXUdMRxanPxV1NYJ82K61fd6l2lVCsvE8rDGZzDJfhwBTW4hTo0gIGCZ3iBV+fJeXPenY9Fa85ZzpzCHzifP8FjmBk=</latexit>

att. Vd
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<latexit sha1_base64="mc8OAE+5leFwqYJQIL+9bUOu7hM=">AAAB+3icbVDLSgNBEOyNrxhfUY9ehgTBU9jNIXoMePGYgHlAsoTZSW8yZHZ2mZkVwrJf4FW/wJt49WP8AP/DyeOgiQUNRVU33V1BIrg2rvvlFHZ29/YPioelo+OT07Py+UVXx6li2GGxiFU/oBoFl9gx3AjsJwppFAjsBbP7hd97QqV5LB/NPEE/ohPJQ86osVLbHZWrbs1dgmwTb02qsEZrVP4ejmOWRigNE1Trgecmxs+oMpwJzEvDVGNC2YxOcGCppBFqP1sempNrq4xJGCtb0pCl+nsio5HW8yiwnRE1U73pLcT/vEFqwjs/4zJJDUq2WhSmgpiYLL4mY66QGTG3hDLF7a2ETamizNhs/mwJFJ2hyW0u3mYK26Rbr3mNWqNdrzYr64SKcAUVuAEPbqEJD9CCDjBAeIYXeHVy5815dz5WrQVnPXMJf+B8/gD445T1</latexit>

0
<latexit sha1_base64="mc8OAE+5leFwqYJQIL+9bUOu7hM=">AAAB+3icbVDLSgNBEOyNrxhfUY9ehgTBU9jNIXoMePGYgHlAsoTZSW8yZHZ2mZkVwrJf4FW/wJt49WP8AP/DyeOgiQUNRVU33V1BIrg2rvvlFHZ29/YPioelo+OT07Py+UVXx6li2GGxiFU/oBoFl9gx3AjsJwppFAjsBbP7hd97QqV5LB/NPEE/ohPJQ86osVLbHZWrbs1dgmwTb02qsEZrVP4ejmOWRigNE1Trgecmxs+oMpwJzEvDVGNC2YxOcGCppBFqP1sempNrq4xJGCtb0pCl+nsio5HW8yiwnRE1U73pLcT/vEFqwjs/4zJJDUq2WhSmgpiYLL4mY66QGTG3hDLF7a2ETamizNhs/mwJFJ2hyW0u3mYK26Rbr3mNWqNdrzYr64SKcAUVuAEPbqEJD9CCDjBAeIYXeHVy5815dz5WrQVnPXMJf+B8/gD445T1</latexit>

0
<latexit sha1_base64="59r++EuU2jD+nIzGhuTMLcU2ij4=">AAAB93icbVDLTgJBEJzFF+ILvXqZQEw8kV0O6JHEi0dM5JHAhswOvTBhdnYz02tCNvsFXvULvHn1a/wA/8MB9iBgJZ1UqrrT3RUkUhh03W+ntLd/cHhUPq6cnJ6dX1Qrlz0Tp5pDl8cy1oOAGZBCQRcFShgkGlgUSOgH84el338BbUSsnnGRgB+xqRKh4Ayt9NQcV+tuw12B7hKvIHVSoDOu/owmMU8jUMglM2bouQn6GdMouIS8MkoNJIzP2RSGlioWgfGz1aE5vbHKhIaxtqWQrtS/ExmLjFlEge2MGM7MtrcU//OGKYb3fiZUkiIovl4UppJiTJdf04nQwFEuLGFcC3sr5TOmGUebzcaWQLM5YG5z8bZT2CW9ZsNrNVr1dq3Ip0yuSY3cEo/ckTZ5JB3SJZwAeSVv5N3JnQ/nc91YcoqJK7IB5+sXbxaTvA==</latexit>
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FIG. 2. Designing a fermionic Hamiltonian with enhanced d-wave correlations. (a) Spatial profile of the d-wave
correlation function →!̂†

1
!̂1+r↑ in a four-site Hubbard ladder for circuits optimized at various depths d, where !̂i denotes the

singlet annihilation operator on the rung at site i. Deeper circuits, targeting ↓
∑

r
→!̂†

1
!̂1+r↑, naturally yield stronger d-wave

correlations. (b) Learning maps. Shown are the variance (left) of the learned Hamiltonian Ĥopt and the fidelity (right) with
respect to the ground state of Ĥopt, across (ω, d). The cost function is C[ω] = →Ĥ0↑↓ω

∑
r
→!̂†

1
!̂1+r↑, where Ĥ0 is the reference

Hubbard model with tx = ty = ↓1 (defining the energy unit) and U = 4; see panel (c). Learning degrades at large ω or d

as the Hamiltonian ansatz lacks su”cient non-locality; extending it with additional non-local terms can restore performance.
(c) Learned translationally invariant Hamiltonians for d = 5 and d = 10. O#-diagonal hoppings and o#-site density–density
interactions are identified as the dominant terms enhancing d-wave correlations; here, ω = 2 and the interactions are restricted
to be repulsive. (d) d-wave correlations remain enhanced across the full doping range of a 2 ↔ 24-site ladder (relative to the
ground state of Ĥ0), despite using the learned Hamiltonian Ĥopt (pentagon symbols in (b)) obtained on a four-site ladder at
quarter filling. Enforcing all o#-site density–density interactions to be repulsive (orange) still yields appreciable enhancement;
allowing them to be attractive (green) can lead to a stronger e#ect.

of searching for and understanding high-Tc superconduc-
tors.

To explore this idea, we employ a shallow-depth vari-
ational optimization scheme, in which a short sequence
of Hubbard-like quench unitaries (see also Ref. [28]) is
applied to the ground state |ω0→ of Ĥ0 to minimize a
suitably defined cost function [Fig. 1(b) and Methods].
The experimental preparation of |ω0→ would mark a defin-
ing application of quantum hardware, providing access to
classically intractable fermionic many-body states; such
states have not yet been realized, and, in practice, acces-
sible Gibbs states may provide a viable alternative within
the IQS protocol, as demonstrated below.

Given the computational intractability of simulating
2D Hubbard models [29, 30], we focus on two-leg lad-
der systems that provide a controlled setting for our nu-
merical analyses while retaining essential features of d-
wave superconductivity [31–33]; moreover, such analy-
ses are directly relevant to ladder cuprates [34–36]. In
this context, the analog of d-wave pairing is probed
through the pseudo pair correlation function ↑!̂†

i !̂j→,

where !̂i = ĉ(i,1),→ĉ(i,2),↑ ↓ ĉ(i,1),↑ĉ(i,2),→ annihilates a sin-
glet on rung i (the second index ε ↔ {1, 2} in (i, ε) labels
the ladder leg).

Based on these definitions, a natural first step is to
define a cost function that directly amplifies d-wave cor-

relations by promoting the delocalization of fermionic
singlets, C(ω) = ↓

∑
r↑!̂

†
1!̂1+r→ω. While circuit opti-

mization indeed amplifies superconducting behavior and
improves with increasing circuit depth d [Fig. 2(a)], the
corresponding Hamiltonians inferred from the optimized
states become progressively nonlocal, motivating the in-
troduction of a regularization term. To steer the recon-
struction towards the original Hubbard Hamiltonian Ĥ0,
while utilizing the fact that |ω0→ is its ground state, we
modify the cost function to minimize

C[ω; ε] = ↑Ĥ0→ω ↓ ε

∑

r

↑!̂†
1!̂1+r→ω. (2)

To assess learning performance, we quantify the fidelity of
the optimized states as well as the variance of the recon-
structed Hamiltonians, var[Ĥopt] = ↑Ĥ

2
opt→ω ↓ ↑Ĥopt→

2
ω.

Scanning these quantities over (ε, d) yields learning maps

[Fig. 2(b)] that reveal the trade-o” between d-wave en-
hancement and locality. Large ε or d produce strong
pairing but require increasingly nonlocal ansatz terms ĥi,
whereas small ε or d keep Ĥopt Hubbard-like with only
modest enhancement. Extending the ansatz to include
longer-range terms systematically improves performance
and shifts the poor-learning region in Fig. 2(b) to larger
ε and d [SI Sec. III].

Our central result [Fig. 2(c)] identifies the Hamiltonian

d-wave (?)

Ĥ0 = − ∑
⟨ij⟩

t ( ̂c†
iσ ̂cjσ +  h.c. ) + U∑

i

̂ni↑ ̂ni↓
parametrized by {λi}
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Variational quantum states
Starting from , generate variational states|ψ0⟩

|ψ(μ)⟩ = U(μ) |ψ0⟩

λ*(μ) = arg min
λ

Varψ(μ)[H(λ)],

Central Map: Dictionary

For each , infer the Hamiltonian in a chosen model class for 
which  is an exact or approx. eigen-/groundstate.

μ
|ψ(μ)⟩

μ ↦ λ*(μ), H(λ) ⟺ |ψ(μ)⟩ = U(μ) |ψ0⟩
Hamiltonian 
learning

expressivity of circuit

Hamiltonians near H0 quantum states near |ψ0⟩

quantum 
resource

|ψ(μ)⟩ = U(μ) |ψ0⟩H(λ) = ∑
i

λihi

Dictionary
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Variational quantum states
Starting from , generate variational states|ψ0⟩

|ψ(μ)⟩ = U(μ) |ψ0⟩

λ*(μ) = arg min
λ

Varψ(μ)[H(λ)],

Central Map: Dictionary

For each , infer the Hamiltonian in a chosen model class for 
which  is an exact or approx. eigen-/groundstate.

μ
|ψ(μ)⟩

μ ↦ λ*(μ), H(λ) ⟺ |ψ(μ)⟩ = U(μ) |ψ0⟩
Hamiltonian 
learning

expressivity of circuit

Protocol: Hamiltonian Learning

Infer  by variance minimization:H(λ) = ∑
i

λihi,

λ*(μ) = arg min
λ

Varψ(μ)[H(λ)] Varψ(μ)[H(λ)] = ⟨H(λ)2⟩μ − ⟨H(λ)⟩2
μwith

= ∑
ij

λiλj(⟨hihj⟩μ − ⟨hi⟩μ⟨hj⟩μ) .

Poly# in system size
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Variational quantum states
Starting from , generate variational states|ψ0⟩

|ψ(μ)⟩ = U(μ) |ψ0⟩

λ*(μ) = arg min
λ

Varψ(μ)[H(λ)],

H(λ*(μ)) ↦ ⟨O⟩μ = ⟨ψ(μ) |O |ψ(μ)⟩

Observables for nearby Hamiltonians
Then the fixed simulator provides:

hybrid quantum-classical protocol
and find Hamiltonian which maximizes the cost .C

Central Map: Dictionary

For each , infer the Hamiltonian in a chosen model class for 
which  is an exact or approx. eigen-/groundstate.

μ
|ψ(μ)⟩

μ ↦ λ*(μ), H(λ) ⟺ |ψ(μ)⟩ = U(μ) |ψ0⟩
Hamiltonian 
learning

expressivity of circuit
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1. Fermionic sign problem, exp. growth of bond dimension


2. Many competing phases (superconductivity, charge density waves, 
complex magnetism)

To illustrate IQS we study 
Hubbard ladders 

𝑛

𝑇

𝑛

𝑇

IQS

Ĥ0 = − ∑
⟨ij⟩

t ( ̂c†
iσ ̂cjσ +  h.c. ) + U∑

i

̂ni↑ ̂ni↓Hamiltonian:
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𝑛

𝑇

𝑛

𝑇

IQS

Learned Hamiltonian

d-wave

Results
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Δ̂†
i = ̂c†

i1↑
̂c†
i2↓

− ̂c†
i1↓

̂c†
i2↑

with

Δ̂†
i Δ̂†

j

Objective: max d-wave

𝒞(θ) = − ∑
i, j

⟨Δ̂†
i Δ̂j ⟩θ

→ 𝗆𝗂𝗇

singlet on rungs

long range order

Learned Hamiltonian

d-wave

Results
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Hamiltonian Learning

IQS to enhance d-wave like 

Learned Hamiltonian

d-wave

Results
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1. cost function 𝒞[θ; λ] = ⟨Ĥ0⟩θ
− λ∑

r
⟨Δ̂†

1Δ̂1+r⟩θ

2. variational wave fct |Ψ(θ)⟩ = ⋯V(θ3)Uy(θ2)Ux(θ1) |Ψ0⟩ circuit depth d

3. We search for optimal Hamiltonians in family 

Ĥ = − ∑
⟨ij⟩,σ

tij ( ̂c†
iσ ̂cjσ +  H.c. ) − ∑

⟨⟨ij⟩⟩,σ

t′￼ij ( ̂c†
iσ ̂cjσ +  H.c. ) + U∑

i

̂ni↑ ̂ni↓ + ∑
⟨ij⟩,σ,σ′￼

Vij ̂niσ ̂njσ′￼+ ∑
⟨⟨ij⟩⟩,σ,σ′￼

V′￼ij ̂niσ ̂njσ′￼

3
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<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
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<latexit sha1_base64="pGbh4rFVp9TNB0C08ZtMLTIszP8=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CwIvHCG4SSJYwOzubDJl9MNMrhCUHv8CrfoE38eqn+AH+h5NkDyZa0FBUddPd5adSaLTtL6u0tr6xuVXeruzs7u0fVA+P2jrJFOMuS2Siuj7VXIqYuyhQ8m6qOI18yTv++Hbmdx650iKJH3CSci+iw1iEglE0khuQG2IPqjW7bs9B/hKnIDUo0BpUv/tBwrKIx8gk1brn2Cl6OVUomOTTSj/TPKVsTIe8Z2hMI669fH7slJwZJSBhokzFSObq74mcRlpPIt90RhRHetWbif95vQzDay8XcZohj9liUZhJggmZfU4CoThDOTGEMiXMrYSNqKIMTT5LW3xFxxynJhdnNYW/pH1Rdxr1xv1lrUmKhMpwAqdwDg5cQRPuoAUuMBDwDC/waj1Zb9a79bFoLVnFzDEswfr8AfUwlf4=</latexit>

d = 0

<latexit sha1_base64="Mi2pGt55iqT/H0psX8BK958nbYY=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIvHCG4SSJYwOzubDJl9MNMrhJCDX+BVv8CbePVT/AD/w0myB5NY0FBUddPd5adSaLTtb6uwtr6xuVXcLu3s7u0flA+PmjrJFOMuS2Si2j7VXIqYuyhQ8naqOI18yVv+8G7qt5640iKJH3GUci+i/ViEglE0khuQW3LVK1fsqj0DWSVOTiqQo9Er/3SDhGURj5FJqnXHsVP0xlShYJJPSt1M85SyIe3zjqExjbj2xrNjJ+TMKAEJE2UqRjJT/06MaaT1KPJNZ0RxoJe9qfif18kwvPHGIk4z5DGbLwozSTAh089JIBRnKEeGUKaEuZWwAVWUoclnYYuv6JDjxOTiLKewSpoXVadWrT1cVuokT6gIJ3AK5+DANdThHhrgAgMBL/AKb9az9W59WJ/z1oKVzxzDAqyvX/0jlgM=</latexit>

d = 5

<latexit sha1_base64="RnB03GJvP23XWaA6cXqUnSG0znw=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRC9CwIvHCOYByRJmZ3uTMbMPZnqFsOTiF3jVL/AmXv0TP8D/cJLswSQWNBRV3XR3eYkUGm372yqsrW9sbhW3Szu7e/sH5cOjlo5TxaHJYxmrjsc0SBFBEwVK6CQKWOhJaHuj26nffgKlRRw94DgBN2SDSASCMzRSy6c31LH75YpdtWegq8TJSYXkaPTLPz0/5mkIEXLJtO46doJuxhQKLmFS6qUaEsZHbABdQyMWgnaz2bUTemYUnwaxMhUhnal/JzIWaj0OPdMZMhzqZW8q/ud1Uwyu3UxESYoQ8fmiIJUUYzp9nfpCAUc5NoRxJcytlA+ZYhxNQAtbPMVGgBOTi7OcwippXVSdWrV2f1mp0zyhIjkhp+ScOOSK1MkdaZAm4eSRvJBX8mY9W+/Wh/U5by1Y+cwxWYD19QtpN5Y5</latexit>

d = 10

<latexit sha1_base64="bzng3r2uq2uPoC3DR0LR8nF62o4=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHx4mYXYcEbiRePaARJYENmh1mYMPvIzKwJ2eAXeNUv8Ga8+i9+gP/hAHsQtJJOKlXd6e7yYs6ksqwvI7e2vrG5ld8u7Ozu7R8UD4/aMkoEoS0S8Uh0PCwpZyFtKaY47cSC4sDj9MEbX8/8h0cqJIvCezWJqRvgYch8RrDS0t2F3S+WLLPuWFWnjCzzsmpfVWqaWHMgOyMlyNDsF797g4gkAQ0V4VjKrm3Fyk2xUIxwOi30EkljTMZ4SLuahjig0k3nl07RmVYGyI+ErlChufp7IsWBlJPA050BViO56s3E/7xuovy6m7IwThQNyWKRn3CkIjR7Gw2YoETxiSaYCKZvRWSEBSZKh7O0xRN4TNVU52KvpvCXtMum7ZjObaXUQFlCeTiBUzgHG2rQgBtoQgsI+PAML/BqPBlvxrvxsWjNGdnMMSzB+PwBvWWVZQ==</latexit>

�1

<latexit sha1_base64="AKVQP9QYtwfFaFHKCHxZTwEAYIs=">AAAB/3icbVDLTgIxFO3gC/GFunTTSEzcOOkgDLgjceMSEwdIYEI6pUBDpzNpOyZkwsIvcKtf4M649VP8AP/DArMQ9CQ3OTnn3tx7TxBzpjRCX1ZuY3Nreye/W9jbPzg8Kh6ftFSUSEI9EvFIdgKsKGeCepppTjuxpDgMOG0Hk9u5336kUrFIPOhpTP0QjwQbMoK1kbwrZLvVfrGE7LqLqm4ZIvu66txUaoagBaCTkRLI0OwXv3uDiCQhFZpwrFTXQbH2Uyw1I5zOCr1E0RiTCR7RrqECh1T56eLYGbwwygAOI2lKaLhQf0+kOFRqGgamM8R6rNa9ufif1030sO6nTMSJpoIsFw0TDnUE55/DAZOUaD41BBPJzK2QjLHERJt8VrYEEk+onplcnPUU/pJW2XZc272vlBowSygPzsA5uAQOqIEGuANN4AECGHgGL+DVerLerHfrY9mas7KZU7AC6/MHH8WWGw==</latexit>

�0.65

<latexit sha1_base64="m1N0kTUQfJ7lzhXA8QOqiNJJ1C8=">AAAB/3icbVDLTgIxFO3gC/GFunTTSEzcOJlBGHBH4sYlJg6QwIR0ygUaOo+0HRMyYeEXuNUvcGfc+il+gP9hgVkIepKmJ+fcm3vv8WPOpLKsLyO3sbm1vZPfLeztHxweFY9PWjJKBAWXRjwSHZ9I4CwEVzHFoRMLIIHPoe1Pbud++xGEZFH4oKYxeAEZhWzIKFFacq8ss17uF0v6c6yqU8aWeV21byo1TawFsJ2REsrQ7Be/e4OIJgGEinIiZde2YuWlRChGOcwKvURCTOiEjKCraUgCkF66WHaGL7QywMNI6BcqvFB/d6QkkHIa+LoyIGos1725+J/XTdSw7qUsjBMFIV0OGiYcqwjPL8cDJoAqPtWEUMH0rpiOiSBU6XxWpviCTEDNdC72egp/Sats2o7p3FdKDZwllEdn6BxdIhvVUAPdoSZyEUUMPaMX9Go8GW/Gu/GxLM0ZWc8pWoHx+QMeMJYa</latexit>

�0.82

<latexit sha1_base64="bpjiW9xcgUpUKrU/igk9RlqzAPM=">AAAB93icdVDLSsNAFJ3UV62v6tbNYBFchSRNW7sruHFZwT6gDWUyvWmHTh7MTIQS8gVu9QvcufVr/AD/w0lbQUUPXDiccy/33uMnnEllWe9GaWt7Z3evvF85ODw6PqlWTvsyTgWFHo15LIY+kcBZBD3FFIdhIoCEPoeBv7gp/MEDCMni6F4tE/BCMotYwChRWrpzJ9WaZVpuw2nVsWXWG0677RTEqTdcF9umtUINbdCdVD/G05imIUSKciLlyLYS5WVEKEY55JVxKiEhdEFmMNI0IiFIL1sdmuNLrUxxEAtdkcIr9ftERkIpl6GvO0Oi5vK3V4h/eaNUBddexqIkVRDR9aIg5VjFuPgaT5kAqvhSE0IF07diOieCUKWz+bHFF2QBKte5fD2P/yd9x7SbZrPWwZt8yugcXaArZKMW6qBb1EU9RBGgR/SEno3ceDFe140lYzNxhn7AePsE3fqUBA==</latexit>

4

<latexit sha1_base64="v2i0x3KPG7Cw7KuGolEw0B4p/UI=">AAAB/nicdVDLSgMxFM34rPVVdekmWARXw7z62hXcuKxgH9AOJZNm2tBMZkgyQhkKfoFb/QJ34tZf8QP8DzNtBSt64MLhnHu5954gYVQqy/owNja3tnd2C3vF/YPDo+PSyWlHxqnApI1jFotegCRhlJO2ooqRXiIIigJGusH0Ove790RIGvM7NUuIH6ExpyHFSOWSa3r1YalsmZZXcWoutEy34jQaTk4ct+J50DatBcpghdaw9DkYxTiNCFeYISn7tpUoP0NCUczIvDhIJUkQnqIx6WvKUUSkny1uncNLrYxgGAtdXMGF+nMiQ5GUsyjQnRFSE/nby8W/vH6qwrqfUZ6kinC8XBSmDKoY5o/DERUEKzbTBGFB9a0QT5BAWOl41rYEAk2Jmutcvp+H/5OOY9pVs3rrlZtwlVABnIMLcAVsUANNcANaoA0wmIBH8ASejQfjxXg13patG8Zq5gyswXj/AtAqlfg=</latexit>

3.48

<latexit sha1_base64="NWiyxp4jSdTb6PYa6B9mRD65uCc=">AAAB/nicdVDLSgMxFM3UV62vqks3wSK4GubV1u4KblxWsA9oh5JJM21oJjMkGaEMBb/ArX6BO3Hrr/gB/oeZtoIVPXDhcM693HtPkDAqlWV9GIWNza3tneJuaW//4PCofHzSkXEqMGnjmMWiFyBJGOWkrahipJcIgqKAkW4wvc797j0Rksb8Ts0S4kdozGlIMVK55Jp2bViuWKblVZ26Cy3TrTqNhpMTx616HrRNa4EKWKE1LH8ORjFOI8IVZkjKvm0lys+QUBQzMi8NUkkShKdoTPqachQR6WeLW+fwQisjGMZCF1dwof6cyFAk5SwKdGeE1ET+9nLxL6+fqvDKzyhPUkU4Xi4KUwZVDPPH4YgKghWbaYKwoPpWiCdIIKx0PGtbAoGmRM11Lt/Pw/9Jx9ERmrVbr9KEq4SK4Aycg0tggzpoghvQAm2AwQQ8gifwbDwYL8ar8bZsLRirmVOwBuP9C8g0lfM=</latexit>

3.16
<latexit sha1_base64="IBQhcnYlRs1xk0Dv6WteuKGx+1g=">AAAB/nicdVDLSsNAFJ3UV62vqks3g0VwFSZp0tpdwY3LCvYBbSiT6aQdOpmEmYlQQsEvcKtf4E7c+it+gP9h0lawogcuHM65l3vv8WPOlEbowyhsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96XXud++pVCwSd3oWUy/EY8ECRrDOJWTW3GG5gkzkuHa9CpFZde1Gw86JXXUdB1omWqACVmgNy5+DUUSSkApNOFaqb6FYeymWmhFO56VBomiMyRSPaT+jAodUeeni1jm8yJQRDCKZldBwof6cSHGo1Cz0s84Q64n67eXiX14/0cGVlzIRJ5oKslwUJBzqCOaPwxGTlGg+ywgmkmW3QjLBEhOdxbO2xZd4SvU8y+X7efg/6dimVTNrt06lCVcJFcEZOAeXwAJ10AQ3oAXagIAJeARP4Nl4MF6MV+Nt2VowVjOnYA3G+xfJx5X0</latexit>

0.65

<latexit sha1_base64="U8ZE1vpc0WXfoZAfr/E5rafo79Y=">AAAB/XicdVDLTgIxFO3gC/GFunTTSExcTTrDALIjceMSowgJTEinFGjodCZtx4RMiF/gVr/AnXHrt/gB/ocdwESMnuQmJ+fcm3vvCWLOlEbow8qtrW9sbuW3Czu7e/sHxcOjOxUlktAWiXgkOwFWlDNBW5ppTjuxpDgMOG0Hk8vMb99TqVgkbvU0pn6IR4INGcHaSDfIdvrFErKRV3FrZYjscsWt192MuOWK50HHRnOUwBLNfvGzN4hIElKhCcdKdR0Uaz/FUjPC6azQSxSNMZngEe0aKnBIlZ/OT53BM6MM4DCSpoSGc/XnRIpDpaZhYDpDrMfqt5eJf3ndRA8v/JSJONFUkMWiYcKhjmD2NxwwSYnmU0MwkczcCskYS0y0SWdlSyDxhOqZyeX7efg/uXNtp2pXr71SAy4TyoMTcArOgQNqoAGuQBO0AAEj8AiewLP1YL1Yr9bbojVnLWeOwQqs9y9IApWw</latexit>

0.1

<latexit sha1_base64="AyMF5EUYdoCSTFhQiy39eeMyZQc=">AAAB/nicbVDLSsNAFJ34rPVVdelmsAiuwqS2ad0V3LisYB/QhjKZTtqhk0mYmQglFPwCt/oF7sStv+IH+B9O2ixs9cCFwzn3cu89fsyZ0gh9WRubW9s7u4W94v7B4dFx6eS0o6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/epv53UcqFYvEg57F1AvxWLCAEawzCdmVxrBURnbDRTW3ApF9XXNuqnVD0ALQyUkZ5GgNS9+DUUSSkApNOFaq76BYeymWmhFO58VBomiMyRSPad9QgUOqvHRx6xxeGmUEg0iaEhou1N8TKQ6VmoW+6Qyxnqh1LxP/8/qJDhpeykScaCrIclGQcKgjmD0OR0xSovnMEEwkM7dCMsESE23iWdniSzylem5ycdZT+Es6Fdtxbfe+Wm7CPKECOAcX4Ao4oA6a4A60QBsQMAHP4AW8Wk/Wm/VufSxbN6x85gyswPr8AbDfleM=</latexit>

0.28

<latexit sha1_base64="5ndgwedeSHMmaKFhx6iMF8gBJ8Q=">AAAB/nicbVDLSsNAFJ34rPVVdelmsAiuwqS2ad0V3LisYB/QhjKZTtqhk0mYmQglFPwCt/oF7sStv+IH+B9O2ixs9cCFwzn3cu89fsyZ0gh9WRubW9s7u4W94v7B4dFx6eS0o6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/epv53UcqFYvEg57F1AvxWLCAEawzCdmoPiyVkd1wUc2tQGRf15ybat0QtAB0clIGOVrD0vdgFJEkpEITjpXqOyjWXoqlZoTTeXGQKBpjMsVj2jdU4JAqL13cOoeXRhnBIJKmhIYL9fdEikOlZqFvOkOsJ2rdy8T/vH6ig4aXMhEnmgqyXBQkHOoIZo/DEZOUaD4zBBPJzK2QTLDERJt4Vrb4Ek+pnptcnPUU/pJOxXZc272vlpswT6gAzsEFuAIOqIMmuAMt0AYETMAzeAGv1pP1Zr1bH8vWDSufOQMrsD5/AKwYleA=</latexit>

0.07

<latexit sha1_base64="bMxQoXFbjU55SdBq0dWNLUMNQNk=">AAAB/nicdVDLSsNAFJ3UV62vqks3g0VwFZI0ae2u4MZlBfuANpTJdNIOnUzCzEQooeAXuNUvcCdu/RU/wP9w0lawogcuHM65l3vvCRJGpbKsD6Owsbm1vVPcLe3tHxwelY9POjJOBSZtHLNY9AIkCaOctBVVjPQSQVAUMNINpte5370nQtKY36lZQvwIjTkNKUYqlyzT8YblimVarufUq9Ayq57TaDg5caqe60LbtBaogBVaw/LnYBTjNCJcYYak7NtWovwMCUUxI/PSIJUkQXiKxqSvKUcRkX62uHUOL7QygmEsdHEFF+rPiQxFUs6iQHdGSE3kby8X//L6qQqv/IzyJFWE4+WiMGVQxTB/HI6oIFixmSYIC6pvhXiCBMJKx7O2JRBoStRc5/L9PPyfdBzTrpm1W7fShKuEiuAMnINLYIM6aIIb0AJtgMEEPIIn8Gw8GC/Gq/G2bC0Yq5lTsAbj/QvDZ5Xw</latexit>

0.25

<latexit sha1_base64="HOdsH1X1qDfh2/2uVktdm2fdbCE=">AAAB/nicdVDLSsNAFL2pr1pfVZduBovgKqRp2tpdwY3LCvYBbSiT6aQdOpmEmYlQQsEvcKtf4E7c+it+gP9h0lawogeGOZxzL/fe40WcKW1ZH0ZuY3Nreye/W9jbPzg8Kh6fdFQYS0LbJOSh7HlYUc4EbWumOe1FkuLA47TrTa8zv3tPpWKhuNOziLoBHgvmM4J1Jlmm5QyLpeyr2vUKssxK1W407IzYlarjoLJpLVCCFVrD4udgFJI4oEITjpXql61IuwmWmhFO54VBrGiEyRSPaT+lAgdUucli1zm6SJUR8kOZPqHRQv3ZkeBAqVngpZUB1hP128vEv7x+rP0rN2EiijUVZDnIjznSIcoORyMmKdF8lhJMJEt3RWSCJSY6jWdtiifxlOp5msv38eh/0rHNcs2s3TqlJlollIczOIdLKEMdmnADLWgDgQk8whM8Gw/Gi/FqvC1Lc8aq5xTWYLx/Ab6gle0=</latexit>

0.04

<latexit sha1_base64="QgItarE+lXZn4fSNncOYgw1SQMM=">AAAB/nicbVDLSgMxFM3UV62vqks3wSK4GjJ9TOuu4MZlBfuAdiiZNG1DM5khyQhlKPgFbvUL3Ilbf8UP8D/MtLOw1QMXDufcy733+BFnSiP0ZeW2tnd29/L7hYPDo+OT4ulZR4WxJLRNQh7Kno8V5UzQtmaa014kKQ58Trv+7Db1u49UKhaKBz2PqBfgiWBjRrBOJWQ7lWGxhOyGi2puGSK7UnNuqnVD0BLQyUgJZGgNi9+DUUjigApNOFaq76BIewmWmhFOF4VBrGiEyQxPaN9QgQOqvGR56wJeGWUEx6E0JTRcqr8nEhwoNQ980xlgPVWbXir+5/VjPW54CRNRrKkgq0XjmEMdwvRxOGKSEs3nhmAimbkVkimWmGgTz9oWX+IZ1QuTi7OZwl/SKduOa7v31VITZgnlwQW4BNfAAXXQBHegBdqAgCl4Bi/g1Xqy3qx362PVmrOymXOwBuvzB6dUld0=</latexit>

0.13
<latexit sha1_base64="lQ0YEEhF9UKqx4I/U+8U1wrMjes=">AAACHXicbVDdSsMwGE39nfOv6qU30SFMhNmKTC8H3nglE9wPbKWkWbqFpWlJUscovfYxfAJv9Qm8E2/FB/A9TLdeuM0DgZNzvp/keBGjUlnWt7G0vLK6tl7YKG5ube/smnv7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5w5vMbz0SIWnIH9Q4Ik6A+pz6FCOlJdc8KnM36cYREiIcpfAMZtdeOOJT4fT8zjVLVsWaAC4SOyclkKPumj96AI4DwhVmSMqObUXKSZBQFDOSFruxJBHCQ9QnHU05Coh0kslXUniilR70Q6EPV3Ci/u1IUCDlOPB0ZYDUQM57mfif14mVf+0klEexIhxPF/kxgyqEWS6wRwXBio01QVhQ/VaIB0ggrHR6M1s8gYZEpToXez6FRdK8qNjVSvX+slSDeUIFcAiOQRnY4ArUwC2ogwbA4Am8gFfwZjwb78aH8TktXTLyngMwA+PrF1i6oqQ=</latexit>
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<latexit sha1_base64="4VtIZVLZSz7EjssUu6pD0O7IhNU=">AAAB+3icbVDLTsJAFJ36RHyhLt1MJCaumhah4I7EjUtI5JFAQ6bDLUyYPjIzNSFNv8CtfoE749aP8QP8DwfoQtCT3OTknHtz7z1ezJlUlvVlbG3v7O7tFw6Kh0fHJ6els/OujBJBoUMjHom+RyRwFkJHMcWhHwsggceh583uF37vCYRkUfio5jG4AZmEzGeUKC21xahUtsyGY9WcCrbM25p9V61rYi2B7ZyUUY7WqPQ9HEc0CSBUlBMpB7YVKzclQjHKISsOEwkxoTMygYGmIQlAuuny0Axfa2WM/UjoChVeqr8nUhJIOQ883RkQNZWb3kL8zxskym+4KQvjREFIV4v8hGMV4cXXeMwEUMXnmhAqmL4V0ykRhCqdzdoWT5AZqEznYm+m8Jd0K6btmE67Wm7iPKECukRX6AbZqI6a6AG1UAdRBOgZvaBXIzPejHfjY9W6ZeQzF2gNxucPuA2Vbw==</latexit>

r

<latexit sha1_base64="e4SGhfObYmdf67mm4fzoFQVRZcI=">AAACCHicbVDLSgNBEJz1Gd9Rj14Gg+Ap7GqyibeAHjwqmBhIYuiddMyQ2QczvUJY8gN+gVf9Am/i1b/wA/wPJzEHXwUNRVU31VSQKGnIdd+dufmFxaXl3Mrq2vrG5lZ+e6dh4lQLrItYxboZgEElI6yTJIXNRCOEgcLrYHg68a/vUBsZR1c0SrATwm0k+1IAWemmPQDK2meoCMZd2c0X3GLVd8v+EXeLx2XvpFSxxJ2CezNSYDNcdPMf7V4s0hAjEgqMaXluQp0MNEmhcLzaTg0mIIZwiy1LIwjRdLLp12N+YJUe78faTkR8qn6/yCA0ZhQGdjMEGpjf3kT8z2ul1K92MhklKWEkvoL6qeIU80kFvCc1ClIjS0BoaX/lYgAaBNmifqQEGoZIY9uL97uFv6RxVPT8on9ZKtT4rKEc22P77JB5rMJq7JxdsDoTTLMH9sienHvn2XlxXr9W55zZzS77AeftE/hpmx4=</latexit>

�̂i

<latexit sha1_base64="ouolUh54pJq5EvYH6rGnboAJaag="></latexit>

�̂†
i+r

<latexit sha1_base64="9kd5omCAT/WPJqnDrmIvM8+mCMk=">AAAB/HicbVDJTgJBEK3BDXFDPXrpiCaeyAwH9EjiQY+4sCQwIT1ND3ToWdJdY0Im+AVe9Qu8Ga/+ix/gf9jAHAR8SSUv71Wlqp4XS6HRtr+t3Nr6xuZWfruws7u3f1A8PGrqKFGMN1gkI9X2qOZShLyBAiVvx4rTwJO85Y2up37riSstovARxzF3AzoIhS8YRSPd3zz0iiW7bM9AVomTkRJkqPeKP91+xJKAh8gk1brj2DG6KVUomOSTQjfRPKZsRAe8Y2hIA67ddHbphJwbpU/8SJkKkczUvxMpDbQeB57pDCgO9bI3Ff/zOgn6V24qwjhBHrL5Ij+RBCMyfZv0heIM5dgQypQwtxI2pIoyNOEsbPEUHXGcmFyc5RRWSbNSdqrl6l2lVDvLEsrDCZzCBThwCTW4hTo0gIEPL/AKb9az9W59WJ/z1pyVzRzDAqyvX8dQlWs=</latexit>

GS

<latexit sha1_base64="fy6+a/tg8IvBz2TbcNALsccIKqc=">AAACAnicbVDLTgJBEOzFF+IL9ehlIph42uxyQI8kXjxiIo8ENmR2mIUJs4/M9JqQDTe/wKt+gTfj1R/xA/wPB9iDgJV0UqnqTneXn0ih0XG+rcLW9s7uXnG/dHB4dHxSPj1r6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvONP7uZ+54krLeLoEacJ90I6ikQgGEUjdSmiTart6qBccWxnAbJJ3JxUIEdzUP7pD2OWhjxCJqnWPddJ0MuoQsEkn5X6qeYJZRM64j1DIxpy7WWLe2fkyihDEsTKVIRkof6dyGio9TT0TWdIcazXvbn4n9dLMbj1MhElKfKILRcFqSQYk/nzZCgUZyinhlCmhLmVsDFVlKGJaGWLr+iE48zk4q6nsEnaNdut2/WHWqVRzRMqwgVcwjW4cAMNuIcmtICBhBd4hTfr2Xq3PqzPZWvBymfOYQXW1y87/5dC</latexit>

att. V

<latexit sha1_base64="lnAflQbOYgqjcOBLeK7uFW/b0pI=">AAACBHicbVDLSgNBEOyNrxhfUY9eBhPB07KbQ/QY8OIxgnlgsoTZ2U4yZHZ2mZkVQsjVL/CqX+BNvPoffoD/4eRx0MSChqKqm+6uMBVcG8/7cnIbm1vbO/ndwt7+weFR8fikqZNMMWywRCSqHVKNgktsGG4EtlOFNA4FtsLRzcxvPaLSPJH3ZpxiENOB5H3OqLHSg8LUJeVmLyr3iiXP9eYg68RfkhIsUe8Vv7tRwrIYpWGCat3xvdQEE6oMZwKnhW6mMaVsRAfYsVTSGHUwmV88JRdWiUg/UbakIXP198SExlqP49B2xtQM9ao3E//zOpnpXwcTLtPMoGSLRf1MEJOQ2fsk4gqZEWNLKFPc3krYkCrKjA3pz5ZQ0RGaqc3FX01hnTQrrl91q3eVUq28TCgPZ3AOl+DDFdTgFurQAAYSnuEFXp0n5815dz4WrTlnOXMKf+B8/gC+OpgX</latexit>

rep. Vd
<latexit sha1_base64="OLz8P8i/6qkAd0zf1qIBF+m01DU=">AAACBHicbVDLSgNBEOyNrxhfUY9eBhPB07KbQ/QY8OIxgnlgsoTZ2UkyZHZ2mekVQsjVL/CqX+BNvPoffoD/4eRx0MSChqKqm+6uMJXCoOd9ObmNza3tnfxuYW//4PCoeHzSNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWObmZ+65FrIxJ1j+OUBzEdKNEXjKKVHiiiS8rNXlTuFUue681B1om/JCVYot4rfnejhGUxV8gkNabjeykGE6pRMMmnhW5meErZiA54x1JFY26CyfziKbmwSkT6ibalkMzV3xMTGhszjkPbGVMcmlVvJv7ndTLsXwcTodIMuWKLRf1MEkzI7H0SCc0ZyrEllGlhbyVsSDVlaEP6syXUdMRxanPxV1NYJ82K61fd6l2lVCsvE8rDGZzDJfhwBTW4hTo0gIGCZ3iBV+fJeXPenY9Fa85ZzpzCHzifP8FjmBk=</latexit>

att. Vd
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<latexit sha1_base64="mc8OAE+5leFwqYJQIL+9bUOu7hM=">AAAB+3icbVDLSgNBEOyNrxhfUY9ehgTBU9jNIXoMePGYgHlAsoTZSW8yZHZ2mZkVwrJf4FW/wJt49WP8AP/DyeOgiQUNRVU33V1BIrg2rvvlFHZ29/YPioelo+OT07Py+UVXx6li2GGxiFU/oBoFl9gx3AjsJwppFAjsBbP7hd97QqV5LB/NPEE/ohPJQ86osVLbHZWrbs1dgmwTb02qsEZrVP4ejmOWRigNE1Trgecmxs+oMpwJzEvDVGNC2YxOcGCppBFqP1sempNrq4xJGCtb0pCl+nsio5HW8yiwnRE1U73pLcT/vEFqwjs/4zJJDUq2WhSmgpiYLL4mY66QGTG3hDLF7a2ETamizNhs/mwJFJ2hyW0u3mYK26Rbr3mNWqNdrzYr64SKcAUVuAEPbqEJD9CCDjBAeIYXeHVy5815dz5WrQVnPXMJf+B8/gD445T1</latexit>

0
<latexit sha1_base64="mc8OAE+5leFwqYJQIL+9bUOu7hM=">AAAB+3icbVDLSgNBEOyNrxhfUY9ehgTBU9jNIXoMePGYgHlAsoTZSW8yZHZ2mZkVwrJf4FW/wJt49WP8AP/DyeOgiQUNRVU33V1BIrg2rvvlFHZ29/YPioelo+OT07Py+UVXx6li2GGxiFU/oBoFl9gx3AjsJwppFAjsBbP7hd97QqV5LB/NPEE/ohPJQ86osVLbHZWrbs1dgmwTb02qsEZrVP4ejmOWRigNE1Trgecmxs+oMpwJzEvDVGNC2YxOcGCppBFqP1sempNrq4xJGCtb0pCl+nsio5HW8yiwnRE1U73pLcT/vEFqwjs/4zJJDUq2WhSmgpiYLL4mY66QGTG3hDLF7a2ETamizNhs/mwJFJ2hyW0u3mYK26Rbr3mNWqNdrzYr64SKcAUVuAEPbqEJD9CCDjBAeIYXeHVy5815dz5WrQVnPXMJf+B8/gD445T1</latexit>

0
<latexit sha1_base64="59r++EuU2jD+nIzGhuTMLcU2ij4=">AAAB93icbVDLTgJBEJzFF+ILvXqZQEw8kV0O6JHEi0dM5JHAhswOvTBhdnYz02tCNvsFXvULvHn1a/wA/8MB9iBgJZ1UqrrT3RUkUhh03W+ntLd/cHhUPq6cnJ6dX1Qrlz0Tp5pDl8cy1oOAGZBCQRcFShgkGlgUSOgH84el338BbUSsnnGRgB+xqRKh4Ayt9NQcV+tuw12B7hKvIHVSoDOu/owmMU8jUMglM2bouQn6GdMouIS8MkoNJIzP2RSGlioWgfGz1aE5vbHKhIaxtqWQrtS/ExmLjFlEge2MGM7MtrcU//OGKYb3fiZUkiIovl4UppJiTJdf04nQwFEuLGFcC3sr5TOmGUebzcaWQLM5YG5z8bZT2CW9ZsNrNVr1dq3Ip0yuSY3cEo/ckTZ5JB3SJZwAeSVv5N3JnQ/nc91YcoqJK7IB5+sXbxaTvA==</latexit>
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FIG. 2. Designing a fermionic Hamiltonian with enhanced d-wave correlations. (a) Spatial profile of the d-wave
correlation function →!̂†

1
!̂1+r↑ in a four-site Hubbard ladder for circuits optimized at various depths d, where !̂i denotes the

singlet annihilation operator on the rung at site i. Deeper circuits, targeting ↓
∑

r
→!̂†

1
!̂1+r↑, naturally yield stronger d-wave

correlations. (b) Learning maps. Shown are the variance (left) of the learned Hamiltonian Ĥopt and the fidelity (right) with
respect to the ground state of Ĥopt, across (ω, d). The cost function is C[ω] = →Ĥ0↑↓ω

∑
r
→!̂†

1
!̂1+r↑, where Ĥ0 is the reference

Hubbard model with tx = ty = ↓1 (defining the energy unit) and U = 4; see panel (c). Learning degrades at large ω or d

as the Hamiltonian ansatz lacks su”cient non-locality; extending it with additional non-local terms can restore performance.
(c) Learned translationally invariant Hamiltonians for d = 5 and d = 10. O#-diagonal hoppings and o#-site density–density
interactions are identified as the dominant terms enhancing d-wave correlations; here, ω = 2 and the interactions are restricted
to be repulsive. (d) d-wave correlations remain enhanced across the full doping range of a 2 ↔ 24-site ladder (relative to the
ground state of Ĥ0), despite using the learned Hamiltonian Ĥopt (pentagon symbols in (b)) obtained on a four-site ladder at
quarter filling. Enforcing all o#-site density–density interactions to be repulsive (orange) still yields appreciable enhancement;
allowing them to be attractive (green) can lead to a stronger e#ect.

of searching for and understanding high-Tc superconduc-
tors.

To explore this idea, we employ a shallow-depth vari-
ational optimization scheme, in which a short sequence
of Hubbard-like quench unitaries (see also Ref. [28]) is
applied to the ground state |ω0→ of Ĥ0 to minimize a
suitably defined cost function [Fig. 1(b) and Methods].
The experimental preparation of |ω0→ would mark a defin-
ing application of quantum hardware, providing access to
classically intractable fermionic many-body states; such
states have not yet been realized, and, in practice, acces-
sible Gibbs states may provide a viable alternative within
the IQS protocol, as demonstrated below.

Given the computational intractability of simulating
2D Hubbard models [29, 30], we focus on two-leg lad-
der systems that provide a controlled setting for our nu-
merical analyses while retaining essential features of d-
wave superconductivity [31–33]; moreover, such analy-
ses are directly relevant to ladder cuprates [34–36]. In
this context, the analog of d-wave pairing is probed
through the pseudo pair correlation function ↑!̂†

i !̂j→,

where !̂i = ĉ(i,1),→ĉ(i,2),↑ ↓ ĉ(i,1),↑ĉ(i,2),→ annihilates a sin-
glet on rung i (the second index ε ↔ {1, 2} in (i, ε) labels
the ladder leg).

Based on these definitions, a natural first step is to
define a cost function that directly amplifies d-wave cor-

relations by promoting the delocalization of fermionic
singlets, C(ω) = ↓

∑
r↑!̂

†
1!̂1+r→ω. While circuit opti-

mization indeed amplifies superconducting behavior and
improves with increasing circuit depth d [Fig. 2(a)], the
corresponding Hamiltonians inferred from the optimized
states become progressively nonlocal, motivating the in-
troduction of a regularization term. To steer the recon-
struction towards the original Hubbard Hamiltonian Ĥ0,
while utilizing the fact that |ω0→ is its ground state, we
modify the cost function to minimize

C[ω; ε] = ↑Ĥ0→ω ↓ ε

∑

r

↑!̂†
1!̂1+r→ω. (2)

To assess learning performance, we quantify the fidelity of
the optimized states as well as the variance of the recon-
structed Hamiltonians, var[Ĥopt] = ↑Ĥ

2
opt→ω ↓ ↑Ĥopt→

2
ω.

Scanning these quantities over (ε, d) yields learning maps

[Fig. 2(b)] that reveal the trade-o” between d-wave en-
hancement and locality. Large ε or d produce strong
pairing but require increasingly nonlocal ansatz terms ĥi,
whereas small ε or d keep Ĥopt Hubbard-like with only
modest enhancement. Extending the ansatz to include
longer-range terms systematically improves performance
and shifts the poor-learning region in Fig. 2(b) to larger
ε and d [SI Sec. III].

Our central result [Fig. 2(c)] identifies the Hamiltonian

• Learned Hamiltonians• Learning Maps: scans of (λ, d)
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<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="Cp6ck/SFriIPc12LnMV/l80oVc4=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg23X664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsBopUS</latexit>

0
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1
<latexit sha1_base64="hpGEZpBeTphENkkapl9SADWDZto=">AAAB+3icbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMeAF48JmAckS5id9CZDZmeXmV4hhP0Cr/oF3sSrH+MH+B9Okj2YxIKGoqqb7q4gkcKg6347hY3Nre2d4m5pb//g8Kh8fNIycao5NHksY90JmAEpFDRRoIROooFFgYR2MH6Y+e1n0EbE6gknCfgRGyoRCs7QSg2vX664VXcOuk68nFRIjnq//NMbxDyNQCGXzJiu5yboT5lGwSVkpV5qIGF8zIbQtVSxCIw/nR+a0QurDGgYa1sK6Vz9OzFlkTGTKLCdEcORWfVm4n9eN8Xw3p8KlaQIii8WhamkGNPZ13QgNHCUE0sY18LeSvmIacbRZrO0JdBsDJjZXLzVFNZJ66rq3VavGzeVWi1PqEjOyDm5JB65IzXySOqkSTgB8kJeyZuTOe/Oh/O5aC04+cwpWYLz9QsDOZUT</latexit>

1

Sam Learned 

lea

0.20.40.60.81
0

0.1

0.2

0.3

0.4

0.5

n

C

<latexit sha1_base64="pGbh4rFVp9TNB0C08ZtMLTIszP8=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9CwIvHCG4SSJYwOzubDJl9MNMrhCUHv8CrfoE38eqn+AH+h5NkDyZa0FBUddPd5adSaLTtL6u0tr6xuVXeruzs7u0fVA+P2jrJFOMuS2Siuj7VXIqYuyhQ8m6qOI18yTv++Hbmdx650iKJH3CSci+iw1iEglE0khuQG2IPqjW7bs9B/hKnIDUo0BpUv/tBwrKIx8gk1brn2Cl6OVUomOTTSj/TPKVsTIe8Z2hMI669fH7slJwZJSBhokzFSObq74mcRlpPIt90RhRHetWbif95vQzDay8XcZohj9liUZhJggmZfU4CoThDOTGEMiXMrYSNqKIMTT5LW3xFxxynJhdnNYW/pH1Rdxr1xv1lrUmKhMpwAqdwDg5cQRPuoAUuMBDwDC/waj1Zb9a79bFoLVnFzDEswfr8AfUwlf4=</latexit>

d = 0

<latexit sha1_base64="Mi2pGt55iqT/H0psX8BK958nbYY=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9CwIvHCG4SSJYwOzubDJl9MNMrhJCDX+BVv8CbePVT/AD/w0myB5NY0FBUddPd5adSaLTtb6uwtr6xuVXcLu3s7u0flA+PmjrJFOMuS2Si2j7VXIqYuyhQ8naqOI18yVv+8G7qt5640iKJH3GUci+i/ViEglE0khuQW3LVK1fsqj0DWSVOTiqQo9Er/3SDhGURj5FJqnXHsVP0xlShYJJPSt1M85SyIe3zjqExjbj2xrNjJ+TMKAEJE2UqRjJT/06MaaT1KPJNZ0RxoJe9qfif18kwvPHGIk4z5DGbLwozSTAh089JIBRnKEeGUKaEuZWwAVWUoclnYYuv6JDjxOTiLKewSpoXVadWrT1cVuokT6gIJ3AK5+DANdThHhrgAgMBL/AKb9az9W59WJ/z1oKVzxzDAqyvX/0jlgM=</latexit>

d = 5

<latexit sha1_base64="RnB03GJvP23XWaA6cXqUnSG0znw=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRC9CwIvHCOYByRJmZ3uTMbMPZnqFsOTiF3jVL/AmXv0TP8D/cJLswSQWNBRV3XR3eYkUGm372yqsrW9sbhW3Szu7e/sH5cOjlo5TxaHJYxmrjsc0SBFBEwVK6CQKWOhJaHuj26nffgKlRRw94DgBN2SDSASCMzRSy6c31LH75YpdtWegq8TJSYXkaPTLPz0/5mkIEXLJtO46doJuxhQKLmFS6qUaEsZHbABdQyMWgnaz2bUTemYUnwaxMhUhnal/JzIWaj0OPdMZMhzqZW8q/ud1Uwyu3UxESYoQ8fmiIJUUYzp9nfpCAUc5NoRxJcytlA+ZYhxNQAtbPMVGgBOTi7OcwippXVSdWrV2f1mp0zyhIjkhp+ScOOSK1MkdaZAm4eSRvJBX8mY9W+/Wh/U5by1Y+cwxWYD19QtpN5Y5</latexit>

d = 10

<latexit sha1_base64="bzng3r2uq2uPoC3DR0LR8nF62o4=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHx4mYXYcEbiRePaARJYENmh1mYMPvIzKwJ2eAXeNUv8Ga8+i9+gP/hAHsQtJJOKlXd6e7yYs6ksqwvI7e2vrG5ld8u7Ozu7R8UD4/aMkoEoS0S8Uh0PCwpZyFtKaY47cSC4sDj9MEbX8/8h0cqJIvCezWJqRvgYch8RrDS0t2F3S+WLLPuWFWnjCzzsmpfVWqaWHMgOyMlyNDsF797g4gkAQ0V4VjKrm3Fyk2xUIxwOi30EkljTMZ4SLuahjig0k3nl07RmVYGyI+ErlChufp7IsWBlJPA050BViO56s3E/7xuovy6m7IwThQNyWKRn3CkIjR7Gw2YoETxiSaYCKZvRWSEBSZKh7O0xRN4TNVU52KvpvCXtMum7ZjObaXUQFlCeTiBUzgHG2rQgBtoQgsI+PAML/BqPBlvxrvxsWjNGdnMMSzB+PwBvWWVZQ==</latexit>

�1

<latexit sha1_base64="AKVQP9QYtwfFaFHKCHxZTwEAYIs=">AAAB/3icbVDLTgIxFO3gC/GFunTTSEzcOOkgDLgjceMSEwdIYEI6pUBDpzNpOyZkwsIvcKtf4M649VP8AP/DArMQ9CQ3OTnn3tx7TxBzpjRCX1ZuY3Nreye/W9jbPzg8Kh6ftFSUSEI9EvFIdgKsKGeCepppTjuxpDgMOG0Hk9u5336kUrFIPOhpTP0QjwQbMoK1kbwrZLvVfrGE7LqLqm4ZIvu66txUaoagBaCTkRLI0OwXv3uDiCQhFZpwrFTXQbH2Uyw1I5zOCr1E0RiTCR7RrqECh1T56eLYGbwwygAOI2lKaLhQf0+kOFRqGgamM8R6rNa9ufif1030sO6nTMSJpoIsFw0TDnUE55/DAZOUaD41BBPJzK2QjLHERJt8VrYEEk+onplcnPUU/pJW2XZc272vlBowSygPzsA5uAQOqIEGuANN4AECGHgGL+DVerLerHfrY9mas7KZU7AC6/MHH8WWGw==</latexit>

�0.65

<latexit sha1_base64="m1N0kTUQfJ7lzhXA8QOqiNJJ1C8=">AAAB/3icbVDLTgIxFO3gC/GFunTTSEzcOJlBGHBH4sYlJg6QwIR0ygUaOo+0HRMyYeEXuNUvcGfc+il+gP9hgVkIepKmJ+fcm3vv8WPOpLKsLyO3sbm1vZPfLeztHxweFY9PWjJKBAWXRjwSHZ9I4CwEVzHFoRMLIIHPoe1Pbud++xGEZFH4oKYxeAEZhWzIKFFacq8ss17uF0v6c6yqU8aWeV21byo1TawFsJ2REsrQ7Be/e4OIJgGEinIiZde2YuWlRChGOcwKvURCTOiEjKCraUgCkF66WHaGL7QywMNI6BcqvFB/d6QkkHIa+LoyIGos1725+J/XTdSw7qUsjBMFIV0OGiYcqwjPL8cDJoAqPtWEUMH0rpiOiSBU6XxWpviCTEDNdC72egp/Sats2o7p3FdKDZwllEdn6BxdIhvVUAPdoSZyEUUMPaMX9Go8GW/Gu/GxLM0ZWc8pWoHx+QMeMJYa</latexit>

�0.82

<latexit sha1_base64="bpjiW9xcgUpUKrU/igk9RlqzAPM=">AAAB93icdVDLSsNAFJ3UV62v6tbNYBFchSRNW7sruHFZwT6gDWUyvWmHTh7MTIQS8gVu9QvcufVr/AD/w0lbQUUPXDiccy/33uMnnEllWe9GaWt7Z3evvF85ODw6PqlWTvsyTgWFHo15LIY+kcBZBD3FFIdhIoCEPoeBv7gp/MEDCMni6F4tE/BCMotYwChRWrpzJ9WaZVpuw2nVsWXWG0677RTEqTdcF9umtUINbdCdVD/G05imIUSKciLlyLYS5WVEKEY55JVxKiEhdEFmMNI0IiFIL1sdmuNLrUxxEAtdkcIr9ftERkIpl6GvO0Oi5vK3V4h/eaNUBddexqIkVRDR9aIg5VjFuPgaT5kAqvhSE0IF07diOieCUKWz+bHFF2QBKte5fD2P/yd9x7SbZrPWwZt8yugcXaArZKMW6qBb1EU9RBGgR/SEno3ceDFe140lYzNxhn7AePsE3fqUBA==</latexit>

4

<latexit sha1_base64="v2i0x3KPG7Cw7KuGolEw0B4p/UI=">AAAB/nicdVDLSgMxFM34rPVVdekmWARXw7z62hXcuKxgH9AOJZNm2tBMZkgyQhkKfoFb/QJ34tZf8QP8DzNtBSt64MLhnHu5954gYVQqy/owNja3tnd2C3vF/YPDo+PSyWlHxqnApI1jFotegCRhlJO2ooqRXiIIigJGusH0Ove790RIGvM7NUuIH6ExpyHFSOWSa3r1YalsmZZXcWoutEy34jQaTk4ct+J50DatBcpghdaw9DkYxTiNCFeYISn7tpUoP0NCUczIvDhIJUkQnqIx6WvKUUSkny1uncNLrYxgGAtdXMGF+nMiQ5GUsyjQnRFSE/nby8W/vH6qwrqfUZ6kinC8XBSmDKoY5o/DERUEKzbTBGFB9a0QT5BAWOl41rYEAk2Jmutcvp+H/5OOY9pVs3rrlZtwlVABnIMLcAVsUANNcANaoA0wmIBH8ASejQfjxXg13patG8Zq5gyswXj/AtAqlfg=</latexit>

3.48

<latexit sha1_base64="NWiyxp4jSdTb6PYa6B9mRD65uCc=">AAAB/nicdVDLSgMxFM3UV62vqks3wSK4GubV1u4KblxWsA9oh5JJM21oJjMkGaEMBb/ArX6BO3Hrr/gB/oeZtoIVPXDhcM693HtPkDAqlWV9GIWNza3tneJuaW//4PCofHzSkXEqMGnjmMWiFyBJGOWkrahipJcIgqKAkW4wvc797j0Rksb8Ts0S4kdozGlIMVK55Jp2bViuWKblVZ26Cy3TrTqNhpMTx616HrRNa4EKWKE1LH8ORjFOI8IVZkjKvm0lys+QUBQzMi8NUkkShKdoTPqachQR6WeLW+fwQisjGMZCF1dwof6cyFAk5SwKdGeE1ET+9nLxL6+fqvDKzyhPUkU4Xi4KUwZVDPPH4YgKghWbaYKwoPpWiCdIIKx0PGtbAoGmRM11Lt/Pw/9Jx9ERmrVbr9KEq4SK4Aycg0tggzpoghvQAm2AwQQ8gifwbDwYL8ar8bZsLRirmVOwBuP9C8g0lfM=</latexit>

3.16
<latexit sha1_base64="IBQhcnYlRs1xk0Dv6WteuKGx+1g=">AAAB/nicdVDLSsNAFJ3UV62vqks3g0VwFSZp0tpdwY3LCvYBbSiT6aQdOpmEmYlQQsEvcKtf4E7c+it+gP9h0lawogcuHM65l3vv8WPOlEbowyhsbG5t7xR3S3v7B4dH5eOTjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96XXud++pVCwSd3oWUy/EY8ECRrDOJWTW3GG5gkzkuHa9CpFZde1Gw86JXXUdB1omWqACVmgNy5+DUUSSkApNOFaqb6FYeymWmhFO56VBomiMyRSPaT+jAodUeeni1jm8yJQRDCKZldBwof6cSHGo1Cz0s84Q64n67eXiX14/0cGVlzIRJ5oKslwUJBzqCOaPwxGTlGg+ywgmkmW3QjLBEhOdxbO2xZd4SvU8y+X7efg/6dimVTNrt06lCVcJFcEZOAeXwAJ10AQ3oAXagIAJeARP4Nl4MF6MV+Nt2VowVjOnYA3G+xfJx5X0</latexit>

0.65

<latexit sha1_base64="U8ZE1vpc0WXfoZAfr/E5rafo79Y=">AAAB/XicdVDLTgIxFO3gC/GFunTTSExcTTrDALIjceMSowgJTEinFGjodCZtx4RMiF/gVr/AnXHrt/gB/ocdwESMnuQmJ+fcm3vvCWLOlEbow8qtrW9sbuW3Czu7e/sHxcOjOxUlktAWiXgkOwFWlDNBW5ppTjuxpDgMOG0Hk8vMb99TqVgkbvU0pn6IR4INGcHaSDfIdvrFErKRV3FrZYjscsWt192MuOWK50HHRnOUwBLNfvGzN4hIElKhCcdKdR0Uaz/FUjPC6azQSxSNMZngEe0aKnBIlZ/OT53BM6MM4DCSpoSGc/XnRIpDpaZhYDpDrMfqt5eJf3ndRA8v/JSJONFUkMWiYcKhjmD2NxwwSYnmU0MwkczcCskYS0y0SWdlSyDxhOqZyeX7efg/uXNtp2pXr71SAy4TyoMTcArOgQNqoAGuQBO0AAEj8AiewLP1YL1Yr9bbojVnLWeOwQqs9y9IApWw</latexit>

0.1

<latexit sha1_base64="AyMF5EUYdoCSTFhQiy39eeMyZQc=">AAAB/nicbVDLSsNAFJ34rPVVdelmsAiuwqS2ad0V3LisYB/QhjKZTtqhk0mYmQglFPwCt/oF7sStv+IH+B9O2ixs9cCFwzn3cu89fsyZ0gh9WRubW9s7u4W94v7B4dFx6eS0o6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/epv53UcqFYvEg57F1AvxWLCAEawzCdmVxrBURnbDRTW3ApF9XXNuqnVD0ALQyUkZ5GgNS9+DUUSSkApNOFaq76BYeymWmhFO58VBomiMyRSPad9QgUOqvHRx6xxeGmUEg0iaEhou1N8TKQ6VmoW+6Qyxnqh1LxP/8/qJDhpeykScaCrIclGQcKgjmD0OR0xSovnMEEwkM7dCMsESE23iWdniSzylem5ycdZT+Es6Fdtxbfe+Wm7CPKECOAcX4Ao4oA6a4A60QBsQMAHP4AW8Wk/Wm/VufSxbN6x85gyswPr8AbDfleM=</latexit>

0.28

<latexit sha1_base64="5ndgwedeSHMmaKFhx6iMF8gBJ8Q=">AAAB/nicbVDLSsNAFJ34rPVVdelmsAiuwqS2ad0V3LisYB/QhjKZTtqhk0mYmQglFPwCt/oF7sStv+IH+B9O2ixs9cCFwzn3cu89fsyZ0gh9WRubW9s7u4W94v7B4dFx6eS0o6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/epv53UcqFYvEg57F1AvxWLCAEawzCdmoPiyVkd1wUc2tQGRf15ybat0QtAB0clIGOVrD0vdgFJEkpEITjpXqOyjWXoqlZoTTeXGQKBpjMsVj2jdU4JAqL13cOoeXRhnBIJKmhIYL9fdEikOlZqFvOkOsJ2rdy8T/vH6ig4aXMhEnmgqyXBQkHOoIZo/DEZOUaD4zBBPJzK2QTLDERJt4Vrb4Ek+pnptcnPUU/pJOxXZc272vlpswT6gAzsEFuAIOqIMmuAMt0AYETMAzeAGv1pP1Zr1bH8vWDSufOQMrsD5/AKwYleA=</latexit>

0.07

<latexit sha1_base64="bMxQoXFbjU55SdBq0dWNLUMNQNk=">AAAB/nicdVDLSsNAFJ3UV62vqks3g0VwFZI0ae2u4MZlBfuANpTJdNIOnUzCzEQooeAXuNUvcCdu/RU/wP9w0lawogcuHM65l3vvCRJGpbKsD6Owsbm1vVPcLe3tHxwelY9POjJOBSZtHLNY9AIkCaOctBVVjPQSQVAUMNINpte5370nQtKY36lZQvwIjTkNKUYqlyzT8YblimVarufUq9Ayq57TaDg5caqe60LbtBaogBVaw/LnYBTjNCJcYYak7NtWovwMCUUxI/PSIJUkQXiKxqSvKUcRkX62uHUOL7QygmEsdHEFF+rPiQxFUs6iQHdGSE3kby8X//L6qQqv/IzyJFWE4+WiMGVQxTB/HI6oIFixmSYIC6pvhXiCBMJKx7O2JRBoStRc5/L9PPyfdBzTrpm1W7fShKuEiuAMnINLYIM6aIIb0AJtgMEEPIIn8Gw8GC/Gq/G2bC0Yq5lTsAbj/QvDZ5Xw</latexit>

0.25

<latexit sha1_base64="HOdsH1X1qDfh2/2uVktdm2fdbCE=">AAAB/nicdVDLSsNAFL2pr1pfVZduBovgKqRp2tpdwY3LCvYBbSiT6aQdOpmEmYlQQsEvcKtf4E7c+it+gP9h0lawogeGOZxzL/fe40WcKW1ZH0ZuY3Nreye/W9jbPzg8Kh6fdFQYS0LbJOSh7HlYUc4EbWumOe1FkuLA47TrTa8zv3tPpWKhuNOziLoBHgvmM4J1Jlmm5QyLpeyr2vUKssxK1W407IzYlarjoLJpLVCCFVrD4udgFJI4oEITjpXql61IuwmWmhFO54VBrGiEyRSPaT+lAgdUucli1zm6SJUR8kOZPqHRQv3ZkeBAqVngpZUB1hP128vEv7x+rP0rN2EiijUVZDnIjznSIcoORyMmKdF8lhJMJEt3RWSCJSY6jWdtiifxlOp5msv38eh/0rHNcs2s3TqlJlollIczOIdLKEMdmnADLWgDgQk8whM8Gw/Gi/FqvC1Lc8aq5xTWYLx/Ab6gle0=</latexit>

0.04

<latexit sha1_base64="QgItarE+lXZn4fSNncOYgw1SQMM=">AAAB/nicbVDLSgMxFM3UV62vqks3wSK4GjJ9TOuu4MZlBfuAdiiZNG1DM5khyQhlKPgFbvUL3Ilbf8UP8D/MtLOw1QMXDufcy733+BFnSiP0ZeW2tnd29/L7hYPDo+OT4ulZR4WxJLRNQh7Kno8V5UzQtmaa014kKQ58Trv+7Db1u49UKhaKBz2PqBfgiWBjRrBOJWQ7lWGxhOyGi2puGSK7UnNuqnVD0BLQyUgJZGgNi9+DUUjigApNOFaq76BIewmWmhFOF4VBrGiEyQxPaN9QgQOqvGR56wJeGWUEx6E0JTRcqr8nEhwoNQ980xlgPVWbXir+5/VjPW54CRNRrKkgq0XjmEMdwvRxOGKSEs3nhmAimbkVkimWmGgTz9oWX+IZ1QuTi7OZwl/SKduOa7v31VITZgnlwQW4BNfAAXXQBHegBdqAgCl4Bi/g1Xqy3qx362PVmrOymXOwBuvzB6dUld0=</latexit>

0.13
<latexit sha1_base64="lQ0YEEhF9UKqx4I/U+8U1wrMjes=">AAACHXicbVDdSsMwGE39nfOv6qU30SFMhNmKTC8H3nglE9wPbKWkWbqFpWlJUscovfYxfAJv9Qm8E2/FB/A9TLdeuM0DgZNzvp/keBGjUlnWt7G0vLK6tl7YKG5ube/smnv7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5w5vMbz0SIWnIH9Q4Ik6A+pz6FCOlJdc8KnM36cYREiIcpfAMZtdeOOJT4fT8zjVLVsWaAC4SOyclkKPumj96AI4DwhVmSMqObUXKSZBQFDOSFruxJBHCQ9QnHU05Coh0kslXUniilR70Q6EPV3Ci/u1IUCDlOPB0ZYDUQM57mfif14mVf+0klEexIhxPF/kxgyqEWS6wRwXBio01QVhQ/VaIB0ggrHR6M1s8gYZEpToXez6FRdK8qNjVSvX+slSDeUIFcAiOQRnY4ArUwC2ogwbA4Am8gFfwZjwb78aH8TktXTLyngMwA+PrF1i6oqQ=</latexit>
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<latexit sha1_base64="4VtIZVLZSz7EjssUu6pD0O7IhNU=">AAAB+3icbVDLTsJAFJ36RHyhLt1MJCaumhah4I7EjUtI5JFAQ6bDLUyYPjIzNSFNv8CtfoE749aP8QP8DwfoQtCT3OTknHtz7z1ezJlUlvVlbG3v7O7tFw6Kh0fHJ6els/OujBJBoUMjHom+RyRwFkJHMcWhHwsggceh583uF37vCYRkUfio5jG4AZmEzGeUKC21xahUtsyGY9WcCrbM25p9V61rYi2B7ZyUUY7WqPQ9HEc0CSBUlBMpB7YVKzclQjHKISsOEwkxoTMygYGmIQlAuuny0Axfa2WM/UjoChVeqr8nUhJIOQ883RkQNZWb3kL8zxskym+4KQvjREFIV4v8hGMV4cXXeMwEUMXnmhAqmL4V0ykRhCqdzdoWT5AZqEznYm+m8Jd0K6btmE67Wm7iPKECukRX6AbZqI6a6AG1UAdRBOgZvaBXIzPejHfjY9W6ZeQzF2gNxucPuA2Vbw==</latexit>

r

<latexit sha1_base64="e4SGhfObYmdf67mm4fzoFQVRZcI=">AAACCHicbVDLSgNBEJz1Gd9Rj14Gg+Ap7GqyibeAHjwqmBhIYuiddMyQ2QczvUJY8gN+gVf9Am/i1b/wA/wPJzEHXwUNRVU31VSQKGnIdd+dufmFxaXl3Mrq2vrG5lZ+e6dh4lQLrItYxboZgEElI6yTJIXNRCOEgcLrYHg68a/vUBsZR1c0SrATwm0k+1IAWemmPQDK2meoCMZd2c0X3GLVd8v+EXeLx2XvpFSxxJ2CezNSYDNcdPMf7V4s0hAjEgqMaXluQp0MNEmhcLzaTg0mIIZwiy1LIwjRdLLp12N+YJUe78faTkR8qn6/yCA0ZhQGdjMEGpjf3kT8z2ul1K92MhklKWEkvoL6qeIU80kFvCc1ClIjS0BoaX/lYgAaBNmifqQEGoZIY9uL97uFv6RxVPT8on9ZKtT4rKEc22P77JB5rMJq7JxdsDoTTLMH9sienHvn2XlxXr9W55zZzS77AeftE/hpmx4=</latexit>

�̂i

<latexit sha1_base64="ouolUh54pJq5EvYH6rGnboAJaag="></latexit>

�̂†
i+r

<latexit sha1_base64="9kd5omCAT/WPJqnDrmIvM8+mCMk=">AAAB/HicbVDJTgJBEK3BDXFDPXrpiCaeyAwH9EjiQY+4sCQwIT1ND3ToWdJdY0Im+AVe9Qu8Ga/+ix/gf9jAHAR8SSUv71Wlqp4XS6HRtr+t3Nr6xuZWfruws7u3f1A8PGrqKFGMN1gkI9X2qOZShLyBAiVvx4rTwJO85Y2up37riSstovARxzF3AzoIhS8YRSPd3zz0iiW7bM9AVomTkRJkqPeKP91+xJKAh8gk1brj2DG6KVUomOSTQjfRPKZsRAe8Y2hIA67ddHbphJwbpU/8SJkKkczUvxMpDbQeB57pDCgO9bI3Ff/zOgn6V24qwjhBHrL5Ij+RBCMyfZv0heIM5dgQypQwtxI2pIoyNOEsbPEUHXGcmFyc5RRWSbNSdqrl6l2lVDvLEsrDCZzCBThwCTW4hTo0gIEPL/AKb9az9W59WJ/z1pyVzRzDAqyvX8dQlWs=</latexit>

GS

<latexit sha1_base64="fy6+a/tg8IvBz2TbcNALsccIKqc=">AAACAnicbVDLTgJBEOzFF+IL9ehlIph42uxyQI8kXjxiIo8ENmR2mIUJs4/M9JqQDTe/wKt+gTfj1R/xA/wPB9iDgJV0UqnqTneXn0ih0XG+rcLW9s7uXnG/dHB4dHxSPj1r6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvONP7uZ+54krLeLoEacJ90I6ikQgGEUjdSmiTart6qBccWxnAbJJ3JxUIEdzUP7pD2OWhjxCJqnWPddJ0MuoQsEkn5X6qeYJZRM64j1DIxpy7WWLe2fkyihDEsTKVIRkof6dyGio9TT0TWdIcazXvbn4n9dLMbj1MhElKfKILRcFqSQYk/nzZCgUZyinhlCmhLmVsDFVlKGJaGWLr+iE48zk4q6nsEnaNdut2/WHWqVRzRMqwgVcwjW4cAMNuIcmtICBhBd4hTfr2Xq3PqzPZWvBymfOYQXW1y87/5dC</latexit>

att. V

<latexit sha1_base64="lnAflQbOYgqjcOBLeK7uFW/b0pI=">AAACBHicbVDLSgNBEOyNrxhfUY9eBhPB07KbQ/QY8OIxgnlgsoTZ2U4yZHZ2mZkVQsjVL/CqX+BNvPoffoD/4eRx0MSChqKqm+6uMBVcG8/7cnIbm1vbO/ndwt7+weFR8fikqZNMMWywRCSqHVKNgktsGG4EtlOFNA4FtsLRzcxvPaLSPJH3ZpxiENOB5H3OqLHSg8LUJeVmLyr3iiXP9eYg68RfkhIsUe8Vv7tRwrIYpWGCat3xvdQEE6oMZwKnhW6mMaVsRAfYsVTSGHUwmV88JRdWiUg/UbakIXP198SExlqP49B2xtQM9ao3E//zOpnpXwcTLtPMoGSLRf1MEJOQ2fsk4gqZEWNLKFPc3krYkCrKjA3pz5ZQ0RGaqc3FX01hnTQrrl91q3eVUq28TCgPZ3AOl+DDFdTgFurQAAYSnuEFXp0n5815dz4WrTlnOXMKf+B8/gC+OpgX</latexit>

rep. Vd
<latexit sha1_base64="OLz8P8i/6qkAd0zf1qIBF+m01DU=">AAACBHicbVDLSgNBEOyNrxhfUY9eBhPB07KbQ/QY8OIxgnlgsoTZ2UkyZHZ2mekVQsjVL/CqX+BNvPoffoD/4eRx0MSChqKqm+6uMJXCoOd9ObmNza3tnfxuYW//4PCoeHzSNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWObmZ+65FrIxJ1j+OUBzEdKNEXjKKVHiiiS8rNXlTuFUue681B1om/JCVYot4rfnejhGUxV8gkNabjeykGE6pRMMmnhW5meErZiA54x1JFY26CyfziKbmwSkT6ibalkMzV3xMTGhszjkPbGVMcmlVvJv7ndTLsXwcTodIMuWKLRf1MEkzI7H0SCc0ZyrEllGlhbyVsSDVlaEP6syXUdMRxanPxV1NYJ82K61fd6l2lVCsvE8rDGZzDJfhwBTW4hTo0gIGCZ3iBV+fJeXPenY9Fa85ZzpzCHzifP8FjmBk=</latexit>

att. Vd
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<latexit sha1_base64="mc8OAE+5leFwqYJQIL+9bUOu7hM=">AAAB+3icbVDLSgNBEOyNrxhfUY9ehgTBU9jNIXoMePGYgHlAsoTZSW8yZHZ2mZkVwrJf4FW/wJt49WP8AP/DyeOgiQUNRVU33V1BIrg2rvvlFHZ29/YPioelo+OT07Py+UVXx6li2GGxiFU/oBoFl9gx3AjsJwppFAjsBbP7hd97QqV5LB/NPEE/ohPJQ86osVLbHZWrbs1dgmwTb02qsEZrVP4ejmOWRigNE1Trgecmxs+oMpwJzEvDVGNC2YxOcGCppBFqP1sempNrq4xJGCtb0pCl+nsio5HW8yiwnRE1U73pLcT/vEFqwjs/4zJJDUq2WhSmgpiYLL4mY66QGTG3hDLF7a2ETamizNhs/mwJFJ2hyW0u3mYK26Rbr3mNWqNdrzYr64SKcAUVuAEPbqEJD9CCDjBAeIYXeHVy5815dz5WrQVnPXMJf+B8/gD445T1</latexit>

0
<latexit sha1_base64="mc8OAE+5leFwqYJQIL+9bUOu7hM=">AAAB+3icbVDLSgNBEOyNrxhfUY9ehgTBU9jNIXoMePGYgHlAsoTZSW8yZHZ2mZkVwrJf4FW/wJt49WP8AP/DyeOgiQUNRVU33V1BIrg2rvvlFHZ29/YPioelo+OT07Py+UVXx6li2GGxiFU/oBoFl9gx3AjsJwppFAjsBbP7hd97QqV5LB/NPEE/ohPJQ86osVLbHZWrbs1dgmwTb02qsEZrVP4ejmOWRigNE1Trgecmxs+oMpwJzEvDVGNC2YxOcGCppBFqP1sempNrq4xJGCtb0pCl+nsio5HW8yiwnRE1U73pLcT/vEFqwjs/4zJJDUq2WhSmgpiYLL4mY66QGTG3hDLF7a2ETamizNhs/mwJFJ2hyW0u3mYK26Rbr3mNWqNdrzYr64SKcAUVuAEPbqEJD9CCDjBAeIYXeHVy5815dz5WrQVnPXMJf+B8/gD445T1</latexit>

0
<latexit sha1_base64="59r++EuU2jD+nIzGhuTMLcU2ij4=">AAAB93icbVDLTgJBEJzFF+ILvXqZQEw8kV0O6JHEi0dM5JHAhswOvTBhdnYz02tCNvsFXvULvHn1a/wA/8MB9iBgJZ1UqrrT3RUkUhh03W+ntLd/cHhUPq6cnJ6dX1Qrlz0Tp5pDl8cy1oOAGZBCQRcFShgkGlgUSOgH84el338BbUSsnnGRgB+xqRKh4Ayt9NQcV+tuw12B7hKvIHVSoDOu/owmMU8jUMglM2bouQn6GdMouIS8MkoNJIzP2RSGlioWgfGz1aE5vbHKhIaxtqWQrtS/ExmLjFlEge2MGM7MtrcU//OGKYb3fiZUkiIovl4UppJiTJdf04nQwFEuLGFcC3sr5TOmGUebzcaWQLM5YG5z8bZT2CW9ZsNrNVr1dq3Ip0yuSY3cEo/ckTZ5JB3SJZwAeSVv5N3JnQ/nc91YcoqJK7IB5+sXbxaTvA==</latexit>

2
<latexit sha1_base64="tcKzFUskPP0MJnDL90awltDn7m8=">AAAB+3icbVDLSsNAFJ3UV62vqks3oUVwVZIi1WXBjcsW7APaUCbTm3boZBJmboQS8gVu9QvciVs/xg/wP5y2WdjWAxcO59zLvff4seAaHefbKuzs7u0fFA9LR8cnp2fl84uujhLFoMMiEam+TzUILqGDHAX0YwU09AX0/NnDwu89g9I8kk84j8EL6UTygDOKRmrfjspVp+YsYW8TNydVkqM1Kv8MxxFLQpDIBNV64DoxeilVyJmArDRMNMSUzegEBoZKGoL20uWhmX1tlLEdRMqURHup/p1Iaaj1PPRNZ0hxqje9hfifN0gwuPdSLuMEQbLVoiARNkb24mt7zBUwFHNDKFPc3GqzKVWUoclmbYuv6AwwM7m4mylsk2695jZqjXa92qzkCRXJFamQG+KSO9Ikj6RFOoQRIC/klbxZmfVufVifq9aClc9ckjVYX7//P5T5</latexit>

4
<latexit sha1_base64="p6KiaF9YAd9Dp1rnEm9YmgWnoj0=">AAAB+3icbVDLSgNBEOyNrxhfUY9ehgTBU9jNIXoMePGYgHlAsoTZSW8yZHZ2mZkVwrJf4FW/wJt49WP8AP/DyeOgiQUNRVU33V1BIrg2rvvlFHZ29/YPioelo+OT07Py+UVXx6li2GGxiFU/oBoFl9gx3AjsJwppFAjsBbP7hd97QqV5LB/NPEE/ohPJQ86osVK7MSpX3Zq7BNkm3ppUYY3WqPw9HMcsjVAaJqjWA89NjJ9RZTgTmJeGqcaEshmd4MBSSSPUfrY8NCfXVhmTMFa2pCFL9fdERiOt51FgOyNqpnrTW4j/eYPUhHd+xmWSGpRstShMBTExWXxNxlwhM2JuCWWK21sJm1JFmbHZ/NkSKDpDk9tcvM0Utkm3XvMatUa7Xm1W1gkV4QoqcAMe3EITHqAFHWCA8Awv8Orkzpvz7nysWgvOeuYS/sD5/AECfJT7</latexit>

6
<latexit sha1_base64="TQriiVkuKmAe5Ye92T7WgU/fLPk=">AAAB+3icbVDLasJAFL2xL2tftl12E5RCV5K4sC6FbrpUqA/QIJPxRgcnkzAzKUjIF3TbfkF3pdt+TD+g/9FRs6jaAxcO59zLvff4MWdKO863VdjbPzg8Kh6XTk7Pzi/Kl1c9FSWSYpdGPJIDnyjkTGBXM81xEEskoc+x788fln7/GaVikXjSixi9kEwFCxgl2kid5rhcdWrOCvYucXNShRztcflnNIloEqLQlBOlhq4Tay8lUjPKMSuNEoUxoXMyxaGhgoSovHR1aGbfGmViB5E0JbS9Uv9OpCRUahH6pjMkeqa2vaX4nzdMdND0UibiRKOg60VBwm0d2cuv7QmTSDVfGEKoZOZWm86IJFSbbDa2+JLMUWcmF3c7hV3Sq9fcRq3RqVdblTyhItxABe7AhXtowSO0oQsUEF7gFd6szHq3PqzPdWvBymeuYQPW1y8FqpT9</latexit>

8

<latexit sha1_base64="F3OQUo6JH9tsAVjuhnURavda6iM=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxItklBj0SvXjERB4JLGR2mIUJs4/M9GrIhv/w4kFjvPov3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNb2d+65ErLaLwAScxdwM6DIUvGEUj9booAq6JY/fSi8q0XyzZZXsOskqcjJQgQ71f/OoOIpYEPEQmqdYdx47RTalCwSSfFrqJ5jFlYzrkHUNDapa56fzqKTkzyoD4kTIVIpmrvydSGmg9CTzTGVAc6WVvJv7ndRL0r91UhHGCPGSLRX4iCUZkFgEZCMUZyokhlClhbiVsRBVlaIIqmBCc5ZdXSbNSdqrl6v1lqXaTxZGHEziFc3DgCmpwB3VoAAMFz/AKb9aT9WK9Wx+L1pyVzRzDH1ifP1XjkcU=</latexit>
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i� ĉj�

<latexit sha1_base64="SCjUOkvVvzQPdZaFYeWAIvA6kRQ="></latexit>

n̂i�n̂j�0

<latexit sha1_base64="ps3JCDhdY25VbGzWH9av82GkxXM="></latexit> X r

h
�̂

† 1
�̂

1
+

r
i

FIG. 2. Designing a fermionic Hamiltonian with enhanced d-wave correlations. (a) Spatial profile of the d-wave
correlation function →!̂†

1
!̂1+r↑ in a four-site Hubbard ladder for circuits optimized at various depths d, where !̂i denotes the

singlet annihilation operator on the rung at site i. Deeper circuits, targeting ↓
∑

r
→!̂†

1
!̂1+r↑, naturally yield stronger d-wave

correlations. (b) Learning maps. Shown are the variance (left) of the learned Hamiltonian Ĥopt and the fidelity (right) with
respect to the ground state of Ĥopt, across (ω, d). The cost function is C[ω] = →Ĥ0↑↓ω

∑
r
→!̂†

1
!̂1+r↑, where Ĥ0 is the reference

Hubbard model with tx = ty = ↓1 (defining the energy unit) and U = 4; see panel (c). Learning degrades at large ω or d

as the Hamiltonian ansatz lacks su”cient non-locality; extending it with additional non-local terms can restore performance.
(c) Learned translationally invariant Hamiltonians for d = 5 and d = 10. O#-diagonal hoppings and o#-site density–density
interactions are identified as the dominant terms enhancing d-wave correlations; here, ω = 2 and the interactions are restricted
to be repulsive. (d) d-wave correlations remain enhanced across the full doping range of a 2 ↔ 24-site ladder (relative to the
ground state of Ĥ0), despite using the learned Hamiltonian Ĥopt (pentagon symbols in (b)) obtained on a four-site ladder at
quarter filling. Enforcing all o#-site density–density interactions to be repulsive (orange) still yields appreciable enhancement;
allowing them to be attractive (green) can lead to a stronger e#ect.

of searching for and understanding high-Tc superconduc-
tors.

To explore this idea, we employ a shallow-depth vari-
ational optimization scheme, in which a short sequence
of Hubbard-like quench unitaries (see also Ref. [28]) is
applied to the ground state |ω0→ of Ĥ0 to minimize a
suitably defined cost function [Fig. 1(b) and Methods].
The experimental preparation of |ω0→ would mark a defin-
ing application of quantum hardware, providing access to
classically intractable fermionic many-body states; such
states have not yet been realized, and, in practice, acces-
sible Gibbs states may provide a viable alternative within
the IQS protocol, as demonstrated below.

Given the computational intractability of simulating
2D Hubbard models [29, 30], we focus on two-leg lad-
der systems that provide a controlled setting for our nu-
merical analyses while retaining essential features of d-
wave superconductivity [31–33]; moreover, such analy-
ses are directly relevant to ladder cuprates [34–36]. In
this context, the analog of d-wave pairing is probed
through the pseudo pair correlation function ↑!̂†

i !̂j→,

where !̂i = ĉ(i,1),→ĉ(i,2),↑ ↓ ĉ(i,1),↑ĉ(i,2),→ annihilates a sin-
glet on rung i (the second index ε ↔ {1, 2} in (i, ε) labels
the ladder leg).

Based on these definitions, a natural first step is to
define a cost function that directly amplifies d-wave cor-

relations by promoting the delocalization of fermionic
singlets, C(ω) = ↓

∑
r↑!̂

†
1!̂1+r→ω. While circuit opti-

mization indeed amplifies superconducting behavior and
improves with increasing circuit depth d [Fig. 2(a)], the
corresponding Hamiltonians inferred from the optimized
states become progressively nonlocal, motivating the in-
troduction of a regularization term. To steer the recon-
struction towards the original Hubbard Hamiltonian Ĥ0,
while utilizing the fact that |ω0→ is its ground state, we
modify the cost function to minimize

C[ω; ε] = ↑Ĥ0→ω ↓ ε

∑

r

↑!̂†
1!̂1+r→ω. (2)

To assess learning performance, we quantify the fidelity of
the optimized states as well as the variance of the recon-
structed Hamiltonians, var[Ĥopt] = ↑Ĥ

2
opt→ω ↓ ↑Ĥopt→

2
ω.

Scanning these quantities over (ε, d) yields learning maps

[Fig. 2(b)] that reveal the trade-o” between d-wave en-
hancement and locality. Large ε or d produce strong
pairing but require increasingly nonlocal ansatz terms ĥi,
whereas small ε or d keep Ĥopt Hubbard-like with only
modest enhancement. Extending the ansatz to include
longer-range terms systematically improves performance
and shifts the poor-learning region in Fig. 2(b) to larger
ε and d [SI Sec. III].

Our central result [Fig. 2(c)] identifies the Hamiltonian
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(a) (b) (c)

FIG. 5. Configuration analysis of a 91-ion crystal using 4100 camera images. (a) Each image is represented as a point in state
space spanned by the projection coefficients cij . Only the coordinates corresponding to the three highest eigenvalues are plotted.
The clustering algorithm identifies seven different clusters (a, b1–b4, c, and d). Points are colored depending on their cluster label.
Gray points are unlabeled and correspond to images where the ions are hot or undergoing a configuration change during the image
acquisition time. (b) Crystal configurations representing the cluster centers. Cluster configurations bi can be converted into each other
by sign flips of the picture coordinates. In the images of cluster d, some of the central ions appear blurred, an effect that we attribute to
hot in-plane vibrational modes at low frequencies, or to fast transitions between two (near-)degenerate nonequilibrium configurations
during imaging [53]. (c) Each configuration can be represented by a planar graph whose vertices represent ions and whose edges link
nearest neighbors. The ions form a triangular lattice with some defects where ions have five or seven neighbors. These defects are
plotted as dark blue and light blue vertices, respectively. The number of images found in one of the four configurations is indicated in
the lower-left corner.

confining directions with the goal of maximizing pi for
the main configuration. Figure 6(a) displays measurements
of p as a function of the trap anisotropy, showing that
for ξ = 1.987, configuration a is found in more than 99%
of the images. Note that in contrast to the case of barely
two-dimensional zigzag ion crystals, where there are two
degenerate ground-state configurations, there is only a sin-
gle ground state because of the mirror symmetries of this
crystal configuration.

3. Crystal configuration simulations
To better understand how the anisotropy of the trap-

ping potential influences the probability of observing the
main configuration, we numerically search for the ground-
state and low-energy metastable configurations. In these
simulations, we assume that the ions are confined in a con-
servative anisotropic harmonic potential characterized by
oscillation frequencies ωi and perform an annealing routine
with parameters set such that the lowest-energy configura-
tion would be found in about 15% of the annealing runs.
For six values of trap anisotropy in the range 1.9 ≤ ξ ≤
2.06, the annealing procedure is performed 500 times for
each value to identify a large number of metastable con-
figurations. In a second step, the configurations found at a
particular anisotropy are used as the starting point for an

annealing scheme at a slightly different anisotropy using a
slower annealing schedule to complete the picture.

We find that the lattice configurations observed in the
experiment can be assigned to low-energy configurations
obtained by simulated annealing. In Fig. 6(b), we plot the
energy gap of these configurations above the energy of the
ground-state configuration versus the anisotropy ξ of the
potential. All configurations observed in the experiment
at ξ = 1.987 are found in the simulation, as are the most
frequent configurations at ξ = 1.915, labeled “a” and “b”
in Fig. 5. Moreover, the energy gap between the ground
state and the first excited state is nearly at its maximum at
ξ = 1.987, where the ground-state configuration exhibits
the highest stability in the experiment. Here the energy
gap corresponds to a temperature of 200 mK. In contrast,
at ξ = 1.915, the gap is only about 50 mK, which sug-
gests that insufficient laser cooling or low-energy Langevin
collisions could induce configuration changes much more
easily.

4. Mitigation of configuration changes
The higher stability of the main configuration compared

with other configurations is based on the fact that the ion
crystal is symmetric with respect to both axes that span
the crystal plane, which can be seen in the top image in
Figs. 5(b) and 5(c). For given trapping parameters, only
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QUANTUM GASES

Pauli blocking of light scattering in
degenerate fermions
Yair Margalit1,2*, Yu-Kun Lu1,2, Furkan Çağrı Top1,2, Wolfgang Ketterle1,2

Pauli blocking of spontaneous emission is responsible for the stability of atoms. Electrons cannot
decay to lower-lying internal states that are already occupied. Pauli blocking also occurs when free
atoms scatter light elastically (Rayleigh scattering) and the final external momentum states are
already populated. This was predicted more than 30 years ago but is challenging to realize
experimentally. Here, we report on Pauli blocking of light scattering in a dense quantum-degenerate
Fermi gas of ultracold lithium atoms. When the Fermi momentum is larger than the photon recoil,
most final momentum states are within the Fermi surface. At low temperature, we find that light
scattered even at large angles is suppressed by 37% compared with higher temperatures, where
atoms scatter at the single-atom Rayleigh scattering rate.

S
uppression of light scattering in ultra-
cold Fermi gases has been predicted in
works dating back to 1990 (1–8). The
basic phenomenon is shown in Fig. 1.
Light scattering between photon states

with wave vectors ki and kf transfers momen-
tum ℏq ¼ ℏ ki " kfð Þ ¼ 2ℏksinq=2, where ℏki
is the initial photonmomentum, ℏkf is the final
photon momentum, and q is the scattering
angle. When the Fermi momentum ℏkF of a
zero-temperature Fermi gas is larger than the
momentum transfer ℏq, light scattering is
strongly suppressed and can occur only near
the Fermi surface, whereas for temperatures
T≥ TF, the scattering rate per atomapproaches
the independent atom limit. This smooth tran-
sition versus temperature has been theoret-
ically studied, including by averaging over the
inhomogeneous density distribution of a har-
monically trapped atom cloud (6).
Experiments on ultracold atoms have deep-

ened our understanding of basic physical
phenomena by realizing paradigmatic ideal-
ized situations where the phenomenon is ob-
served in itsmost direct and transparent form.
These realizations then become building blocks
for more-complex systems. Examples include
the realization of Bose-Einstein condensation
(BEC), the BEC–Bardeen-Cooper-Schrieffer
(BCS) crossover in fermions, band structure
phenomena of noninteracting atoms in opti-
cal lattices, and Mott insulators in optical lat-
tices (9). Here, we study, in a highly idealized
situation, how ultracold fermions scatter light
and observe the suppression of light scatter-
ing caused by Pauli blocking in a degenerate
Fermi gas. Recently, we have been able to pre-
pare ultracold fermions at very high densities
(up to n = 3 × 1015 cm−3) (10), where the Fermi

energy is 50 times as high as that of the photon
recoil energy ℏ2k2i =2m of 73.9 kHz (where m
is the lithium atomic mass). Using this sam-
ple, we have now performed light-scattering
experiments in the simplest possible limit, at
detunings D from the atomic resonance of
more than 100 GHz, or 17,000 linewidths
G. Therefore, despite high atomic densities
n ≈ 1:2=ƛ3 and high resonant optical densities
6pnƛ2l ≈ 44;000 (where ƛ ¼ 1=k and l is the
length of the atom cloud), we realize the limit
where both the absorptive and dispersive parts
of the index of refraction are negligible. In gen-
eral, optical properties become complicated in
the regime of high densities thanks to strong
Lorentz-Lorentz corrections (11) and dipolar
interactions between the atoms (12). These cor-
rections are often expanded in the parameter
na, where a is the atomic polarizability, given
for a two-level atom by a ¼ 6pƛ3G= Dþ iGð Þ.
At our detunings, the parameter na ≈ 1/800,
and those corrections are negligible. Also, at de-
tunings larger than the fine-structure splitting
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Fig. 1. Schematic of the experiment. (A) Degenerate fermionic lithium atoms are confined in an optical
dipole trap and illuminated with a laser beam. Scattered photons impart momentum transfers of ℏq to the
atoms and are detected at a scattering angle of 90°. (B) Mechanism of Pauli blocking in degenerate Fermi
gases. At temperature T = 0, the atoms occupy a Fermi sphere in momentum space with radius ℏkF. For
q ≪ kF, atoms can scatter light only from the outer shell of the Fermi sphere (of width ℏq), where they can
reach an unoccupied final momentum state. No scattering is possible for atoms within the dashed circle.
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Inhibition of Spontaneous Emission
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Abstract. – Fermi inhibition is a quantum-statistical analogue for the inhibition of sponta-
neous emission by an excited atom in a cavity. This is achieved when the relevant motional

states are already occupied by a cloud of cold atoms in the internal ground state. We exhibit

non-trivial eÆects at finite temperature and in anisotropic traps, and briefly consider a possible

experimental realization.

The inhibition and enhancement of spontaneous emission of an atom by embedding it
in a cavity has been one of the most striking predictions in the field of cavity QED [1, 2].
Several experiments have been and are currently being carried out to test this prediction.
The explanation of this phenomenon is very simple: according to Fermi’s golden rule, the
spontaneous emission rate ° is proportional to the density of modes of the electro-magnetic
field available at the atomic transition frequency; the cavity modifies the mode structure, and
therefore this rate. In particular, if all the normal modes of the cavity are far oÆ-resonance
with respect to the atomic transition frequency, there are no modes available where a photon
can be emitted, and therefore spontaneous emission is inhibited.
In this paper we analyze how the spontaneous emission rate ° of an atom can be inhibited

by using quantum-statistical principles. The idea is to surround a fermionic atom in an internal
excited state |ei by a gas formed by identical particles in an internal ground state |gi. According
to Fermi’s golden rule, ° depends on the occupation number of the diÆerent motional states to
which the atom can be transferred after spontaneous emission. In particular, if they are already
occupied, then the atom cannot decay. This can be viewed as well as a simple consequence
of Pauli’s exclusion principle. Thus, in analogy to cavity QED one can say that spontaneous
emission can be inhibited by reducing the motional “modes” available to the excited atom.
From a qualitative point of view, the inhibition of spontaneous emission can be easily

understood. Consider a set of N fermions in the state |gi and one fermion in an excited state
|ei that can only decay into |gi. Assume, for simplicity, that all the atoms are trapped in
a harmonic potential at a given temperature. In this problem there are three energy scales
which determine the properties of °. First, kBT , the thermal energy of the particles. Second,
the Fermi energy EF of the ground-state atoms, which is the maximum energy of the fermions
at zero temperature. Finally, the recoil energy ER = h̄

2
k
2
0/2m (where k0 is the wave vector

corresponding to the transition |ei ! |gi and m is the atom mass), which is the averaged
motional energy acquired by the excited atom in the emission process. Typically, the motional
states with energiesE ∑ EF°kBT are occupied, whereas those with E ∏ EF+kBT are basically
available. Thus, if the initial motional energy of the excited atom plus the one gained in the
emission process ª kBT + ER ∑ EF ° kBT , spontaneous emission will be inhibited. As the
temperature decreases or the Fermi energy increases (equivalently, the number of ground-state
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QUANTUM GASES

Observation of Pauli blocking in light scattering from
quantum degenerate fermions
Amita B. Deb* and Niels Kjærgaard

The Pauli exclusion principle forbids indistinguishable fermions from occupying the same
quantum mechanical state. The implications of this are profound; for example, it accounts
for the electronic shell structure of atoms. Here, we performed measurements on the scattering
of light from ultracold ensembles of atoms. For a Fermi gas in the quantum degenerate
regime, we observed a marked suppression in scattering compared with a similarly prepared
Bose gas. The observed decrease in fluorescence and the corresponding increase in light
transmission results from Pauli blocking, where Fermi-Dirac statistics limits the number
of accessible states for a scattering atom in a large Fermi sea. Our work confirms a
fundamental result on the optical response of quantum gases and may contribute to cooling
and thermometry schemes.

T
he interaction of light with ultracold
atoms is of paramount importance in
emerging quantum technologies that are
based on quantum gases. Understanding
collective and quantum effects in the

interplay between light with atomic dipoles
is a highly active field in atomic physics (1–4),
with its origin in (5), which predicted a mod-
ificationof the radiative lifetimeof atomsplaced
within a volume smaller than the cube of the
wavelength of light. Another prominent exam-
ple is the Purcell effect (6), in which the spon-
taneous emission rate is modified because of
a change in the number of accessible states for
photons. This happens, for example, in atoms
in optical resonators and lies at the heart of
cavity quantum electrodynamics.
In addition to playing a crucial role in the

formation of the electronic structure of atoms,
Pauli blocking of fermions reveals itself as
anti-bunching of density-density correlations
(7, 8) and suppression of density fluctuations
in fermionic systems (9–11). It also prevents
colliding fermions from scattering sideways
(12). For the light-matter interaction, quan-
tum statistical effects in the spontaneous
emission rate (g) in degenerate quantum gases
was first considered three decades ago (13).
In particular, it was predicted that g is sup-
pressed in a deeply degenerate Fermi gas be-
cause of Pauli blocking. As pointed out in (14)
and (15), light scattering from trapped fermions
establishes an analogous but experimentally
more tractable scenario (Fig. 1). The possibility
of suppression of light scattering has received
continuous interest since the initial realization of
degenerate Fermi gases (10, 15–18), but its direct
experimental detection has remained elusive.
Here, we report a direct observation of the

suppression of off-resonant light scattering

from a degenerate Fermi gas of 40K. We con-
ducted experiments in three different config-
urations (Fig. 1). We first observed a clear
reduction in fluorescence from a degenerate
gas. This was complemented by transmission
measurements of a probe laser beam passing
through the Fermi gas. These measurements
confirm that degeneracy lowers the imaginary
part of the optical susceptibility of the gas. We
directly compared our results for the fermio-
nic 40K gas with those for a bosonic gas of 87Rb
and observed a significant increase in light
transmission for the degenerate Fermi gas
relative to the Bose gas, which resulted from
Pauli blocking of light scattering. The trans-
mission through both Fermi and Bose gases
in the quantum degenerate regime was ob-
served to deviate from a Beer-Lambert law
of attenuation, with light scattering being sup-
pressed in the fermionic case and enhanced in
the bosonic case. By measuring the phase shift
incurred by a probe laser beam, we confirmed
the prediction that degeneracy leaves the real
part of the susceptibility of a Fermi gas largely
unaffected.
The physical mechanism behind Pauli block-

ing of light scattering is illustrated in Fig. 1A,
where we show a momentum space represen-
tation for a harmonically trapped Fermi gas
withN atoms at temperature T = 0. The atoms
occupy all states within the Fermi sphere of
radius kF ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2mEF

p
=ℏ, where ħ is the reduced

Planck constant, m is the atomic mass, and
EF ¼ ℏ!wð6NÞ1=3 is the Fermi energy when the
geometric mean of the trapping frequencies is
!w. Upon scattering a photon from an incoming
beam of light with a wavelength l, an atom
will incur a change in wave number of |Dka| =
2kLsin(q/2), where q is the angle between the
directions of the incident and the scattered
photon and kL = 2p/l. For kF > kL, recoil events
connecting an atom to an occupied state inside
the Fermi sphere would be forbidden by the
Pauli exclusion principle. To observe this block-

ing effect clearly in an experiment, the photon
recoil energyER ¼ ℏ2k2L=2m should preferably
be much less than EF, and it is therefore ad-
vantageous to use relatively heavy fermionic
atoms such as 40K and a large number of atoms,
as in our case. The number of vacancies inside
the Fermi sphere will increase with T, so effec-
tive Pauli blocking also requires the sample
temperature to be low compared with the
Fermi temperature TF = EF/kB, where kB is
Boltzmann’s constant.
In our experiment, we produced quantum

degenerate Fermi gases of 40K in the ground
hyperfine state |4S1/2;F = 9/2,mF = 9/2i har-
monically confined by an Ioffe-Pritchard type
of magnetic trap. The trap has radial and axial
trapping frequencies of wr = 2p × 260 Hz and
wa = 2p × 30Hz, respectively, corresponding to
!w = 2p × 127 Hz. By using a sympathetic cool-
ing procedure with 87Rb atoms as the coolant,
we were able to produce characteristic 40K
samples with N = 2.2 × 106 atoms at temper-
atures ~420 nK, corresponding to T/TF ≲ 0.3.
For benchmarking, we could also produce
ultracold bosonic samples of 87Rb in the |5S1/2;
F = 2, mF = 2i hyperfine state, for which the
radial and axial trapping frequencies are wr =
2p × 170 Hz and wa = 2p × 20 Hz. For char-
acteristic samples of N = 2.2 × 106, the critical
temperature for Bose-Einstein condensation
(BEC) Tc ¼ ℏ!wðN=1:2Þ1=3 is ~500 nK. Our ex-
perimental setup incorporated three in situ
diagnostics shown schematically in Fig. 1, B
to D. In addition, we could release a sample
from the trap to perform time-of-flight absorp-
tion imaging. The number and temperature of
a fermionic sample could be independently
controlled by adjusting the initial loading of
the trap and the finalmicrowave frequency for
forced evaporation of the coolant atoms.
In Fig. 2, we show the temperature depend-

ence of atomic fluorescence from a 40K gas
with N = 2.1 × 106 as it enters the quantum
degenerate regime. The measurements were
conducted by illuminating the gas with a wide-
probe laser beam (4.8-mm spot-size radius)
for 3 ms and acquiring fluorescence images
(Fig. 2A) with an electron-multiplying charge-
coupled device (EMCCD) (Fig. 1B). The photon
detection efficiency at 90° is 0.6%, including
the quantum efficiency of the EMCCD camera.
The probe light was s+ polarized and detuned
by D = –500 G from resonance of the |4S1/2; F =
9/2, mF = 9/2i ↔ |4P3/2; F = 11/2, mF = 11/2i
optical cycling transition, whereG = 2p × 6MHz
is the natural linewidth. We used a probe
beam power corresponding to an on-resonance
saturation parameter of ~3.5, which for the de-
tuned probe gives a photon scattering rate
Rsc = 2p × 10 Hz for an independent atom.
An atom scatters ~0.2 photons on average
during the process and, as a result, the pertur-
bation caused by the probe pulse on the tem-
perature and the Fermi sea occupation of the
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ificationof the radiative lifetimeof atomsplaced
within a volume smaller than the cube of the
wavelength of light. Another prominent exam-
ple is the Purcell effect (6), in which the spon-
taneous emission rate is modified because of
a change in the number of accessible states for
photons. This happens, for example, in atoms
in optical resonators and lies at the heart of
cavity quantum electrodynamics.
In addition to playing a crucial role in the

formation of the electronic structure of atoms,
Pauli blocking of fermions reveals itself as
anti-bunching of density-density correlations
(7, 8) and suppression of density fluctuations
in fermionic systems (9–11). It also prevents
colliding fermions from scattering sideways
(12). For the light-matter interaction, quan-
tum statistical effects in the spontaneous
emission rate (g) in degenerate quantum gases
was first considered three decades ago (13).
In particular, it was predicted that g is sup-
pressed in a deeply degenerate Fermi gas be-
cause of Pauli blocking. As pointed out in (14)
and (15), light scattering from trapped fermions
establishes an analogous but experimentally
more tractable scenario (Fig. 1). The possibility
of suppression of light scattering has received
continuous interest since the initial realization of
degenerate Fermi gases (10, 15–18), but its direct
experimental detection has remained elusive.
Here, we report a direct observation of the

suppression of off-resonant light scattering

from a degenerate Fermi gas of 40K. We con-
ducted experiments in three different config-
urations (Fig. 1). We first observed a clear
reduction in fluorescence from a degenerate
gas. This was complemented by transmission
measurements of a probe laser beam passing
through the Fermi gas. These measurements
confirm that degeneracy lowers the imaginary
part of the optical susceptibility of the gas. We
directly compared our results for the fermio-
nic 40K gas with those for a bosonic gas of 87Rb
and observed a significant increase in light
transmission for the degenerate Fermi gas
relative to the Bose gas, which resulted from
Pauli blocking of light scattering. The trans-
mission through both Fermi and Bose gases
in the quantum degenerate regime was ob-
served to deviate from a Beer-Lambert law
of attenuation, with light scattering being sup-
pressed in the fermionic case and enhanced in
the bosonic case. By measuring the phase shift
incurred by a probe laser beam, we confirmed
the prediction that degeneracy leaves the real
part of the susceptibility of a Fermi gas largely
unaffected.
The physical mechanism behind Pauli block-

ing of light scattering is illustrated in Fig. 1A,
where we show a momentum space represen-
tation for a harmonically trapped Fermi gas
withN atoms at temperature T = 0. The atoms
occupy all states within the Fermi sphere of
radius kF ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2mEF

p
=ℏ, where ħ is the reduced

Planck constant, m is the atomic mass, and
EF ¼ ℏ!wð6NÞ1=3 is the Fermi energy when the
geometric mean of the trapping frequencies is
!w. Upon scattering a photon from an incoming
beam of light with a wavelength l, an atom
will incur a change in wave number of |Dka| =
2kLsin(q/2), where q is the angle between the
directions of the incident and the scattered
photon and kL = 2p/l. For kF > kL, recoil events
connecting an atom to an occupied state inside
the Fermi sphere would be forbidden by the
Pauli exclusion principle. To observe this block-

ing effect clearly in an experiment, the photon
recoil energyER ¼ ℏ2k2L=2m should preferably
be much less than EF, and it is therefore ad-
vantageous to use relatively heavy fermionic
atoms such as 40K and a large number of atoms,
as in our case. The number of vacancies inside
the Fermi sphere will increase with T, so effec-
tive Pauli blocking also requires the sample
temperature to be low compared with the
Fermi temperature TF = EF/kB, where kB is
Boltzmann’s constant.
In our experiment, we produced quantum

degenerate Fermi gases of 40K in the ground
hyperfine state |4S1/2;F = 9/2,mF = 9/2i har-
monically confined by an Ioffe-Pritchard type
of magnetic trap. The trap has radial and axial
trapping frequencies of wr = 2p × 260 Hz and
wa = 2p × 30Hz, respectively, corresponding to
!w = 2p × 127 Hz. By using a sympathetic cool-
ing procedure with 87Rb atoms as the coolant,
we were able to produce characteristic 40K
samples with N = 2.2 × 106 atoms at temper-
atures ~420 nK, corresponding to T/TF ≲ 0.3.
For benchmarking, we could also produce
ultracold bosonic samples of 87Rb in the |5S1/2;
F = 2, mF = 2i hyperfine state, for which the
radial and axial trapping frequencies are wr =
2p × 170 Hz and wa = 2p × 20 Hz. For char-
acteristic samples of N = 2.2 × 106, the critical
temperature for Bose-Einstein condensation
(BEC) Tc ¼ ℏ!wðN=1:2Þ1=3 is ~500 nK. Our ex-
perimental setup incorporated three in situ
diagnostics shown schematically in Fig. 1, B
to D. In addition, we could release a sample
from the trap to perform time-of-flight absorp-
tion imaging. The number and temperature of
a fermionic sample could be independently
controlled by adjusting the initial loading of
the trap and the finalmicrowave frequency for
forced evaporation of the coolant atoms.
In Fig. 2, we show the temperature depend-

ence of atomic fluorescence from a 40K gas
with N = 2.1 × 106 as it enters the quantum
degenerate regime. The measurements were
conducted by illuminating the gas with a wide-
probe laser beam (4.8-mm spot-size radius)
for 3 ms and acquiring fluorescence images
(Fig. 2A) with an electron-multiplying charge-
coupled device (EMCCD) (Fig. 1B). The photon
detection efficiency at 90° is 0.6%, including
the quantum efficiency of the EMCCD camera.
The probe light was s+ polarized and detuned
by D = –500 G from resonance of the |4S1/2; F =
9/2, mF = 9/2i ↔ |4P3/2; F = 11/2, mF = 11/2i
optical cycling transition, whereG = 2p × 6MHz
is the natural linewidth. We used a probe
beam power corresponding to an on-resonance
saturation parameter of ~3.5, which for the de-
tuned probe gives a photon scattering rate
Rsc = 2p × 10 Hz for an independent atom.
An atom scatters ~0.2 photons on average
during the process and, as a result, the pertur-
bation caused by the probe pulse on the tem-
perature and the Fermi sea occupation of the
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QUANTUM GASES

Pauli blocking of atom-light scattering
Christian Sanner*†, Lindsay Sonderhouse†, Ross B. Hutson, Lingfeng Yan, William R. Milner, Jun Ye*

Transition rates between coupled states in a quantum system depend on the density of available final
states. The radiative decay of an excited atomic state has been suppressed by reducing the density of
electromagnetic vacuum modes near the atomic transition. Likewise, reducing the density of available
momentum modes of the atomic motion when it is embedded inside a Fermi sea will suppress spontaneous
emission and photon scattering rates. Here we report the experimental demonstration of suppressed
light scattering in a quantum degenerate Fermi gas. We systematically measured the dependence of the
suppression factor on the temperature and Fermi energy of a strontium quantum gas and achieved
suppression of scattering rates by up to a factor of 2 compared with a thermal gas.

R
adiative relaxation of an excited quan-
tum system is a ubiquitous phenome-
non: it makes fireflies glow, underlies
the radiative recombination of electrons
and holes in light-emitting diodes, and

can be observed as gamma decay of nuclear
isomers. The intimately related phenomenon
of light scattering involves minimally popu-
lated excited states that often assume a virtual
character (1, 2). The blue sky is a direct mani-
festation of such a second-order excitation-
emission process, with air molecules scattering
sunlight. What all these light–matter interac-
tions have in common is that the radiative de-
cay depends on the final density of states for
the joint emitter-photon system. For the photon
channel in particular, it has been demonstra-
ted (3–5) that manipulation of the density of
vacuummodes through the use of an electro-
magnetic resonator modifies the emission and
scattering of light. This so-called Purcell effect
is now widely used in nanostructured devices
(6). More than 30 years ago, it was suggested
(7) that constraints imposed by the quantum
statistics of an atomic medium could also
modify spontaneous emission and light scat-
tering. Fermi statistics requires the total wave
function of a fermionic system to be antisym-
metric, giving rise to the Pauli exclusion prin-
ciple, which forbids indistinguishable fermions
from occupying the same internal and exter-
nal quantum states. Accordingly, if a sufficient
number of ground-state fermionic atoms oc-
cupy all available external motional states into
which an internally excited fermionic atom
has to decay, this decay process will be blocked.
Reducing light-scattering rates and extending
the natural lifetime of an excited atomic state
by embedding it inside a Fermi sea has been
the theme of many theoretical studies and
proposals (8–17), but experimental observation
has been complicated by atomic properties
and competing collective radiative behavior.

Spontaneous emission and light scattering
are not synonymous. Even though the usual
descriptions (2) of both processes involve the
relaxation of an excited state (a populated
atomic energy eigenstate and a virtual inter-
mediate state, respectively), their properties
and decay dynamics are different. In a non-
interacting Fermi gas, however, the unavail-
ability of final momentum states is the sole
cause for single-particle modifications of ra-
diative (re)emission properties and therefore
universally affects all atom-light processes that
transfer randomly directed recoil momentum
to the atom (13).
Here we report a direct observation of Pauli

suppression of light scattering using a quan-
tum degenerate Fermi gas of strontium atoms.
We confirm that the suppression becomes
stronger as degeneracy is increased and when
the Fermi energy approaches the photon re-
coil energy. By angularly resolving the photon
scattering rate, we measured up to a factor-of-
two reduction of light scattering in compar-
ison to the value determined from a thermal
ensemble. This distinctive manifestation of
Fermi statistics connects the fundamental ra-
diative property of atoms to their motional
degrees of freedom subject to quantum statis-
tics. The consequences of Pauli blocking of
atomic motion have been previously demon-
strated, including the suppression of collisions
(18), the direct observation of Fermi pressure
(19), the onset of Hanbury Brown–Twiss anti-
correlations (20, 21), local antibunching (22–24),
the suppression of chemical reactions between
molecules (25), and the formation of Pauli
crystals (26).
Figure 1 illustrates the key concept of the

experiment and introduces the relevant en-
ergy scales (27). An ensemble of N harmoni-
cally confined identical, noninteracting fermions
of massm forms a quantum degenerate Fermi
sea with near-unity occupation of the oscil-
lator states if the thermal energy kBT is
small compared with the Fermi energy EF =
(6N)1/3ħw. The three-dimensional (3D) confine-
ment is characterized by the mean trap fre-
quency w = (wx wy wz)

1/3, and kB and ħ denote

the Boltzmann and reduced Planck constants,
respectively. The Fermi temperature TF and
Fermi wave vector kF are defined via EF =
(ħkF)2/(2m) = kBTF. If an atom at rest inside the
Fermi sea absorbs a photon carryingmomen-
tum ħkabs, it gains a corresponding recoil en-
ergy ER = (ħkabs)2/2m. Here, we consider the
case of weak confinement with ħw ≪ ER and
treat Rayleigh scattering as a two-step momen-
tum transfer process (14, 28). Upon photon re-
emission, the atom experiences a randomly
directed second momentum kick ħkemi, where
|kemi| = |kabs| = kR, resulting in a total mo-
mentum transfer ħk = ħkabs + ħkemi. If, how-
ever, the corresponding motional state is
already occupied by another atom within the
Fermi sea, this decay channel is blocked, and
light scattering will be suppressed. The rela-
tive temperatureT/TF and thewave vector ratio
k/kF, where ħkF = (2mEF)

1/2 is the momentum
space radius of the Fermi sea, determine the
density of available final momentum states
and hence the degree of blockade. Following
Fermi’s golden rule, one finds, using a local
density approach (11, 14), a relative scattering
rate of

S kð Þ ¼ ∫d3p d3q ni p;qð Þ 1$ nf p;qð Þ½ &
∫d3p d3q ni p;qð Þ

Here the integrals cover the six-dimensional
phase space spanned by three momentum di-
mensions p and three real-space dimensions
q. The initial and final state phase space cell
occupations are given by ni = nFD(p, q) and
nf = nFD(p+ħk, q), where nFD is the Fermi-
Dirac distribution for a harmonically trapped
ideal Fermi gas, that is

nFD p;qð Þ ¼

1

1þ x$1exp
X

i
p2
i = 2mð Þ þ

X
i
mw2

i q
2
i =2

n o
=kBT

h i

The index i runs over all three dimensions,
and x is the fugacity related to T/TF via
1/Li3(−x) = −6(T/TF)

3, where Li3 is the tri-
logarithm function. The expression for S(k)
counts all available final momentum states for
a given momentum transfer ħk and averages
over all initial states within the Fermi sea.
The above analysis suggests two pathways

to observe pronounced Pauli suppression of
light scattering. One can either prepare a
Fermi gas with EF ≫ ER so that a substantial
blockade is obtained for all emission direc-
tions, that is, for any momentum transfer
up to the maximum 2ħkR (homogeneously
colored right sphere in Fig. 1C). Or one can
relax this requirement and selectively ob-
serve only scattering events with a small
momentum transfer so that EF ~ ER is suf-
ficient. The second approach, which we took
in this study (gradient-colored left sphere in
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Pauli blocking of atom-light scattering
Christian Sanner*†, Lindsay Sonderhouse†, Ross B. Hutson, Lingfeng Yan, William R. Milner, Jun Ye*

Transition rates between coupled states in a quantum system depend on the density of available final
states. The radiative decay of an excited atomic state has been suppressed by reducing the density of
electromagnetic vacuum modes near the atomic transition. Likewise, reducing the density of available
momentum modes of the atomic motion when it is embedded inside a Fermi sea will suppress spontaneous
emission and photon scattering rates. Here we report the experimental demonstration of suppressed
light scattering in a quantum degenerate Fermi gas. We systematically measured the dependence of the
suppression factor on the temperature and Fermi energy of a strontium quantum gas and achieved
suppression of scattering rates by up to a factor of 2 compared with a thermal gas.

R
adiative relaxation of an excited quan-
tum system is a ubiquitous phenome-
non: it makes fireflies glow, underlies
the radiative recombination of electrons
and holes in light-emitting diodes, and

can be observed as gamma decay of nuclear
isomers. The intimately related phenomenon
of light scattering involves minimally popu-
lated excited states that often assume a virtual
character (1, 2). The blue sky is a direct mani-
festation of such a second-order excitation-
emission process, with air molecules scattering
sunlight. What all these light–matter interac-
tions have in common is that the radiative de-
cay depends on the final density of states for
the joint emitter-photon system. For the photon
channel in particular, it has been demonstra-
ted (3–5) that manipulation of the density of
vacuummodes through the use of an electro-
magnetic resonator modifies the emission and
scattering of light. This so-called Purcell effect
is now widely used in nanostructured devices
(6). More than 30 years ago, it was suggested
(7) that constraints imposed by the quantum
statistics of an atomic medium could also
modify spontaneous emission and light scat-
tering. Fermi statistics requires the total wave
function of a fermionic system to be antisym-
metric, giving rise to the Pauli exclusion prin-
ciple, which forbids indistinguishable fermions
from occupying the same internal and exter-
nal quantum states. Accordingly, if a sufficient
number of ground-state fermionic atoms oc-
cupy all available external motional states into
which an internally excited fermionic atom
has to decay, this decay process will be blocked.
Reducing light-scattering rates and extending
the natural lifetime of an excited atomic state
by embedding it inside a Fermi sea has been
the theme of many theoretical studies and
proposals (8–17), but experimental observation
has been complicated by atomic properties
and competing collective radiative behavior.

Spontaneous emission and light scattering
are not synonymous. Even though the usual
descriptions (2) of both processes involve the
relaxation of an excited state (a populated
atomic energy eigenstate and a virtual inter-
mediate state, respectively), their properties
and decay dynamics are different. In a non-
interacting Fermi gas, however, the unavail-
ability of final momentum states is the sole
cause for single-particle modifications of ra-
diative (re)emission properties and therefore
universally affects all atom-light processes that
transfer randomly directed recoil momentum
to the atom (13).
Here we report a direct observation of Pauli

suppression of light scattering using a quan-
tum degenerate Fermi gas of strontium atoms.
We confirm that the suppression becomes
stronger as degeneracy is increased and when
the Fermi energy approaches the photon re-
coil energy. By angularly resolving the photon
scattering rate, we measured up to a factor-of-
two reduction of light scattering in compar-
ison to the value determined from a thermal
ensemble. This distinctive manifestation of
Fermi statistics connects the fundamental ra-
diative property of atoms to their motional
degrees of freedom subject to quantum statis-
tics. The consequences of Pauli blocking of
atomic motion have been previously demon-
strated, including the suppression of collisions
(18), the direct observation of Fermi pressure
(19), the onset of Hanbury Brown–Twiss anti-
correlations (20, 21), local antibunching (22–24),
the suppression of chemical reactions between
molecules (25), and the formation of Pauli
crystals (26).
Figure 1 illustrates the key concept of the

experiment and introduces the relevant en-
ergy scales (27). An ensemble of N harmoni-
cally confined identical, noninteracting fermions
of massm forms a quantum degenerate Fermi
sea with near-unity occupation of the oscil-
lator states if the thermal energy kBT is
small compared with the Fermi energy EF =
(6N)1/3ħw. The three-dimensional (3D) confine-
ment is characterized by the mean trap fre-
quency w = (wx wy wz)

1/3, and kB and ħ denote

the Boltzmann and reduced Planck constants,
respectively. The Fermi temperature TF and
Fermi wave vector kF are defined via EF =
(ħkF)2/(2m) = kBTF. If an atom at rest inside the
Fermi sea absorbs a photon carryingmomen-
tum ħkabs, it gains a corresponding recoil en-
ergy ER = (ħkabs)2/2m. Here, we consider the
case of weak confinement with ħw ≪ ER and
treat Rayleigh scattering as a two-step momen-
tum transfer process (14, 28). Upon photon re-
emission, the atom experiences a randomly
directed second momentum kick ħkemi, where
|kemi| = |kabs| = kR, resulting in a total mo-
mentum transfer ħk = ħkabs + ħkemi. If, how-
ever, the corresponding motional state is
already occupied by another atom within the
Fermi sea, this decay channel is blocked, and
light scattering will be suppressed. The rela-
tive temperatureT/TF and thewave vector ratio
k/kF, where ħkF = (2mEF)

1/2 is the momentum
space radius of the Fermi sea, determine the
density of available final momentum states
and hence the degree of blockade. Following
Fermi’s golden rule, one finds, using a local
density approach (11, 14), a relative scattering
rate of

S kð Þ ¼ ∫d3p d3q ni p;qð Þ 1$ nf p;qð Þ½ &
∫d3p d3q ni p;qð Þ

Here the integrals cover the six-dimensional
phase space spanned by three momentum di-
mensions p and three real-space dimensions
q. The initial and final state phase space cell
occupations are given by ni = nFD(p, q) and
nf = nFD(p+ħk, q), where nFD is the Fermi-
Dirac distribution for a harmonically trapped
ideal Fermi gas, that is

nFD p;qð Þ ¼
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The index i runs over all three dimensions,
and x is the fugacity related to T/TF via
1/Li3(−x) = −6(T/TF)

3, where Li3 is the tri-
logarithm function. The expression for S(k)
counts all available final momentum states for
a given momentum transfer ħk and averages
over all initial states within the Fermi sea.
The above analysis suggests two pathways

to observe pronounced Pauli suppression of
light scattering. One can either prepare a
Fermi gas with EF ≫ ER so that a substantial
blockade is obtained for all emission direc-
tions, that is, for any momentum transfer
up to the maximum 2ħkR (homogeneously
colored right sphere in Fig. 1C). Or one can
relax this requirement and selectively ob-
serve only scattering events with a small
momentum transfer so that EF ~ ER is suf-
ficient. The second approach, which we took
in this study (gradient-colored left sphere in
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QUANTUM GASES

Pauli blocking of light scattering in
degenerate fermions
Yair Margalit1,2*, Yu-Kun Lu1,2, Furkan Çağrı Top1,2, Wolfgang Ketterle1,2

Pauli blocking of spontaneous emission is responsible for the stability of atoms. Electrons cannot
decay to lower-lying internal states that are already occupied. Pauli blocking also occurs when free
atoms scatter light elastically (Rayleigh scattering) and the final external momentum states are
already populated. This was predicted more than 30 years ago but is challenging to realize
experimentally. Here, we report on Pauli blocking of light scattering in a dense quantum-degenerate
Fermi gas of ultracold lithium atoms. When the Fermi momentum is larger than the photon recoil,
most final momentum states are within the Fermi surface. At low temperature, we find that light
scattered even at large angles is suppressed by 37% compared with higher temperatures, where
atoms scatter at the single-atom Rayleigh scattering rate.

S
uppression of light scattering in ultra-
cold Fermi gases has been predicted in
works dating back to 1990 (1–8). The
basic phenomenon is shown in Fig. 1.
Light scattering between photon states

with wave vectors ki and kf transfers momen-
tum ℏq ¼ ℏ ki " kfð Þ ¼ 2ℏksinq=2, where ℏki
is the initial photonmomentum, ℏkf is the final
photon momentum, and q is the scattering
angle. When the Fermi momentum ℏkF of a
zero-temperature Fermi gas is larger than the
momentum transfer ℏq, light scattering is
strongly suppressed and can occur only near
the Fermi surface, whereas for temperatures
T≥ TF, the scattering rate per atomapproaches
the independent atom limit. This smooth tran-
sition versus temperature has been theoret-
ically studied, including by averaging over the
inhomogeneous density distribution of a har-
monically trapped atom cloud (6).
Experiments on ultracold atoms have deep-

ened our understanding of basic physical
phenomena by realizing paradigmatic ideal-
ized situations where the phenomenon is ob-
served in itsmost direct and transparent form.
These realizations then become building blocks
for more-complex systems. Examples include
the realization of Bose-Einstein condensation
(BEC), the BEC–Bardeen-Cooper-Schrieffer
(BCS) crossover in fermions, band structure
phenomena of noninteracting atoms in opti-
cal lattices, and Mott insulators in optical lat-
tices (9). Here, we study, in a highly idealized
situation, how ultracold fermions scatter light
and observe the suppression of light scatter-
ing caused by Pauli blocking in a degenerate
Fermi gas. Recently, we have been able to pre-
pare ultracold fermions at very high densities
(up to n = 3 × 1015 cm−3) (10), where the Fermi

energy is 50 times as high as that of the photon
recoil energy ℏ2k2i =2m of 73.9 kHz (where m
is the lithium atomic mass). Using this sam-
ple, we have now performed light-scattering
experiments in the simplest possible limit, at
detunings D from the atomic resonance of
more than 100 GHz, or 17,000 linewidths
G. Therefore, despite high atomic densities
n ≈ 1:2=ƛ3 and high resonant optical densities
6pnƛ2l ≈ 44;000 (where ƛ ¼ 1=k and l is the
length of the atom cloud), we realize the limit
where both the absorptive and dispersive parts
of the index of refraction are negligible. In gen-
eral, optical properties become complicated in
the regime of high densities thanks to strong
Lorentz-Lorentz corrections (11) and dipolar
interactions between the atoms (12). These cor-
rections are often expanded in the parameter
na, where a is the atomic polarizability, given
for a two-level atom by a ¼ 6pƛ3G= Dþ iGð Þ.
At our detunings, the parameter na ≈ 1/800,
and those corrections are negligible. Also, at de-
tunings larger than the fine-structure splitting
of 10 GHz, optical pumping to other hyperfine
states is suppressed. At 100-GHz detuning, the

branching ratio is <1% for any polarization of
light, so no special cycling transition is needed.
We use rather weak and long laser pulses with
a Rayleigh scattering rate around or below
1 photon per atomduring 1 ms to stay far away
from nonlinear collective light scattering (13).
Ultracold lithium clouds were prepared as

in our previous work (10). In short, 23Na and
6Li atoms are first laser cooled and then trans-
ferred into a quadrupolemagnetic trap with an
optical plug (14). Forced microwave evapora-
tion of the Na atoms (15) sympathetically cools
the lithiumatoms. The lithiumatoms are trans-
ferred into a single-beam 1064-nm optical di-
pole trap with variable spot size and power,
which controls the trap volume and densities.
A partially nonadiabatic radio-frequency (RF)
Landau-Zener sweep transfers the major-
ity of the atoms to the collisionally stable
lowest Zeeman state F ¼ 1=2;mF ¼ 1=2j i ≡ 1j i
while keeping ~7% in the original state 3=2;j
3=2i ≡ 6j i. This creates a spin mixture with
s-wave interactions, which allows for efficient
evaporative cooling into quantum degeneracy.
Decreasing the spot size of the trapping beam
creates a tighter trap with frequencies of
wr/2p = 34 kHz and wz/2p = 770 kHz in the
radial and axial directions, respectively. The
atoms are exposed to a final stage of evapo-
rative cooling by tilting the trapping potential
with a magnetic gradient for 1.5 s. A typical
sample contains N ≃ 8& 105 6Li atoms at
T=TF ≃ 0:2, with a Fermi temperature of TF ¼
ℏ w2

rwz6N
! "1=3 ¼ 70 mK. This corresponds to a
density of ~1 × 1015 cm−3 and an on-resonance
optical density of ~25,000. We can produce
even higher densities of up to 3 × 1015 cm−3

and Fermi energies of 190 mK, but they suffer
from three-body losses and associated heating
[which occur even in a spin-polarized sam-
ple (10)]. As the final step before the light-
scattering experiment, the majority of the
atoms are transferred by the same RF Landau-
Zener sweep back to state 6, leaving ≤10% of
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Fig. 1. Schematic of the experiment. (A) Degenerate fermionic lithium atoms are confined in an optical
dipole trap and illuminated with a laser beam. Scattered photons impart momentum transfers of ℏq to the
atoms and are detected at a scattering angle of 90°. (B) Mechanism of Pauli blocking in degenerate Fermi
gases. At temperature T = 0, the atoms occupy a Fermi sphere in momentum space with radius ℏkF. For
q ≪ kF, atoms can scatter light only from the outer shell of the Fermi sphere (of width ℏq), where they can
reach an unoccupied final momentum state. No scattering is possible for atoms within the dashed circle.
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Abstract. – Fermi inhibition is a quantum-statistical analogue for the inhibition of sponta-
neous emission by an excited atom in a cavity. This is achieved when the relevant motional

states are already occupied by a cloud of cold atoms in the internal ground state. We exhibit

non-trivial eÆects at finite temperature and in anisotropic traps, and briefly consider a possible

experimental realization.

The inhibition and enhancement of spontaneous emission of an atom by embedding it
in a cavity has been one of the most striking predictions in the field of cavity QED [1, 2].
Several experiments have been and are currently being carried out to test this prediction.
The explanation of this phenomenon is very simple: according to Fermi’s golden rule, the
spontaneous emission rate ° is proportional to the density of modes of the electro-magnetic
field available at the atomic transition frequency; the cavity modifies the mode structure, and
therefore this rate. In particular, if all the normal modes of the cavity are far oÆ-resonance
with respect to the atomic transition frequency, there are no modes available where a photon
can be emitted, and therefore spontaneous emission is inhibited.
In this paper we analyze how the spontaneous emission rate ° of an atom can be inhibited

by using quantum-statistical principles. The idea is to surround a fermionic atom in an internal
excited state |ei by a gas formed by identical particles in an internal ground state |gi. According
to Fermi’s golden rule, ° depends on the occupation number of the diÆerent motional states to
which the atom can be transferred after spontaneous emission. In particular, if they are already
occupied, then the atom cannot decay. This can be viewed as well as a simple consequence
of Pauli’s exclusion principle. Thus, in analogy to cavity QED one can say that spontaneous
emission can be inhibited by reducing the motional “modes” available to the excited atom.
From a qualitative point of view, the inhibition of spontaneous emission can be easily

understood. Consider a set of N fermions in the state |gi and one fermion in an excited state
|ei that can only decay into |gi. Assume, for simplicity, that all the atoms are trapped in
a harmonic potential at a given temperature. In this problem there are three energy scales
which determine the properties of °. First, kBT , the thermal energy of the particles. Second,
the Fermi energy EF of the ground-state atoms, which is the maximum energy of the fermions
at zero temperature. Finally, the recoil energy ER = h̄

2
k
2
0/2m (where k0 is the wave vector

corresponding to the transition |ei ! |gi and m is the atom mass), which is the averaged
motional energy acquired by the excited atom in the emission process. Typically, the motional
states with energiesE ∑ EF°kBT are occupied, whereas those with E ∏ EF+kBT are basically
available. Thus, if the initial motional energy of the excited atom plus the one gained in the
emission process ª kBT + ER ∑ EF ° kBT , spontaneous emission will be inhibited. As the
temperature decreases or the Fermi energy increases (equivalently, the number of ground-state
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QUANTUM GASES

Observation of Pauli blocking in light scattering from
quantum degenerate fermions
Amita B. Deb* and Niels Kjærgaard

The Pauli exclusion principle forbids indistinguishable fermions from occupying the same
quantum mechanical state. The implications of this are profound; for example, it accounts
for the electronic shell structure of atoms. Here, we performed measurements on the scattering
of light from ultracold ensembles of atoms. For a Fermi gas in the quantum degenerate
regime, we observed a marked suppression in scattering compared with a similarly prepared
Bose gas. The observed decrease in fluorescence and the corresponding increase in light
transmission results from Pauli blocking, where Fermi-Dirac statistics limits the number
of accessible states for a scattering atom in a large Fermi sea. Our work confirms a
fundamental result on the optical response of quantum gases and may contribute to cooling
and thermometry schemes.

T
he interaction of light with ultracold
atoms is of paramount importance in
emerging quantum technologies that are
based on quantum gases. Understanding
collective and quantum effects in the

interplay between light with atomic dipoles
is a highly active field in atomic physics (1–4),
with its origin in (5), which predicted a mod-
ificationof the radiative lifetimeof atomsplaced
within a volume smaller than the cube of the
wavelength of light. Another prominent exam-
ple is the Purcell effect (6), in which the spon-
taneous emission rate is modified because of
a change in the number of accessible states for
photons. This happens, for example, in atoms
in optical resonators and lies at the heart of
cavity quantum electrodynamics.
In addition to playing a crucial role in the

formation of the electronic structure of atoms,
Pauli blocking of fermions reveals itself as
anti-bunching of density-density correlations
(7, 8) and suppression of density fluctuations
in fermionic systems (9–11). It also prevents
colliding fermions from scattering sideways
(12). For the light-matter interaction, quan-
tum statistical effects in the spontaneous
emission rate (g) in degenerate quantum gases
was first considered three decades ago (13).
In particular, it was predicted that g is sup-
pressed in a deeply degenerate Fermi gas be-
cause of Pauli blocking. As pointed out in (14)
and (15), light scattering from trapped fermions
establishes an analogous but experimentally
more tractable scenario (Fig. 1). The possibility
of suppression of light scattering has received
continuous interest since the initial realization of
degenerate Fermi gases (10, 15–18), but its direct
experimental detection has remained elusive.
Here, we report a direct observation of the

suppression of off-resonant light scattering

from a degenerate Fermi gas of 40K. We con-
ducted experiments in three different config-
urations (Fig. 1). We first observed a clear
reduction in fluorescence from a degenerate
gas. This was complemented by transmission
measurements of a probe laser beam passing
through the Fermi gas. These measurements
confirm that degeneracy lowers the imaginary
part of the optical susceptibility of the gas. We
directly compared our results for the fermio-
nic 40K gas with those for a bosonic gas of 87Rb
and observed a significant increase in light
transmission for the degenerate Fermi gas
relative to the Bose gas, which resulted from
Pauli blocking of light scattering. The trans-
mission through both Fermi and Bose gases
in the quantum degenerate regime was ob-
served to deviate from a Beer-Lambert law
of attenuation, with light scattering being sup-
pressed in the fermionic case and enhanced in
the bosonic case. By measuring the phase shift
incurred by a probe laser beam, we confirmed
the prediction that degeneracy leaves the real
part of the susceptibility of a Fermi gas largely
unaffected.
The physical mechanism behind Pauli block-

ing of light scattering is illustrated in Fig. 1A,
where we show a momentum space represen-
tation for a harmonically trapped Fermi gas
withN atoms at temperature T = 0. The atoms
occupy all states within the Fermi sphere of
radius kF ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2mEF

p
=ℏ, where ħ is the reduced

Planck constant, m is the atomic mass, and
EF ¼ ℏ!wð6NÞ1=3 is the Fermi energy when the
geometric mean of the trapping frequencies is
!w. Upon scattering a photon from an incoming
beam of light with a wavelength l, an atom
will incur a change in wave number of |Dka| =
2kLsin(q/2), where q is the angle between the
directions of the incident and the scattered
photon and kL = 2p/l. For kF > kL, recoil events
connecting an atom to an occupied state inside
the Fermi sphere would be forbidden by the
Pauli exclusion principle. To observe this block-

ing effect clearly in an experiment, the photon
recoil energyER ¼ ℏ2k2L=2m should preferably
be much less than EF, and it is therefore ad-
vantageous to use relatively heavy fermionic
atoms such as 40K and a large number of atoms,
as in our case. The number of vacancies inside
the Fermi sphere will increase with T, so effec-
tive Pauli blocking also requires the sample
temperature to be low compared with the
Fermi temperature TF = EF/kB, where kB is
Boltzmann’s constant.
In our experiment, we produced quantum

degenerate Fermi gases of 40K in the ground
hyperfine state |4S1/2;F = 9/2,mF = 9/2i har-
monically confined by an Ioffe-Pritchard type
of magnetic trap. The trap has radial and axial
trapping frequencies of wr = 2p × 260 Hz and
wa = 2p × 30Hz, respectively, corresponding to
!w = 2p × 127 Hz. By using a sympathetic cool-
ing procedure with 87Rb atoms as the coolant,
we were able to produce characteristic 40K
samples with N = 2.2 × 106 atoms at temper-
atures ~420 nK, corresponding to T/TF ≲ 0.3.
For benchmarking, we could also produce
ultracold bosonic samples of 87Rb in the |5S1/2;
F = 2, mF = 2i hyperfine state, for which the
radial and axial trapping frequencies are wr =
2p × 170 Hz and wa = 2p × 20 Hz. For char-
acteristic samples of N = 2.2 × 106, the critical
temperature for Bose-Einstein condensation
(BEC) Tc ¼ ℏ!wðN=1:2Þ1=3 is ~500 nK. Our ex-
perimental setup incorporated three in situ
diagnostics shown schematically in Fig. 1, B
to D. In addition, we could release a sample
from the trap to perform time-of-flight absorp-
tion imaging. The number and temperature of
a fermionic sample could be independently
controlled by adjusting the initial loading of
the trap and the finalmicrowave frequency for
forced evaporation of the coolant atoms.
In Fig. 2, we show the temperature depend-

ence of atomic fluorescence from a 40K gas
with N = 2.1 × 106 as it enters the quantum
degenerate regime. The measurements were
conducted by illuminating the gas with a wide-
probe laser beam (4.8-mm spot-size radius)
for 3 ms and acquiring fluorescence images
(Fig. 2A) with an electron-multiplying charge-
coupled device (EMCCD) (Fig. 1B). The photon
detection efficiency at 90° is 0.6%, including
the quantum efficiency of the EMCCD camera.
The probe light was s+ polarized and detuned
by D = –500 G from resonance of the |4S1/2; F =
9/2, mF = 9/2i ↔ |4P3/2; F = 11/2, mF = 11/2i
optical cycling transition, whereG = 2p × 6MHz
is the natural linewidth. We used a probe
beam power corresponding to an on-resonance
saturation parameter of ~3.5, which for the de-
tuned probe gives a photon scattering rate
Rsc = 2p × 10 Hz for an independent atom.
An atom scatters ~0.2 photons on average
during the process and, as a result, the pertur-
bation caused by the probe pulse on the tem-
perature and the Fermi sea occupation of the
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vantageous to use relatively heavy fermionic
atoms such as 40K and a large number of atoms,
as in our case. The number of vacancies inside
the Fermi sphere will increase with T, so effec-
tive Pauli blocking also requires the sample
temperature to be low compared with the
Fermi temperature TF = EF/kB, where kB is
Boltzmann’s constant.
In our experiment, we produced quantum

degenerate Fermi gases of 40K in the ground
hyperfine state |4S1/2;F = 9/2,mF = 9/2i har-
monically confined by an Ioffe-Pritchard type
of magnetic trap. The trap has radial and axial
trapping frequencies of wr = 2p × 260 Hz and
wa = 2p × 30Hz, respectively, corresponding to
!w = 2p × 127 Hz. By using a sympathetic cool-
ing procedure with 87Rb atoms as the coolant,
we were able to produce characteristic 40K
samples with N = 2.2 × 106 atoms at temper-
atures ~420 nK, corresponding to T/TF ≲ 0.3.
For benchmarking, we could also produce
ultracold bosonic samples of 87Rb in the |5S1/2;
F = 2, mF = 2i hyperfine state, for which the
radial and axial trapping frequencies are wr =
2p × 170 Hz and wa = 2p × 20 Hz. For char-
acteristic samples of N = 2.2 × 106, the critical
temperature for Bose-Einstein condensation
(BEC) Tc ¼ ℏ!wðN=1:2Þ1=3 is ~500 nK. Our ex-
perimental setup incorporated three in situ
diagnostics shown schematically in Fig. 1, B
to D. In addition, we could release a sample
from the trap to perform time-of-flight absorp-
tion imaging. The number and temperature of
a fermionic sample could be independently
controlled by adjusting the initial loading of
the trap and the finalmicrowave frequency for
forced evaporation of the coolant atoms.
In Fig. 2, we show the temperature depend-

ence of atomic fluorescence from a 40K gas
with N = 2.1 × 106 as it enters the quantum
degenerate regime. The measurements were
conducted by illuminating the gas with a wide-
probe laser beam (4.8-mm spot-size radius)
for 3 ms and acquiring fluorescence images
(Fig. 2A) with an electron-multiplying charge-
coupled device (EMCCD) (Fig. 1B). The photon
detection efficiency at 90° is 0.6%, including
the quantum efficiency of the EMCCD camera.
The probe light was s+ polarized and detuned
by D = –500 G from resonance of the |4S1/2; F =
9/2, mF = 9/2i ↔ |4P3/2; F = 11/2, mF = 11/2i
optical cycling transition, whereG = 2p × 6MHz
is the natural linewidth. We used a probe
beam power corresponding to an on-resonance
saturation parameter of ~3.5, which for the de-
tuned probe gives a photon scattering rate
Rsc = 2p × 10 Hz for an independent atom.
An atom scatters ~0.2 photons on average
during the process and, as a result, the pertur-
bation caused by the probe pulse on the tem-
perature and the Fermi sea occupation of the
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QUANTUM GASES

Pauli blocking of atom-light scattering
Christian Sanner*†, Lindsay Sonderhouse†, Ross B. Hutson, Lingfeng Yan, William R. Milner, Jun Ye*

Transition rates between coupled states in a quantum system depend on the density of available final
states. The radiative decay of an excited atomic state has been suppressed by reducing the density of
electromagnetic vacuum modes near the atomic transition. Likewise, reducing the density of available
momentum modes of the atomic motion when it is embedded inside a Fermi sea will suppress spontaneous
emission and photon scattering rates. Here we report the experimental demonstration of suppressed
light scattering in a quantum degenerate Fermi gas. We systematically measured the dependence of the
suppression factor on the temperature and Fermi energy of a strontium quantum gas and achieved
suppression of scattering rates by up to a factor of 2 compared with a thermal gas.

R
adiative relaxation of an excited quan-
tum system is a ubiquitous phenome-
non: it makes fireflies glow, underlies
the radiative recombination of electrons
and holes in light-emitting diodes, and

can be observed as gamma decay of nuclear
isomers. The intimately related phenomenon
of light scattering involves minimally popu-
lated excited states that often assume a virtual
character (1, 2). The blue sky is a direct mani-
festation of such a second-order excitation-
emission process, with air molecules scattering
sunlight. What all these light–matter interac-
tions have in common is that the radiative de-
cay depends on the final density of states for
the joint emitter-photon system. For the photon
channel in particular, it has been demonstra-
ted (3–5) that manipulation of the density of
vacuummodes through the use of an electro-
magnetic resonator modifies the emission and
scattering of light. This so-called Purcell effect
is now widely used in nanostructured devices
(6). More than 30 years ago, it was suggested
(7) that constraints imposed by the quantum
statistics of an atomic medium could also
modify spontaneous emission and light scat-
tering. Fermi statistics requires the total wave
function of a fermionic system to be antisym-
metric, giving rise to the Pauli exclusion prin-
ciple, which forbids indistinguishable fermions
from occupying the same internal and exter-
nal quantum states. Accordingly, if a sufficient
number of ground-state fermionic atoms oc-
cupy all available external motional states into
which an internally excited fermionic atom
has to decay, this decay process will be blocked.
Reducing light-scattering rates and extending
the natural lifetime of an excited atomic state
by embedding it inside a Fermi sea has been
the theme of many theoretical studies and
proposals (8–17), but experimental observation
has been complicated by atomic properties
and competing collective radiative behavior.

Spontaneous emission and light scattering
are not synonymous. Even though the usual
descriptions (2) of both processes involve the
relaxation of an excited state (a populated
atomic energy eigenstate and a virtual inter-
mediate state, respectively), their properties
and decay dynamics are different. In a non-
interacting Fermi gas, however, the unavail-
ability of final momentum states is the sole
cause for single-particle modifications of ra-
diative (re)emission properties and therefore
universally affects all atom-light processes that
transfer randomly directed recoil momentum
to the atom (13).
Here we report a direct observation of Pauli

suppression of light scattering using a quan-
tum degenerate Fermi gas of strontium atoms.
We confirm that the suppression becomes
stronger as degeneracy is increased and when
the Fermi energy approaches the photon re-
coil energy. By angularly resolving the photon
scattering rate, we measured up to a factor-of-
two reduction of light scattering in compar-
ison to the value determined from a thermal
ensemble. This distinctive manifestation of
Fermi statistics connects the fundamental ra-
diative property of atoms to their motional
degrees of freedom subject to quantum statis-
tics. The consequences of Pauli blocking of
atomic motion have been previously demon-
strated, including the suppression of collisions
(18), the direct observation of Fermi pressure
(19), the onset of Hanbury Brown–Twiss anti-
correlations (20, 21), local antibunching (22–24),
the suppression of chemical reactions between
molecules (25), and the formation of Pauli
crystals (26).
Figure 1 illustrates the key concept of the

experiment and introduces the relevant en-
ergy scales (27). An ensemble of N harmoni-
cally confined identical, noninteracting fermions
of massm forms a quantum degenerate Fermi
sea with near-unity occupation of the oscil-
lator states if the thermal energy kBT is
small compared with the Fermi energy EF =
(6N)1/3ħw. The three-dimensional (3D) confine-
ment is characterized by the mean trap fre-
quency w = (wx wy wz)

1/3, and kB and ħ denote

the Boltzmann and reduced Planck constants,
respectively. The Fermi temperature TF and
Fermi wave vector kF are defined via EF =
(ħkF)2/(2m) = kBTF. If an atom at rest inside the
Fermi sea absorbs a photon carryingmomen-
tum ħkabs, it gains a corresponding recoil en-
ergy ER = (ħkabs)2/2m. Here, we consider the
case of weak confinement with ħw ≪ ER and
treat Rayleigh scattering as a two-step momen-
tum transfer process (14, 28). Upon photon re-
emission, the atom experiences a randomly
directed second momentum kick ħkemi, where
|kemi| = |kabs| = kR, resulting in a total mo-
mentum transfer ħk = ħkabs + ħkemi. If, how-
ever, the corresponding motional state is
already occupied by another atom within the
Fermi sea, this decay channel is blocked, and
light scattering will be suppressed. The rela-
tive temperatureT/TF and thewave vector ratio
k/kF, where ħkF = (2mEF)

1/2 is the momentum
space radius of the Fermi sea, determine the
density of available final momentum states
and hence the degree of blockade. Following
Fermi’s golden rule, one finds, using a local
density approach (11, 14), a relative scattering
rate of

S kð Þ ¼ ∫d3p d3q ni p;qð Þ 1$ nf p;qð Þ½ &
∫d3p d3q ni p;qð Þ

Here the integrals cover the six-dimensional
phase space spanned by three momentum di-
mensions p and three real-space dimensions
q. The initial and final state phase space cell
occupations are given by ni = nFD(p, q) and
nf = nFD(p+ħk, q), where nFD is the Fermi-
Dirac distribution for a harmonically trapped
ideal Fermi gas, that is

nFD p;qð Þ ¼

1

1þ x$1exp
X

i
p2
i = 2mð Þ þ

X
i
mw2

i q
2
i =2

n o
=kBT

h i

The index i runs over all three dimensions,
and x is the fugacity related to T/TF via
1/Li3(−x) = −6(T/TF)

3, where Li3 is the tri-
logarithm function. The expression for S(k)
counts all available final momentum states for
a given momentum transfer ħk and averages
over all initial states within the Fermi sea.
The above analysis suggests two pathways

to observe pronounced Pauli suppression of
light scattering. One can either prepare a
Fermi gas with EF ≫ ER so that a substantial
blockade is obtained for all emission direc-
tions, that is, for any momentum transfer
up to the maximum 2ħkR (homogeneously
colored right sphere in Fig. 1C). Or one can
relax this requirement and selectively ob-
serve only scattering events with a small
momentum transfer so that EF ~ ER is suf-
ficient. The second approach, which we took
in this study (gradient-colored left sphere in
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Pauli blocking of atom-light scattering
Christian Sanner*†, Lindsay Sonderhouse†, Ross B. Hutson, Lingfeng Yan, William R. Milner, Jun Ye*

Transition rates between coupled states in a quantum system depend on the density of available final
states. The radiative decay of an excited atomic state has been suppressed by reducing the density of
electromagnetic vacuum modes near the atomic transition. Likewise, reducing the density of available
momentum modes of the atomic motion when it is embedded inside a Fermi sea will suppress spontaneous
emission and photon scattering rates. Here we report the experimental demonstration of suppressed
light scattering in a quantum degenerate Fermi gas. We systematically measured the dependence of the
suppression factor on the temperature and Fermi energy of a strontium quantum gas and achieved
suppression of scattering rates by up to a factor of 2 compared with a thermal gas.

R
adiative relaxation of an excited quan-
tum system is a ubiquitous phenome-
non: it makes fireflies glow, underlies
the radiative recombination of electrons
and holes in light-emitting diodes, and

can be observed as gamma decay of nuclear
isomers. The intimately related phenomenon
of light scattering involves minimally popu-
lated excited states that often assume a virtual
character (1, 2). The blue sky is a direct mani-
festation of such a second-order excitation-
emission process, with air molecules scattering
sunlight. What all these light–matter interac-
tions have in common is that the radiative de-
cay depends on the final density of states for
the joint emitter-photon system. For the photon
channel in particular, it has been demonstra-
ted (3–5) that manipulation of the density of
vacuummodes through the use of an electro-
magnetic resonator modifies the emission and
scattering of light. This so-called Purcell effect
is now widely used in nanostructured devices
(6). More than 30 years ago, it was suggested
(7) that constraints imposed by the quantum
statistics of an atomic medium could also
modify spontaneous emission and light scat-
tering. Fermi statistics requires the total wave
function of a fermionic system to be antisym-
metric, giving rise to the Pauli exclusion prin-
ciple, which forbids indistinguishable fermions
from occupying the same internal and exter-
nal quantum states. Accordingly, if a sufficient
number of ground-state fermionic atoms oc-
cupy all available external motional states into
which an internally excited fermionic atom
has to decay, this decay process will be blocked.
Reducing light-scattering rates and extending
the natural lifetime of an excited atomic state
by embedding it inside a Fermi sea has been
the theme of many theoretical studies and
proposals (8–17), but experimental observation
has been complicated by atomic properties
and competing collective radiative behavior.

Spontaneous emission and light scattering
are not synonymous. Even though the usual
descriptions (2) of both processes involve the
relaxation of an excited state (a populated
atomic energy eigenstate and a virtual inter-
mediate state, respectively), their properties
and decay dynamics are different. In a non-
interacting Fermi gas, however, the unavail-
ability of final momentum states is the sole
cause for single-particle modifications of ra-
diative (re)emission properties and therefore
universally affects all atom-light processes that
transfer randomly directed recoil momentum
to the atom (13).
Here we report a direct observation of Pauli

suppression of light scattering using a quan-
tum degenerate Fermi gas of strontium atoms.
We confirm that the suppression becomes
stronger as degeneracy is increased and when
the Fermi energy approaches the photon re-
coil energy. By angularly resolving the photon
scattering rate, we measured up to a factor-of-
two reduction of light scattering in compar-
ison to the value determined from a thermal
ensemble. This distinctive manifestation of
Fermi statistics connects the fundamental ra-
diative property of atoms to their motional
degrees of freedom subject to quantum statis-
tics. The consequences of Pauli blocking of
atomic motion have been previously demon-
strated, including the suppression of collisions
(18), the direct observation of Fermi pressure
(19), the onset of Hanbury Brown–Twiss anti-
correlations (20, 21), local antibunching (22–24),
the suppression of chemical reactions between
molecules (25), and the formation of Pauli
crystals (26).
Figure 1 illustrates the key concept of the

experiment and introduces the relevant en-
ergy scales (27). An ensemble of N harmoni-
cally confined identical, noninteracting fermions
of massm forms a quantum degenerate Fermi
sea with near-unity occupation of the oscil-
lator states if the thermal energy kBT is
small compared with the Fermi energy EF =
(6N)1/3ħw. The three-dimensional (3D) confine-
ment is characterized by the mean trap fre-
quency w = (wx wy wz)

1/3, and kB and ħ denote

the Boltzmann and reduced Planck constants,
respectively. The Fermi temperature TF and
Fermi wave vector kF are defined via EF =
(ħkF)2/(2m) = kBTF. If an atom at rest inside the
Fermi sea absorbs a photon carryingmomen-
tum ħkabs, it gains a corresponding recoil en-
ergy ER = (ħkabs)2/2m. Here, we consider the
case of weak confinement with ħw ≪ ER and
treat Rayleigh scattering as a two-step momen-
tum transfer process (14, 28). Upon photon re-
emission, the atom experiences a randomly
directed second momentum kick ħkemi, where
|kemi| = |kabs| = kR, resulting in a total mo-
mentum transfer ħk = ħkabs + ħkemi. If, how-
ever, the corresponding motional state is
already occupied by another atom within the
Fermi sea, this decay channel is blocked, and
light scattering will be suppressed. The rela-
tive temperatureT/TF and thewave vector ratio
k/kF, where ħkF = (2mEF)

1/2 is the momentum
space radius of the Fermi sea, determine the
density of available final momentum states
and hence the degree of blockade. Following
Fermi’s golden rule, one finds, using a local
density approach (11, 14), a relative scattering
rate of

S kð Þ ¼ ∫d3p d3q ni p;qð Þ 1$ nf p;qð Þ½ &
∫d3p d3q ni p;qð Þ

Here the integrals cover the six-dimensional
phase space spanned by three momentum di-
mensions p and three real-space dimensions
q. The initial and final state phase space cell
occupations are given by ni = nFD(p, q) and
nf = nFD(p+ħk, q), where nFD is the Fermi-
Dirac distribution for a harmonically trapped
ideal Fermi gas, that is
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The index i runs over all three dimensions,
and x is the fugacity related to T/TF via
1/Li3(−x) = −6(T/TF)

3, where Li3 is the tri-
logarithm function. The expression for S(k)
counts all available final momentum states for
a given momentum transfer ħk and averages
over all initial states within the Fermi sea.
The above analysis suggests two pathways

to observe pronounced Pauli suppression of
light scattering. One can either prepare a
Fermi gas with EF ≫ ER so that a substantial
blockade is obtained for all emission direc-
tions, that is, for any momentum transfer
up to the maximum 2ħkR (homogeneously
colored right sphere in Fig. 1C). Or one can
relax this requirement and selectively ob-
serve only scattering events with a small
momentum transfer so that EF ~ ER is suf-
ficient. The second approach, which we took
in this study (gradient-colored left sphere in
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QUANTUM GASES

Pauli blocking of light scattering in
degenerate fermions
Yair Margalit1,2*, Yu-Kun Lu1,2, Furkan Çağrı Top1,2, Wolfgang Ketterle1,2

Pauli blocking of spontaneous emission is responsible for the stability of atoms. Electrons cannot
decay to lower-lying internal states that are already occupied. Pauli blocking also occurs when free
atoms scatter light elastically (Rayleigh scattering) and the final external momentum states are
already populated. This was predicted more than 30 years ago but is challenging to realize
experimentally. Here, we report on Pauli blocking of light scattering in a dense quantum-degenerate
Fermi gas of ultracold lithium atoms. When the Fermi momentum is larger than the photon recoil,
most final momentum states are within the Fermi surface. At low temperature, we find that light
scattered even at large angles is suppressed by 37% compared with higher temperatures, where
atoms scatter at the single-atom Rayleigh scattering rate.

S
uppression of light scattering in ultra-
cold Fermi gases has been predicted in
works dating back to 1990 (1–8). The
basic phenomenon is shown in Fig. 1.
Light scattering between photon states

with wave vectors ki and kf transfers momen-
tum ℏq ¼ ℏ ki " kfð Þ ¼ 2ℏksinq=2, where ℏki
is the initial photonmomentum, ℏkf is the final
photon momentum, and q is the scattering
angle. When the Fermi momentum ℏkF of a
zero-temperature Fermi gas is larger than the
momentum transfer ℏq, light scattering is
strongly suppressed and can occur only near
the Fermi surface, whereas for temperatures
T≥ TF, the scattering rate per atomapproaches
the independent atom limit. This smooth tran-
sition versus temperature has been theoret-
ically studied, including by averaging over the
inhomogeneous density distribution of a har-
monically trapped atom cloud (6).
Experiments on ultracold atoms have deep-

ened our understanding of basic physical
phenomena by realizing paradigmatic ideal-
ized situations where the phenomenon is ob-
served in itsmost direct and transparent form.
These realizations then become building blocks
for more-complex systems. Examples include
the realization of Bose-Einstein condensation
(BEC), the BEC–Bardeen-Cooper-Schrieffer
(BCS) crossover in fermions, band structure
phenomena of noninteracting atoms in opti-
cal lattices, and Mott insulators in optical lat-
tices (9). Here, we study, in a highly idealized
situation, how ultracold fermions scatter light
and observe the suppression of light scatter-
ing caused by Pauli blocking in a degenerate
Fermi gas. Recently, we have been able to pre-
pare ultracold fermions at very high densities
(up to n = 3 × 1015 cm−3) (10), where the Fermi

energy is 50 times as high as that of the photon
recoil energy ℏ2k2i =2m of 73.9 kHz (where m
is the lithium atomic mass). Using this sam-
ple, we have now performed light-scattering
experiments in the simplest possible limit, at
detunings D from the atomic resonance of
more than 100 GHz, or 17,000 linewidths
G. Therefore, despite high atomic densities
n ≈ 1:2=ƛ3 and high resonant optical densities
6pnƛ2l ≈ 44;000 (where ƛ ¼ 1=k and l is the
length of the atom cloud), we realize the limit
where both the absorptive and dispersive parts
of the index of refraction are negligible. In gen-
eral, optical properties become complicated in
the regime of high densities thanks to strong
Lorentz-Lorentz corrections (11) and dipolar
interactions between the atoms (12). These cor-
rections are often expanded in the parameter
na, where a is the atomic polarizability, given
for a two-level atom by a ¼ 6pƛ3G= Dþ iGð Þ.
At our detunings, the parameter na ≈ 1/800,
and those corrections are negligible. Also, at de-
tunings larger than the fine-structure splitting
of 10 GHz, optical pumping to other hyperfine
states is suppressed. At 100-GHz detuning, the

branching ratio is <1% for any polarization of
light, so no special cycling transition is needed.
We use rather weak and long laser pulses with
a Rayleigh scattering rate around or below
1 photon per atomduring 1 ms to stay far away
from nonlinear collective light scattering (13).
Ultracold lithium clouds were prepared as

in our previous work (10). In short, 23Na and
6Li atoms are first laser cooled and then trans-
ferred into a quadrupolemagnetic trap with an
optical plug (14). Forced microwave evapora-
tion of the Na atoms (15) sympathetically cools
the lithiumatoms. The lithiumatoms are trans-
ferred into a single-beam 1064-nm optical di-
pole trap with variable spot size and power,
which controls the trap volume and densities.
A partially nonadiabatic radio-frequency (RF)
Landau-Zener sweep transfers the major-
ity of the atoms to the collisionally stable
lowest Zeeman state F ¼ 1=2;mF ¼ 1=2j i ≡ 1j i
while keeping ~7% in the original state 3=2;j
3=2i ≡ 6j i. This creates a spin mixture with
s-wave interactions, which allows for efficient
evaporative cooling into quantum degeneracy.
Decreasing the spot size of the trapping beam
creates a tighter trap with frequencies of
wr/2p = 34 kHz and wz/2p = 770 kHz in the
radial and axial directions, respectively. The
atoms are exposed to a final stage of evapo-
rative cooling by tilting the trapping potential
with a magnetic gradient for 1.5 s. A typical
sample contains N ≃ 8& 105 6Li atoms at
T=TF ≃ 0:2, with a Fermi temperature of TF ¼
ℏ w2

rwz6N
! "1=3 ¼ 70 mK. This corresponds to a
density of ~1 × 1015 cm−3 and an on-resonance
optical density of ~25,000. We can produce
even higher densities of up to 3 × 1015 cm−3

and Fermi energies of 190 mK, but they suffer
from three-body losses and associated heating
[which occur even in a spin-polarized sam-
ple (10)]. As the final step before the light-
scattering experiment, the majority of the
atoms are transferred by the same RF Landau-
Zener sweep back to state 6, leaving ≤10% of
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Fig. 1. Schematic of the experiment. (A) Degenerate fermionic lithium atoms are confined in an optical
dipole trap and illuminated with a laser beam. Scattered photons impart momentum transfers of ℏq to the
atoms and are detected at a scattering angle of 90°. (B) Mechanism of Pauli blocking in degenerate Fermi
gases. At temperature T = 0, the atoms occupy a Fermi sphere in momentum space with radius ℏkF. For
q ≪ kF, atoms can scatter light only from the outer shell of the Fermi sphere (of width ℏq), where they can
reach an unoccupied final momentum state. No scattering is possible for atoms within the dashed circle.
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PACS. 05.30°d – Quantum statistical mechanics.
PACS. 32.80Pj – Optical cooling of atoms; trapping.

Abstract. – Fermi inhibition is a quantum-statistical analogue for the inhibition of sponta-
neous emission by an excited atom in a cavity. This is achieved when the relevant motional

states are already occupied by a cloud of cold atoms in the internal ground state. We exhibit

non-trivial eÆects at finite temperature and in anisotropic traps, and briefly consider a possible

experimental realization.

The inhibition and enhancement of spontaneous emission of an atom by embedding it
in a cavity has been one of the most striking predictions in the field of cavity QED [1, 2].
Several experiments have been and are currently being carried out to test this prediction.
The explanation of this phenomenon is very simple: according to Fermi’s golden rule, the
spontaneous emission rate ° is proportional to the density of modes of the electro-magnetic
field available at the atomic transition frequency; the cavity modifies the mode structure, and
therefore this rate. In particular, if all the normal modes of the cavity are far oÆ-resonance
with respect to the atomic transition frequency, there are no modes available where a photon
can be emitted, and therefore spontaneous emission is inhibited.
In this paper we analyze how the spontaneous emission rate ° of an atom can be inhibited

by using quantum-statistical principles. The idea is to surround a fermionic atom in an internal
excited state |ei by a gas formed by identical particles in an internal ground state |gi. According
to Fermi’s golden rule, ° depends on the occupation number of the diÆerent motional states to
which the atom can be transferred after spontaneous emission. In particular, if they are already
occupied, then the atom cannot decay. This can be viewed as well as a simple consequence
of Pauli’s exclusion principle. Thus, in analogy to cavity QED one can say that spontaneous
emission can be inhibited by reducing the motional “modes” available to the excited atom.
From a qualitative point of view, the inhibition of spontaneous emission can be easily

understood. Consider a set of N fermions in the state |gi and one fermion in an excited state
|ei that can only decay into |gi. Assume, for simplicity, that all the atoms are trapped in
a harmonic potential at a given temperature. In this problem there are three energy scales
which determine the properties of °. First, kBT , the thermal energy of the particles. Second,
the Fermi energy EF of the ground-state atoms, which is the maximum energy of the fermions
at zero temperature. Finally, the recoil energy ER = h̄

2
k
2
0/2m (where k0 is the wave vector

corresponding to the transition |ei ! |gi and m is the atom mass), which is the averaged
motional energy acquired by the excited atom in the emission process. Typically, the motional
states with energiesE ∑ EF°kBT are occupied, whereas those with E ∏ EF+kBT are basically
available. Thus, if the initial motional energy of the excited atom plus the one gained in the
emission process ª kBT + ER ∑ EF ° kBT , spontaneous emission will be inhibited. As the
temperature decreases or the Fermi energy increases (equivalently, the number of ground-state

c∞ EDP Sciences

Europhys. Lett., 44 (1), pp. - 6 (1998)1

EUROPHYSICS LETTERS 1 October 1998

Inhibition of spontaneous emission in Fermi gases

Th. Busch, J. R. Anglin, J. I. Cirac and P. Zoller

Institut für Theoretische Physik, Universität Innsbruck - A-6020 Innsbruck, Austria

(received 11 May 1998; accepted in final form 10 August 1998)

PACS. 05.30°d – Quantum statistical mechanics.
PACS. 32.80Pj – Optical cooling of atoms; trapping.

Abstract. – Fermi inhibition is a quantum-statistical analogue for the inhibition of sponta-
neous emission by an excited atom in a cavity. This is achieved when the relevant motional

states are already occupied by a cloud of cold atoms in the internal ground state. We exhibit

non-trivial eÆects at finite temperature and in anisotropic traps, and briefly consider a possible

experimental realization.

The inhibition and enhancement of spontaneous emission of an atom by embedding it
in a cavity has been one of the most striking predictions in the field of cavity QED [1, 2].
Several experiments have been and are currently being carried out to test this prediction.
The explanation of this phenomenon is very simple: according to Fermi’s golden rule, the
spontaneous emission rate ° is proportional to the density of modes of the electro-magnetic
field available at the atomic transition frequency; the cavity modifies the mode structure, and
therefore this rate. In particular, if all the normal modes of the cavity are far oÆ-resonance
with respect to the atomic transition frequency, there are no modes available where a photon
can be emitted, and therefore spontaneous emission is inhibited.
In this paper we analyze how the spontaneous emission rate ° of an atom can be inhibited

by using quantum-statistical principles. The idea is to surround a fermionic atom in an internal
excited state |ei by a gas formed by identical particles in an internal ground state |gi. According
to Fermi’s golden rule, ° depends on the occupation number of the diÆerent motional states to
which the atom can be transferred after spontaneous emission. In particular, if they are already
occupied, then the atom cannot decay. This can be viewed as well as a simple consequence
of Pauli’s exclusion principle. Thus, in analogy to cavity QED one can say that spontaneous
emission can be inhibited by reducing the motional “modes” available to the excited atom.
From a qualitative point of view, the inhibition of spontaneous emission can be easily

understood. Consider a set of N fermions in the state |gi and one fermion in an excited state
|ei that can only decay into |gi. Assume, for simplicity, that all the atoms are trapped in
a harmonic potential at a given temperature. In this problem there are three energy scales
which determine the properties of °. First, kBT , the thermal energy of the particles. Second,
the Fermi energy EF of the ground-state atoms, which is the maximum energy of the fermions
at zero temperature. Finally, the recoil energy ER = h̄

2
k
2
0/2m (where k0 is the wave vector

corresponding to the transition |ei ! |gi and m is the atom mass), which is the averaged
motional energy acquired by the excited atom in the emission process. Typically, the motional
states with energiesE ∑ EF°kBT are occupied, whereas those with E ∏ EF+kBT are basically
available. Thus, if the initial motional energy of the excited atom plus the one gained in the
emission process ª kBT + ER ∑ EF ° kBT , spontaneous emission will be inhibited. As the
temperature decreases or the Fermi energy increases (equivalently, the number of ground-state
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QUANTUM GASES

Observation of Pauli blocking in light scattering from
quantum degenerate fermions
Amita B. Deb* and Niels Kjærgaard

The Pauli exclusion principle forbids indistinguishable fermions from occupying the same
quantum mechanical state. The implications of this are profound; for example, it accounts
for the electronic shell structure of atoms. Here, we performed measurements on the scattering
of light from ultracold ensembles of atoms. For a Fermi gas in the quantum degenerate
regime, we observed a marked suppression in scattering compared with a similarly prepared
Bose gas. The observed decrease in fluorescence and the corresponding increase in light
transmission results from Pauli blocking, where Fermi-Dirac statistics limits the number
of accessible states for a scattering atom in a large Fermi sea. Our work confirms a
fundamental result on the optical response of quantum gases and may contribute to cooling
and thermometry schemes.

T
he interaction of light with ultracold
atoms is of paramount importance in
emerging quantum technologies that are
based on quantum gases. Understanding
collective and quantum effects in the

interplay between light with atomic dipoles
is a highly active field in atomic physics (1–4),
with its origin in (5), which predicted a mod-
ificationof the radiative lifetimeof atomsplaced
within a volume smaller than the cube of the
wavelength of light. Another prominent exam-
ple is the Purcell effect (6), in which the spon-
taneous emission rate is modified because of
a change in the number of accessible states for
photons. This happens, for example, in atoms
in optical resonators and lies at the heart of
cavity quantum electrodynamics.
In addition to playing a crucial role in the

formation of the electronic structure of atoms,
Pauli blocking of fermions reveals itself as
anti-bunching of density-density correlations
(7, 8) and suppression of density fluctuations
in fermionic systems (9–11). It also prevents
colliding fermions from scattering sideways
(12). For the light-matter interaction, quan-
tum statistical effects in the spontaneous
emission rate (g) in degenerate quantum gases
was first considered three decades ago (13).
In particular, it was predicted that g is sup-
pressed in a deeply degenerate Fermi gas be-
cause of Pauli blocking. As pointed out in (14)
and (15), light scattering from trapped fermions
establishes an analogous but experimentally
more tractable scenario (Fig. 1). The possibility
of suppression of light scattering has received
continuous interest since the initial realization of
degenerate Fermi gases (10, 15–18), but its direct
experimental detection has remained elusive.
Here, we report a direct observation of the

suppression of off-resonant light scattering

from a degenerate Fermi gas of 40K. We con-
ducted experiments in three different config-
urations (Fig. 1). We first observed a clear
reduction in fluorescence from a degenerate
gas. This was complemented by transmission
measurements of a probe laser beam passing
through the Fermi gas. These measurements
confirm that degeneracy lowers the imaginary
part of the optical susceptibility of the gas. We
directly compared our results for the fermio-
nic 40K gas with those for a bosonic gas of 87Rb
and observed a significant increase in light
transmission for the degenerate Fermi gas
relative to the Bose gas, which resulted from
Pauli blocking of light scattering. The trans-
mission through both Fermi and Bose gases
in the quantum degenerate regime was ob-
served to deviate from a Beer-Lambert law
of attenuation, with light scattering being sup-
pressed in the fermionic case and enhanced in
the bosonic case. By measuring the phase shift
incurred by a probe laser beam, we confirmed
the prediction that degeneracy leaves the real
part of the susceptibility of a Fermi gas largely
unaffected.
The physical mechanism behind Pauli block-

ing of light scattering is illustrated in Fig. 1A,
where we show a momentum space represen-
tation for a harmonically trapped Fermi gas
withN atoms at temperature T = 0. The atoms
occupy all states within the Fermi sphere of
radius kF ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2mEF

p
=ℏ, where ħ is the reduced

Planck constant, m is the atomic mass, and
EF ¼ ℏ!wð6NÞ1=3 is the Fermi energy when the
geometric mean of the trapping frequencies is
!w. Upon scattering a photon from an incoming
beam of light with a wavelength l, an atom
will incur a change in wave number of |Dka| =
2kLsin(q/2), where q is the angle between the
directions of the incident and the scattered
photon and kL = 2p/l. For kF > kL, recoil events
connecting an atom to an occupied state inside
the Fermi sphere would be forbidden by the
Pauli exclusion principle. To observe this block-

ing effect clearly in an experiment, the photon
recoil energyER ¼ ℏ2k2L=2m should preferably
be much less than EF, and it is therefore ad-
vantageous to use relatively heavy fermionic
atoms such as 40K and a large number of atoms,
as in our case. The number of vacancies inside
the Fermi sphere will increase with T, so effec-
tive Pauli blocking also requires the sample
temperature to be low compared with the
Fermi temperature TF = EF/kB, where kB is
Boltzmann’s constant.
In our experiment, we produced quantum

degenerate Fermi gases of 40K in the ground
hyperfine state |4S1/2;F = 9/2,mF = 9/2i har-
monically confined by an Ioffe-Pritchard type
of magnetic trap. The trap has radial and axial
trapping frequencies of wr = 2p × 260 Hz and
wa = 2p × 30Hz, respectively, corresponding to
!w = 2p × 127 Hz. By using a sympathetic cool-
ing procedure with 87Rb atoms as the coolant,
we were able to produce characteristic 40K
samples with N = 2.2 × 106 atoms at temper-
atures ~420 nK, corresponding to T/TF ≲ 0.3.
For benchmarking, we could also produce
ultracold bosonic samples of 87Rb in the |5S1/2;
F = 2, mF = 2i hyperfine state, for which the
radial and axial trapping frequencies are wr =
2p × 170 Hz and wa = 2p × 20 Hz. For char-
acteristic samples of N = 2.2 × 106, the critical
temperature for Bose-Einstein condensation
(BEC) Tc ¼ ℏ!wðN=1:2Þ1=3 is ~500 nK. Our ex-
perimental setup incorporated three in situ
diagnostics shown schematically in Fig. 1, B
to D. In addition, we could release a sample
from the trap to perform time-of-flight absorp-
tion imaging. The number and temperature of
a fermionic sample could be independently
controlled by adjusting the initial loading of
the trap and the finalmicrowave frequency for
forced evaporation of the coolant atoms.
In Fig. 2, we show the temperature depend-

ence of atomic fluorescence from a 40K gas
with N = 2.1 × 106 as it enters the quantum
degenerate regime. The measurements were
conducted by illuminating the gas with a wide-
probe laser beam (4.8-mm spot-size radius)
for 3 ms and acquiring fluorescence images
(Fig. 2A) with an electron-multiplying charge-
coupled device (EMCCD) (Fig. 1B). The photon
detection efficiency at 90° is 0.6%, including
the quantum efficiency of the EMCCD camera.
The probe light was s+ polarized and detuned
by D = –500 G from resonance of the |4S1/2; F =
9/2, mF = 9/2i ↔ |4P3/2; F = 11/2, mF = 11/2i
optical cycling transition, whereG = 2p × 6MHz
is the natural linewidth. We used a probe
beam power corresponding to an on-resonance
saturation parameter of ~3.5, which for the de-
tuned probe gives a photon scattering rate
Rsc = 2p × 10 Hz for an independent atom.
An atom scatters ~0.2 photons on average
during the process and, as a result, the pertur-
bation caused by the probe pulse on the tem-
perature and the Fermi sea occupation of the
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Pauli blocking of atom-light scattering
Christian Sanner*†, Lindsay Sonderhouse†, Ross B. Hutson, Lingfeng Yan, William R. Milner, Jun Ye*

Transition rates between coupled states in a quantum system depend on the density of available final
states. The radiative decay of an excited atomic state has been suppressed by reducing the density of
electromagnetic vacuum modes near the atomic transition. Likewise, reducing the density of available
momentum modes of the atomic motion when it is embedded inside a Fermi sea will suppress spontaneous
emission and photon scattering rates. Here we report the experimental demonstration of suppressed
light scattering in a quantum degenerate Fermi gas. We systematically measured the dependence of the
suppression factor on the temperature and Fermi energy of a strontium quantum gas and achieved
suppression of scattering rates by up to a factor of 2 compared with a thermal gas.

R
adiative relaxation of an excited quan-
tum system is a ubiquitous phenome-
non: it makes fireflies glow, underlies
the radiative recombination of electrons
and holes in light-emitting diodes, and

can be observed as gamma decay of nuclear
isomers. The intimately related phenomenon
of light scattering involves minimally popu-
lated excited states that often assume a virtual
character (1, 2). The blue sky is a direct mani-
festation of such a second-order excitation-
emission process, with air molecules scattering
sunlight. What all these light–matter interac-
tions have in common is that the radiative de-
cay depends on the final density of states for
the joint emitter-photon system. For the photon
channel in particular, it has been demonstra-
ted (3–5) that manipulation of the density of
vacuummodes through the use of an electro-
magnetic resonator modifies the emission and
scattering of light. This so-called Purcell effect
is now widely used in nanostructured devices
(6). More than 30 years ago, it was suggested
(7) that constraints imposed by the quantum
statistics of an atomic medium could also
modify spontaneous emission and light scat-
tering. Fermi statistics requires the total wave
function of a fermionic system to be antisym-
metric, giving rise to the Pauli exclusion prin-
ciple, which forbids indistinguishable fermions
from occupying the same internal and exter-
nal quantum states. Accordingly, if a sufficient
number of ground-state fermionic atoms oc-
cupy all available external motional states into
which an internally excited fermionic atom
has to decay, this decay process will be blocked.
Reducing light-scattering rates and extending
the natural lifetime of an excited atomic state
by embedding it inside a Fermi sea has been
the theme of many theoretical studies and
proposals (8–17), but experimental observation
has been complicated by atomic properties
and competing collective radiative behavior.

Spontaneous emission and light scattering
are not synonymous. Even though the usual
descriptions (2) of both processes involve the
relaxation of an excited state (a populated
atomic energy eigenstate and a virtual inter-
mediate state, respectively), their properties
and decay dynamics are different. In a non-
interacting Fermi gas, however, the unavail-
ability of final momentum states is the sole
cause for single-particle modifications of ra-
diative (re)emission properties and therefore
universally affects all atom-light processes that
transfer randomly directed recoil momentum
to the atom (13).
Here we report a direct observation of Pauli

suppression of light scattering using a quan-
tum degenerate Fermi gas of strontium atoms.
We confirm that the suppression becomes
stronger as degeneracy is increased and when
the Fermi energy approaches the photon re-
coil energy. By angularly resolving the photon
scattering rate, we measured up to a factor-of-
two reduction of light scattering in compar-
ison to the value determined from a thermal
ensemble. This distinctive manifestation of
Fermi statistics connects the fundamental ra-
diative property of atoms to their motional
degrees of freedom subject to quantum statis-
tics. The consequences of Pauli blocking of
atomic motion have been previously demon-
strated, including the suppression of collisions
(18), the direct observation of Fermi pressure
(19), the onset of Hanbury Brown–Twiss anti-
correlations (20, 21), local antibunching (22–24),
the suppression of chemical reactions between
molecules (25), and the formation of Pauli
crystals (26).
Figure 1 illustrates the key concept of the

experiment and introduces the relevant en-
ergy scales (27). An ensemble of N harmoni-
cally confined identical, noninteracting fermions
of massm forms a quantum degenerate Fermi
sea with near-unity occupation of the oscil-
lator states if the thermal energy kBT is
small compared with the Fermi energy EF =
(6N)1/3ħw. The three-dimensional (3D) confine-
ment is characterized by the mean trap fre-
quency w = (wx wy wz)

1/3, and kB and ħ denote

the Boltzmann and reduced Planck constants,
respectively. The Fermi temperature TF and
Fermi wave vector kF are defined via EF =
(ħkF)2/(2m) = kBTF. If an atom at rest inside the
Fermi sea absorbs a photon carryingmomen-
tum ħkabs, it gains a corresponding recoil en-
ergy ER = (ħkabs)2/2m. Here, we consider the
case of weak confinement with ħw ≪ ER and
treat Rayleigh scattering as a two-step momen-
tum transfer process (14, 28). Upon photon re-
emission, the atom experiences a randomly
directed second momentum kick ħkemi, where
|kemi| = |kabs| = kR, resulting in a total mo-
mentum transfer ħk = ħkabs + ħkemi. If, how-
ever, the corresponding motional state is
already occupied by another atom within the
Fermi sea, this decay channel is blocked, and
light scattering will be suppressed. The rela-
tive temperatureT/TF and thewave vector ratio
k/kF, where ħkF = (2mEF)

1/2 is the momentum
space radius of the Fermi sea, determine the
density of available final momentum states
and hence the degree of blockade. Following
Fermi’s golden rule, one finds, using a local
density approach (11, 14), a relative scattering
rate of

S kð Þ ¼ ∫d3p d3q ni p;qð Þ 1$ nf p;qð Þ½ &
∫d3p d3q ni p;qð Þ

Here the integrals cover the six-dimensional
phase space spanned by three momentum di-
mensions p and three real-space dimensions
q. The initial and final state phase space cell
occupations are given by ni = nFD(p, q) and
nf = nFD(p+ħk, q), where nFD is the Fermi-
Dirac distribution for a harmonically trapped
ideal Fermi gas, that is

nFD p;qð Þ ¼

1

1þ x$1exp
X

i
p2
i = 2mð Þ þ

X
i
mw2

i q
2
i =2

n o
=kBT

h i

The index i runs over all three dimensions,
and x is the fugacity related to T/TF via
1/Li3(−x) = −6(T/TF)

3, where Li3 is the tri-
logarithm function. The expression for S(k)
counts all available final momentum states for
a given momentum transfer ħk and averages
over all initial states within the Fermi sea.
The above analysis suggests two pathways

to observe pronounced Pauli suppression of
light scattering. One can either prepare a
Fermi gas with EF ≫ ER so that a substantial
blockade is obtained for all emission direc-
tions, that is, for any momentum transfer
up to the maximum 2ħkR (homogeneously
colored right sphere in Fig. 1C). Or one can
relax this requirement and selectively ob-
serve only scattering events with a small
momentum transfer so that EF ~ ER is suf-
ficient. The second approach, which we took
in this study (gradient-colored left sphere in
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QUANTUM GASES

Pauli blocking of atom-light scattering
Christian Sanner*†, Lindsay Sonderhouse†, Ross B. Hutson, Lingfeng Yan, William R. Milner, Jun Ye*

Transition rates between coupled states in a quantum system depend on the density of available final
states. The radiative decay of an excited atomic state has been suppressed by reducing the density of
electromagnetic vacuum modes near the atomic transition. Likewise, reducing the density of available
momentum modes of the atomic motion when it is embedded inside a Fermi sea will suppress spontaneous
emission and photon scattering rates. Here we report the experimental demonstration of suppressed
light scattering in a quantum degenerate Fermi gas. We systematically measured the dependence of the
suppression factor on the temperature and Fermi energy of a strontium quantum gas and achieved
suppression of scattering rates by up to a factor of 2 compared with a thermal gas.

R
adiative relaxation of an excited quan-
tum system is a ubiquitous phenome-
non: it makes fireflies glow, underlies
the radiative recombination of electrons
and holes in light-emitting diodes, and

can be observed as gamma decay of nuclear
isomers. The intimately related phenomenon
of light scattering involves minimally popu-
lated excited states that often assume a virtual
character (1, 2). The blue sky is a direct mani-
festation of such a second-order excitation-
emission process, with air molecules scattering
sunlight. What all these light–matter interac-
tions have in common is that the radiative de-
cay depends on the final density of states for
the joint emitter-photon system. For the photon
channel in particular, it has been demonstra-
ted (3–5) that manipulation of the density of
vacuummodes through the use of an electro-
magnetic resonator modifies the emission and
scattering of light. This so-called Purcell effect
is now widely used in nanostructured devices
(6). More than 30 years ago, it was suggested
(7) that constraints imposed by the quantum
statistics of an atomic medium could also
modify spontaneous emission and light scat-
tering. Fermi statistics requires the total wave
function of a fermionic system to be antisym-
metric, giving rise to the Pauli exclusion prin-
ciple, which forbids indistinguishable fermions
from occupying the same internal and exter-
nal quantum states. Accordingly, if a sufficient
number of ground-state fermionic atoms oc-
cupy all available external motional states into
which an internally excited fermionic atom
has to decay, this decay process will be blocked.
Reducing light-scattering rates and extending
the natural lifetime of an excited atomic state
by embedding it inside a Fermi sea has been
the theme of many theoretical studies and
proposals (8–17), but experimental observation
has been complicated by atomic properties
and competing collective radiative behavior.

Spontaneous emission and light scattering
are not synonymous. Even though the usual
descriptions (2) of both processes involve the
relaxation of an excited state (a populated
atomic energy eigenstate and a virtual inter-
mediate state, respectively), their properties
and decay dynamics are different. In a non-
interacting Fermi gas, however, the unavail-
ability of final momentum states is the sole
cause for single-particle modifications of ra-
diative (re)emission properties and therefore
universally affects all atom-light processes that
transfer randomly directed recoil momentum
to the atom (13).
Here we report a direct observation of Pauli

suppression of light scattering using a quan-
tum degenerate Fermi gas of strontium atoms.
We confirm that the suppression becomes
stronger as degeneracy is increased and when
the Fermi energy approaches the photon re-
coil energy. By angularly resolving the photon
scattering rate, we measured up to a factor-of-
two reduction of light scattering in compar-
ison to the value determined from a thermal
ensemble. This distinctive manifestation of
Fermi statistics connects the fundamental ra-
diative property of atoms to their motional
degrees of freedom subject to quantum statis-
tics. The consequences of Pauli blocking of
atomic motion have been previously demon-
strated, including the suppression of collisions
(18), the direct observation of Fermi pressure
(19), the onset of Hanbury Brown–Twiss anti-
correlations (20, 21), local antibunching (22–24),
the suppression of chemical reactions between
molecules (25), and the formation of Pauli
crystals (26).
Figure 1 illustrates the key concept of the

experiment and introduces the relevant en-
ergy scales (27). An ensemble of N harmoni-
cally confined identical, noninteracting fermions
of massm forms a quantum degenerate Fermi
sea with near-unity occupation of the oscil-
lator states if the thermal energy kBT is
small compared with the Fermi energy EF =
(6N)1/3ħw. The three-dimensional (3D) confine-
ment is characterized by the mean trap fre-
quency w = (wx wy wz)

1/3, and kB and ħ denote

the Boltzmann and reduced Planck constants,
respectively. The Fermi temperature TF and
Fermi wave vector kF are defined via EF =
(ħkF)2/(2m) = kBTF. If an atom at rest inside the
Fermi sea absorbs a photon carryingmomen-
tum ħkabs, it gains a corresponding recoil en-
ergy ER = (ħkabs)2/2m. Here, we consider the
case of weak confinement with ħw ≪ ER and
treat Rayleigh scattering as a two-step momen-
tum transfer process (14, 28). Upon photon re-
emission, the atom experiences a randomly
directed second momentum kick ħkemi, where
|kemi| = |kabs| = kR, resulting in a total mo-
mentum transfer ħk = ħkabs + ħkemi. If, how-
ever, the corresponding motional state is
already occupied by another atom within the
Fermi sea, this decay channel is blocked, and
light scattering will be suppressed. The rela-
tive temperatureT/TF and thewave vector ratio
k/kF, where ħkF = (2mEF)

1/2 is the momentum
space radius of the Fermi sea, determine the
density of available final momentum states
and hence the degree of blockade. Following
Fermi’s golden rule, one finds, using a local
density approach (11, 14), a relative scattering
rate of

S kð Þ ¼ ∫d3p d3q ni p;qð Þ 1$ nf p;qð Þ½ &
∫d3p d3q ni p;qð Þ

Here the integrals cover the six-dimensional
phase space spanned by three momentum di-
mensions p and three real-space dimensions
q. The initial and final state phase space cell
occupations are given by ni = nFD(p, q) and
nf = nFD(p+ħk, q), where nFD is the Fermi-
Dirac distribution for a harmonically trapped
ideal Fermi gas, that is

nFD p;qð Þ ¼

1

1þ x$1exp
X

i
p2
i = 2mð Þ þ

X
i
mw2

i q
2
i =2

n o
=kBT
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The index i runs over all three dimensions,
and x is the fugacity related to T/TF via
1/Li3(−x) = −6(T/TF)

3, where Li3 is the tri-
logarithm function. The expression for S(k)
counts all available final momentum states for
a given momentum transfer ħk and averages
over all initial states within the Fermi sea.
The above analysis suggests two pathways

to observe pronounced Pauli suppression of
light scattering. One can either prepare a
Fermi gas with EF ≫ ER so that a substantial
blockade is obtained for all emission direc-
tions, that is, for any momentum transfer
up to the maximum 2ħkR (homogeneously
colored right sphere in Fig. 1C). Or one can
relax this requirement and selectively ob-
serve only scattering events with a small
momentum transfer so that EF ~ ER is suf-
ficient. The second approach, which we took
in this study (gradient-colored left sphere in
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QUANTUM GASES

Pauli blocking of light scattering in
degenerate fermions
Yair Margalit1,2*, Yu-Kun Lu1,2, Furkan Çağrı Top1,2, Wolfgang Ketterle1,2

Pauli blocking of spontaneous emission is responsible for the stability of atoms. Electrons cannot
decay to lower-lying internal states that are already occupied. Pauli blocking also occurs when free
atoms scatter light elastically (Rayleigh scattering) and the final external momentum states are
already populated. This was predicted more than 30 years ago but is challenging to realize
experimentally. Here, we report on Pauli blocking of light scattering in a dense quantum-degenerate
Fermi gas of ultracold lithium atoms. When the Fermi momentum is larger than the photon recoil,
most final momentum states are within the Fermi surface. At low temperature, we find that light
scattered even at large angles is suppressed by 37% compared with higher temperatures, where
atoms scatter at the single-atom Rayleigh scattering rate.

S
uppression of light scattering in ultra-
cold Fermi gases has been predicted in
works dating back to 1990 (1–8). The
basic phenomenon is shown in Fig. 1.
Light scattering between photon states

with wave vectors ki and kf transfers momen-
tum ℏq ¼ ℏ ki " kfð Þ ¼ 2ℏksinq=2, where ℏki
is the initial photonmomentum, ℏkf is the final
photon momentum, and q is the scattering
angle. When the Fermi momentum ℏkF of a
zero-temperature Fermi gas is larger than the
momentum transfer ℏq, light scattering is
strongly suppressed and can occur only near
the Fermi surface, whereas for temperatures
T≥ TF, the scattering rate per atomapproaches
the independent atom limit. This smooth tran-
sition versus temperature has been theoret-
ically studied, including by averaging over the
inhomogeneous density distribution of a har-
monically trapped atom cloud (6).
Experiments on ultracold atoms have deep-

ened our understanding of basic physical
phenomena by realizing paradigmatic ideal-
ized situations where the phenomenon is ob-
served in itsmost direct and transparent form.
These realizations then become building blocks
for more-complex systems. Examples include
the realization of Bose-Einstein condensation
(BEC), the BEC–Bardeen-Cooper-Schrieffer
(BCS) crossover in fermions, band structure
phenomena of noninteracting atoms in opti-
cal lattices, and Mott insulators in optical lat-
tices (9). Here, we study, in a highly idealized
situation, how ultracold fermions scatter light
and observe the suppression of light scatter-
ing caused by Pauli blocking in a degenerate
Fermi gas. Recently, we have been able to pre-
pare ultracold fermions at very high densities
(up to n = 3 × 1015 cm−3) (10), where the Fermi

energy is 50 times as high as that of the photon
recoil energy ℏ2k2i =2m of 73.9 kHz (where m
is the lithium atomic mass). Using this sam-
ple, we have now performed light-scattering
experiments in the simplest possible limit, at
detunings D from the atomic resonance of
more than 100 GHz, or 17,000 linewidths
G. Therefore, despite high atomic densities
n ≈ 1:2=ƛ3 and high resonant optical densities
6pnƛ2l ≈ 44;000 (where ƛ ¼ 1=k and l is the
length of the atom cloud), we realize the limit
where both the absorptive and dispersive parts
of the index of refraction are negligible. In gen-
eral, optical properties become complicated in
the regime of high densities thanks to strong
Lorentz-Lorentz corrections (11) and dipolar
interactions between the atoms (12). These cor-
rections are often expanded in the parameter
na, where a is the atomic polarizability, given
for a two-level atom by a ¼ 6pƛ3G= Dþ iGð Þ.
At our detunings, the parameter na ≈ 1/800,
and those corrections are negligible. Also, at de-
tunings larger than the fine-structure splitting
of 10 GHz, optical pumping to other hyperfine
states is suppressed. At 100-GHz detuning, the

branching ratio is <1% for any polarization of
light, so no special cycling transition is needed.
We use rather weak and long laser pulses with
a Rayleigh scattering rate around or below
1 photon per atomduring 1 ms to stay far away
from nonlinear collective light scattering (13).
Ultracold lithium clouds were prepared as

in our previous work (10). In short, 23Na and
6Li atoms are first laser cooled and then trans-
ferred into a quadrupolemagnetic trap with an
optical plug (14). Forced microwave evapora-
tion of the Na atoms (15) sympathetically cools
the lithiumatoms. The lithiumatoms are trans-
ferred into a single-beam 1064-nm optical di-
pole trap with variable spot size and power,
which controls the trap volume and densities.
A partially nonadiabatic radio-frequency (RF)
Landau-Zener sweep transfers the major-
ity of the atoms to the collisionally stable
lowest Zeeman state F ¼ 1=2;mF ¼ 1=2j i ≡ 1j i
while keeping ~7% in the original state 3=2;j
3=2i ≡ 6j i. This creates a spin mixture with
s-wave interactions, which allows for efficient
evaporative cooling into quantum degeneracy.
Decreasing the spot size of the trapping beam
creates a tighter trap with frequencies of
wr/2p = 34 kHz and wz/2p = 770 kHz in the
radial and axial directions, respectively. The
atoms are exposed to a final stage of evapo-
rative cooling by tilting the trapping potential
with a magnetic gradient for 1.5 s. A typical
sample contains N ≃ 8& 105 6Li atoms at
T=TF ≃ 0:2, with a Fermi temperature of TF ¼
ℏ w2

rwz6N
! "1=3 ¼ 70 mK. This corresponds to a
density of ~1 × 1015 cm−3 and an on-resonance
optical density of ~25,000. We can produce
even higher densities of up to 3 × 1015 cm−3

and Fermi energies of 190 mK, but they suffer
from three-body losses and associated heating
[which occur even in a spin-polarized sam-
ple (10)]. As the final step before the light-
scattering experiment, the majority of the
atoms are transferred by the same RF Landau-
Zener sweep back to state 6, leaving ≤10% of
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Fig. 1. Schematic of the experiment. (A) Degenerate fermionic lithium atoms are confined in an optical
dipole trap and illuminated with a laser beam. Scattered photons impart momentum transfers of ℏq to the
atoms and are detected at a scattering angle of 90°. (B) Mechanism of Pauli blocking in degenerate Fermi
gases. At temperature T = 0, the atoms occupy a Fermi sphere in momentum space with radius ℏkF. For
q ≪ kF, atoms can scatter light only from the outer shell of the Fermi sphere (of width ℏq), where they can
reach an unoccupied final momentum state. No scattering is possible for atoms within the dashed circle.
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atomic cloud at T/TF = 0.12 with a diameter
of ~20 mmwas projected along the z axis into
a 2D image with 0.9-mm-wide pixels. Because
a single pixel collects, on average, less than
one photon, it is necessary to average hun-
dreds of frames in order to derive a finely
resolved scattering profile. Furthermore,
we azimuthally averaged the mean image to
obtain the radial profile (blue data points)
shown in Fig. 4. Residual optomechanical
drifts in the optical setup caused small dis-
placements of the center of mass position of
the cloud during the frame averaging pe-
riod. This, together with the finite resolu-
tion of the imaging system, led to an effective
1/e2 pixel blurring on the order of 3 mm. To
compare the observed scattering profile
against theory predictions without introduc-
ing a free scaling parameter, we indepen-
dently acquired in situ profiles of the Fermi
gas through the same imaging setup via high-
intensity fluorescent imaging (40). In this
high-intensity limit, the light scattering rate
is saturated and Pauli suppression effects are
eliminated. Peak column density and width
of these in situ profiles agree well with calcu-
lated atomic density distributions. Assum-
ing no Pauli blockade, the scattering profiles
at high and low probe intensities will there-
fore be related by a single rescaling factor
that is given as the ratio of the total photon
counts measured in the two cases. The so de-

rived scattering profile expected without Pauli
blockade for the weak probe beam is repre-
sented by the purple curve in Fig. 4. Momen-
tum space integration plus one-dimensional
line-of-sight integration of S(k) yields a ra-
dially resolved suppression ratio for us to
then determine the expected scattering pro-
file with Pauli blockade (blue curve in Fig. 4).
Except at the center of the cloud, where ra-
dial averaging does not substantially improve
the signal-to-noise ratio, we find good agree-
ment between calculated and measured pro-
files. Toward the outer rim of the cloud, the
local Fermi energy drops so that light scat-
tering is not suppressed anymore; the local
suppression ratio will approach the thermal
gas limit of 1. This happens, as seen with the
blue theory curve, only in the outermost re-
gion, where the density is so low that the
signal-to-noise level is insufficient to reliably
determine a suppression ratio.
We have reported here a clear demonstra-

tion that Fermi statistics leads to strongly
modified light scattering in a quantum de-
generate system. The presence of a Fermi
sea alters the final atomic motional mode
spectrum and enables a direct observation
of Pauli blockade of light scattering. Inter-
preted from a many-body system perspective,
this experiment probes the structure factor
(41) of a quantum degenerate Fermi gas.
Defined as the Fourier transform of the spa-

tial density–density correlation, the static
structure factor S(k) characterizes the linear
response of a system to a perturbation with
wave vector k. Accordingly, the suppres-
sion of light scattering and the suppression
of density fluctuations (23) in a Fermi gas are
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Fig. 3. Suppression of light scattering in a 87Sr Fermi gas over a range of
temperatures and Fermi momentums. All measurements are performed with
a 10-component Fermi gas containing 18,000 atoms per spin state. The
scattering behavior is distinctly different for the two observation angles of
24° (blue circles and squares) and 72° (red circles). Raw photon counts are
normalized with respect to measurements on non-Pauli-blocked reference
samples (see text). Each circle data point is derived from 150 iterations of the
experiment, and each square point results from 50 experimental runs. Solid
theory curves are calculated with no free parameters (14). The widths of the
theory lines reflect the experimental uncertainties of Fermi energy and
temperature. The error bars are purely statistical and indicate one-standard-
deviation confidence intervals. (A) At a constant Fermi wave vector of kF/kR = 0.93

(EF/ER = 0.86), the atom ensemble’s scattering cross section decreases as the gas
approaches deep quantum degeneracy with decreasing temperature. The suppression
observed under 24° is pronounced, and the suppression factor reaches 50% at
T/TF = 0.13. In contrast, under 72°, the suppression is negligible. (B) At constant
T/TF = 0.13, kF is varied by adiabatically changing the confinement. A larger kF results
in a stronger suppression. (C) The data reported in (A) and (B) are measured along
four trajectories (dashed lines) through the parameter space spanned by k/kF and
T/TF. Depending on the scattering angle, k varies between 0 and 2kR. Light collected
under an off-axis angle of 24° corresponds to a momentum transfer ħk < ħkF for
the given Fermi gas, leading to substantial reduction of the density of available final
states. In contrast, for the 72° collection angle, the corresponding momentum transfer
ħk > ħkF. Thus most final states are not blocked, and scattering is not suppressed.
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Fig. 4. Spatially resolved light scattering from a
trapped Fermi gas at T/TF = 0.12. Azimuthally
averaging the spatially resolved mean photon count
(inset) from 1100 individual images obtained along
the z axis yields a radial light scattering profile
(blue data points). In situ column density images,
separately obtained using a high-intensity fluores-
cent imaging technique, are used to predict the
scattering signal for a nondegenerate gas (purple
curve). The spatial profile of light scattering
calculated for the T/TF = 0.12 ensemble (blue curve)
agrees well with the measured data.
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atomic cloud at T/TF = 0.12 with a diameter
of ~20 mmwas projected along the z axis into
a 2D image with 0.9-mm-wide pixels. Because
a single pixel collects, on average, less than
one photon, it is necessary to average hun-
dreds of frames in order to derive a finely
resolved scattering profile. Furthermore,
we azimuthally averaged the mean image to
obtain the radial profile (blue data points)
shown in Fig. 4. Residual optomechanical
drifts in the optical setup caused small dis-
placements of the center of mass position of
the cloud during the frame averaging pe-
riod. This, together with the finite resolu-
tion of the imaging system, led to an effective
1/e2 pixel blurring on the order of 3 mm. To
compare the observed scattering profile
against theory predictions without introduc-
ing a free scaling parameter, we indepen-
dently acquired in situ profiles of the Fermi
gas through the same imaging setup via high-
intensity fluorescent imaging (40). In this
high-intensity limit, the light scattering rate
is saturated and Pauli suppression effects are
eliminated. Peak column density and width
of these in situ profiles agree well with calcu-
lated atomic density distributions. Assum-
ing no Pauli blockade, the scattering profiles
at high and low probe intensities will there-
fore be related by a single rescaling factor
that is given as the ratio of the total photon
counts measured in the two cases. The so de-

rived scattering profile expected without Pauli
blockade for the weak probe beam is repre-
sented by the purple curve in Fig. 4. Momen-
tum space integration plus one-dimensional
line-of-sight integration of S(k) yields a ra-
dially resolved suppression ratio for us to
then determine the expected scattering pro-
file with Pauli blockade (blue curve in Fig. 4).
Except at the center of the cloud, where ra-
dial averaging does not substantially improve
the signal-to-noise ratio, we find good agree-
ment between calculated and measured pro-
files. Toward the outer rim of the cloud, the
local Fermi energy drops so that light scat-
tering is not suppressed anymore; the local
suppression ratio will approach the thermal
gas limit of 1. This happens, as seen with the
blue theory curve, only in the outermost re-
gion, where the density is so low that the
signal-to-noise level is insufficient to reliably
determine a suppression ratio.
We have reported here a clear demonstra-

tion that Fermi statistics leads to strongly
modified light scattering in a quantum de-
generate system. The presence of a Fermi
sea alters the final atomic motional mode
spectrum and enables a direct observation
of Pauli blockade of light scattering. Inter-
preted from a many-body system perspective,
this experiment probes the structure factor
(41) of a quantum degenerate Fermi gas.
Defined as the Fourier transform of the spa-

tial density–density correlation, the static
structure factor S(k) characterizes the linear
response of a system to a perturbation with
wave vector k. Accordingly, the suppres-
sion of light scattering and the suppression
of density fluctuations (23) in a Fermi gas are
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Fig. 3. Suppression of light scattering in a 87Sr Fermi gas over a range of
temperatures and Fermi momentums. All measurements are performed with
a 10-component Fermi gas containing 18,000 atoms per spin state. The
scattering behavior is distinctly different for the two observation angles of
24° (blue circles and squares) and 72° (red circles). Raw photon counts are
normalized with respect to measurements on non-Pauli-blocked reference
samples (see text). Each circle data point is derived from 150 iterations of the
experiment, and each square point results from 50 experimental runs. Solid
theory curves are calculated with no free parameters (14). The widths of the
theory lines reflect the experimental uncertainties of Fermi energy and
temperature. The error bars are purely statistical and indicate one-standard-
deviation confidence intervals. (A) At a constant Fermi wave vector of kF/kR = 0.93

(EF/ER = 0.86), the atom ensemble’s scattering cross section decreases as the gas
approaches deep quantum degeneracy with decreasing temperature. The suppression
observed under 24° is pronounced, and the suppression factor reaches 50% at
T/TF = 0.13. In contrast, under 72°, the suppression is negligible. (B) At constant
T/TF = 0.13, kF is varied by adiabatically changing the confinement. A larger kF results
in a stronger suppression. (C) The data reported in (A) and (B) are measured along
four trajectories (dashed lines) through the parameter space spanned by k/kF and
T/TF. Depending on the scattering angle, k varies between 0 and 2kR. Light collected
under an off-axis angle of 24° corresponds to a momentum transfer ħk < ħkF for
the given Fermi gas, leading to substantial reduction of the density of available final
states. In contrast, for the 72° collection angle, the corresponding momentum transfer
ħk > ħkF. Thus most final states are not blocked, and scattering is not suppressed.
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Fig. 4. Spatially resolved light scattering from a
trapped Fermi gas at T/TF = 0.12. Azimuthally
averaging the spatially resolved mean photon count
(inset) from 1100 individual images obtained along
the z axis yields a radial light scattering profile
(blue data points). In situ column density images,
separately obtained using a high-intensity fluores-
cent imaging technique, are used to predict the
scattering signal for a nondegenerate gas (purple
curve). The spatial profile of light scattering
calculated for the T/TF = 0.12 ensemble (blue curve)
agrees well with the measured data.
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